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PROCEEDINGS 



I 



OF THB 



LONDON MATHEMATICAL SOCIETY. 



VOL. XXIV. 



TWBNTY-NINTH SESSION, 1892-93. 
November 10th, 1892. 

Annual General Meetinq, held at 22 Albemarle Street^ W. 

Prof. GRBBNHILL, F.R.S., President, in the Chair. 

Miss P. G. Fawcett was admitted into the Society. 

The Treasurer (Mr. A. B. Kempe) read his Report. Its reception 
was moved by Mr. S. Roberts, seconded by Lt.-Col. Cnnningham, 
and carried nnanimonsly. 

At the request of the Chairman, the meeting elected Mr. Heppel to 
act as Auditor, if he should be able to undertake the office. 

From the Report of the Secretaries, it appeared that the number 
of the members during the Session had been 212, now reduced to 207, 
by the deaths of Drs. Hirst and Wolstenholme, and by the retirement 
of three members. 

The number of compounders is 88. 

The Society had to regret the loss, by death, of Prof. Enrico Betti, 
who was elected a foreign member December 14th, 1871 ; of 
Dr. Leopold Kronecker, who was elected a foreign member January 
14th, 1875; of Dr. Thomas Archer Hirst, P.R.S., who was an original 
member of the Society ; and of Prof. Joseph Wolstenholme, Sc.D., 
who was elected a member February 9th, 1871.* 

* A detailed memoir of Prof. Kronecker, by M. Hermite, appeared in the 
OompUa Sendus for 4th January, 1892, and an interesting sketch is given by Prof. 
H. B. Fine in ** Kronecker and his Arithmetical Theory of the Algebraic Equa- 
tion," see £uU0im of the New York Mathematical Society, Vol. i., No. 8 (May, 1892) ; 
ef, also Yol. n., No. 3, p. 60. Notices of Dr. Hirst will be found in the^io^ropA, 
Vol. VI., and in Nature, Vol. xlv., p. 399. A brief sketch of Dr. Wolstenholme'a 
career appeared in the " Obituary " of the Timei, 

VOL. XXIV. — NO. 450. B 



Annual General Meeting. [Nov. 10, 

The following commuDications had been made or receiyed : — 

On Selective and Metallic Reflection : Mr. A. B. Basset. 

On the Classification of Binodal Qoartic Curves : Mr. H. M. Jeffery. 

On a Class of Automorphic Functions : Mr. W. Bumside. 

Note on the Motion of a Fluid Ellipsoid under its own Attraction i Prof. 

M. J. M. HilL 
Note on Finding the (^-points of a given Circle with respect to a given 

Triangle of Reference : Mr. J. GrifiSths. 
On Clifford's paper '* On Sy zygotic Relations among the Powers of Linear 

Quantics " : Prof. Cayley. 
Note on the Identity 4 (2:P-l)/(a;-l) « Y^±pZ^i Prof. G. B. Mathews. 
On the Theory of Elastic Wires : Mr. A. B. Basset. 
The Equations of Propagation of Disturbances in Gyrostatically Loaded 

Media, and of the Circular Polarization of Light : Mr. J. Larmor. 
On the Contacts of Systems of Circles : Mr. A. Larmor. 
Note on Dirichlet's Formula for the Number of Classes of Binary Quadratic 

Forms for a Complex Determinant : Prof. G. B. Mathews. 
Some Theorems relating to a System of Coaxal Circles : Mr. R. Lachlan. 
On the Logical Foundations of Applied Mathematical Sciences: Mr. E. T. 

Dixon. 
Note on the Inadmissibility of the usual reasoning by which it appears that 

the Limiting Value of the Ratio of two Infinite Functions is the same as 

the Ratio of their First Derived, with instances in which the result obtained 

by it is erroneous : Mr. E. P. Culverwell. 
On Saint-Venant's Theory of the Torsion of Prisms : Mr. Basset. 
The Simplest Specification of a given Optical Path, and the Observations 

required to determine it : Mr. J. Larmor. 
On the Form of Hyper-elliptic Integrals of the First Order, which are 

Expressible as the Sum of Two Elliptic Integrals : Mr. W. Bumside. 
On the Analytical Theory of the Congruency : Prof. Cayley. 
Notes on Dualistic Differential Transformations : Mr. E. B. Elliott. 
On certain Quartic Curves of the Fourth Class, and the Porism of the 

Inscribed and Circumscribed Polygon : Mr. R. A. Roberts. 
Second Note on a Quaternary Group of 51840 Linear Substitutions : 

Dr. G. G. Morrice. 
Note on the Skew Surfaces applicable upon a given Skew Sur£Eu^: 

Prof. Cayley. 
A Newtonian Fragment relating to Centripetal Forces : Mr. W. W. Rouse Ball. 
Applications of a Theory of Permutations in Circular Procession to the Theory 

of Numbers : Major MacMahon. 
The Harmonic Functions for the Elliptic Cone : Mr. E. W. Hobson. 
Researches in the Calculus of Variations : Mr. E. P. Culverwell. 
On an Operator which produces all the Covariants and Invariants of any 

System of Quantics : Mr. W. E. Story. 
Note on the Algebraic Theory of Elliptic Transformation : Mr. J. Griffiths. 
Further Note on Automorphic Functions : Mr. W. Bumnside. 
Note on Approximate Evolution : Mr. H. W. Lloyd Tanner. 
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A Proof of the Exactness of Gayley's Number of Seminyariants of a given 

Type ; Mr. E. B. Elliott. 
The Second Discriminant of the Ternary Qnantic x^U-i-j^V+a^W: Mr. J. B. 

Campbell. 
On the Beflection and Refraction of Light from a Magnetized Transparent 
Medium : Mr. Basset. 

The same jonrnals bad been sabscribed for as in tbe preceding 
session. An additional excbange of Proceedings had been made, with 
the Matbematical Society of Edinbnrgb. 

The Library had been enriched by a valuable bequest of books 
from the late Dr. Hirst. 

The meeting next proceeded to the election of tbe new Council. 

Tbe Scrutators (Prof. Hudson and Mr. Ralph Holmes), having 
examined tbe balloting lists, declared tbe following gentlemen duly 
elected : — Mr. A. B. Kempe, F.R.S., President ; Mr. A. B. Basset, 
F.R.S., Mr. E. B. EUiott, F.R.S., Prof. Greenhill, F.R.S., Vice- 
Presidents ; Dr. J. Larmor, F.R.S., Treasurer ; Messrs. M. Jenkins 
and R. Tucker, Secretaries. Other Members of the Council:— Mr. 
H. F. Baker, Dr. A. R. Forsytb, F.R.S., Dr. J. W. L. Glaisber, F.R.S., 
Mr. J. Hammond, Prof. M. J. M. Hill. Dr. E. W. Hobson, Mr. A. E. 
H. Love, Major MacMahon, R.A., F.R.S., and Mr. J. J. Walker, 
F.R.S. 

The new President, baving taken tbe cbair, at once called upon 
Prof. Greenbill to read his Valedictory Address, of wbich the title 
was "Collaboration in Mathematics.** On the motion of Major 
MacMahon, seconded by Prof. M. J. M. Hill, Prof. Greenhill was 
requested to allow his address to be printed in the Proceedings, 

The following further communications were made : — 

Some Properties of Homogeneous Isobaric Functions : Mr. E. B. 

Elliott. 
On certain General Limitations affecting Hypermagic Squares : 

Mr. S. Roberts. 
Note on Secondary Tucker-Circles : Mr. J. Griffiths. 
Note on the Equation y^ = a^—x : Prof. W. Burnside. 
On a Group of Triangles inscribed in a given Triangle ABGy 

whose Sides are Parallel to Connectors of any Point P with 

A,B,Gi Mr. R. Tucker. 
A Note on Triangular Numbers : Mr. R. W. D. Christie. 

B 2 
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The following preseDts were received : — 

** Proceedings of the Edinhorgh Mathematical Society/' Vol. x. ; 1892. 

** Proceedings of the Royal Society of Edinburgh," Vol. xvin. ; Session 1890-91. 

*' Jahrbuch iiber die Fortschritte der Mathematik," Band xxi.. Heft 3 ; 1892. 

** Memoires de la Soci^te des Sciences Physiques et Naturelles de Bordeaux,'* 
4« Serie, Tome ii. ; 1891. 

** Memoirs and Proceedings of the Manchester Literary and Philosophical 
Society," Vol. v., No. 2. 

** Proceedings of the Royal Society," Vol. li.. No. 314; Vol. lii., No. 316. 

"Proceedings of the Physical Society of London," Vol. xi., Part 4 ; October, 
1892. 

'* Jomal de Sciencias Mathematicas e Astronomicas," Vol. xi., No. 1 ; Ck>imbray 
1892. 

** Bulletin of the New York Mathematical Society," Vol. ii., No. 1. 

" Royal Dublin Society — Scientific Proceedings," Vol. vii., Parts 3, 4. 

"Royal Dublin Society — Scientific Transactions," Vol. iv., Parts 9-13. 

" Nyt Tidsskrift for Mathematik," A. Tredje Aargang, Nos.4, 5, 6 ; Copenhagen, 
1892. 

" N3rt Tidsskrift for Mathematik," B. Tredje Aargang, No. 3 ; Ck>penhagen, 
1892. 

" Sitzungsberichte der Kfiniglich-Preussischen Akademie der Wissenschaften 
au Berlin," 1892, xxvl-xl. 

" Annali di Matematica," Tomo xx., Fasc. 2, 8. 

"Educational Times," November, 1892. 

*' Journal itx die reine und angewandte Mathematik," Band ex., Heft 3. 

"Annals of Mathematics," Vol. vi., No. 7 ; June, 1892. 

" Journal de I'Ecole Polytechnique," Cahier 61, 1891, and 62 ; 1892, Paris. 

" Cambridge Philosophical Society — Transactions," Vol. xv., Pt. 3. 

** Cambridge Philosophical Society — Proceedings," Vol. vii., Pt. 6. 

"Annales de I'Ecole Polytechnique de Delft," Tome vii., 1891, Livr. 4 ; 
Leide, 1892. 

Rayet (Mons. G.). — " Observations Pluviometriques et Thermom^triques, faites 
dans le Departement de la Gironde, de Juin 1890 & Mai 1891"; 8vo, Bordeaux, 
1891. 

Aiyar (S. Radhakrishna). — "Leaves from a Manual of Arithmetic"; 8vo, 
Madras, 1892. 

" Invention," Vol. xiv., 703, 704. 

" Atti della Reale Accademia dei Lincei/* Vol. i., Fasc. 6, 7 ; Roma, 1892. 

** BoUettino delle Pubblicazione Italiane ricevute per Diritto di Stampa," 1892, 
Nos. 163, 164. 

"Traits E16mentairo des Quaternions," par P. G. Tait, translated by G. Plarr. 
(2 vols. ; Paris, 1884.) 

" Wiskundige Opgaven met de Oplossingen. Door de Leden van het Wiskundig 
Genoot^chap," vij.^e Deel, 2^ Stuk-5*e Stuk; Amsterdam, 1891-92. 

"Nieuw Archief voor Wiskunde," Deel xix. ; Amsterdam, 1892. 
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Collaboration in Mathematics. ( Valedictory Address.) By Prof. 
A. G. GsEENHiLL. Bead November 10th, 1892. 

Od the occasion of being admitted to this Society, it was my 
privilege to be present at the address delivered by Professor Stephen 
Smith, when he retired from the office of President. 

Professor Smith at the outset asked permission to confine himself 
entirely to the history of Pare Mathematics, on the plea that his 
immediate successor. Lord Rayleigh, in looking round in his tarn for 
a subject, would be attracted by the domain of Applied Mathematics, 
of which, as Professor Smith remarked, he is so well fitted to take a 
comprehensive view. 

My predecessor, Mr. J. J. Walker, selected as his subject " The 
Influence of Applied on the Progress of Pure Mathematics,'* and he 
showed us how many of the most abstruse theorems of pure analysis 
owe their origin to ideas, which arose in connexion with concrete and 
even practical requirements. 

The developments of Pure Mathematics, and of Applied Mathe- 
matics, and the influence of Pore and Applied Mathematics on each 
other, having thus received such eloquent and exhaustive treatment 
from my predecessors, I was compelled to turn elsewhere for a subject 
suitable for a short valedictory address. 

A conference of mathematicians was to be held last summer at 
Nuremberg ; and there, I thought, would be the opportunity of 
meeting, in conclave and in society, the leading mathematicians of 
the day. It would interest you, I hoped, to hear a short account 
of their methods and ideas, and perhaps more, to learn what they 
thought of us in return. 

But, unfortunately for these plans, the state of quarantine in 
(Germany caused the Nuremberg meeting to be postponed till next 
year; so I am obliged to come before you this evening in the condi- 
tion of one who has to make shift with a few general remarks on the 
state of our subject, with some special reference to Collaboration in 
Mathematics. 

But in the fir^ place, we must congratulate those members who 
have worked so efficiently to fill up the gaps pointed out by Professor 
Smith, in the subjects requiring advanced text-books. 
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At the time Professor Smith made this observation be could only 
instance Cayley's Elliptic Functions: but at the present day we 
possess (or shall shortly possess), as works of oar members, advanced 
treatises on the theory of numbers, of equations, of functions and 
differential equations, on advanced trigonometry, analytical statics, 
hydrodynamics, optics, and elasticity. The authors' names are 
familiar to you ; and we hope that other treatises are in coarse of 
preparation, to gratify acknowledged needs. 

A large part of Professor Smith's address was devoted, even if 
indirectly, to the sabject of Elliptic Functions, in conseqnence of its 
important bearing on all the domain of Pure Analysis ; and it is in- 
teresting at this date to reflect on the vicissitudes of its cultivation, 
as a branch of academic stady, by the light of the remarks on this 
point in Dr. Glaisher's address. 

In my own case I have been attracted to this subject, from the 
point of view of Mr. Walker's address, by looking at the theorems as 
they arise in the solotion of definite mechanical problems. 

Even in this way some of its most abstruse analytical theorems 
receive new interest ; to mention an instance, the treatment by Abel 
of the pseudo-elliptic integrals, as derived from the expression of the 
square root of a quartic in a periodic continued fraction. 

I am not aware whether it has been pointed out, that in Abel'a 
method we assign an arbitrary value to the elliptic function of an 
aliqaot part of a period, and thence determine the corresponding 
value of the modolas ; in this way the degree of the equation 
requiring solution is considerably reduced. Thus, for trisection, the 
degree is reduced from four to unity ; for quinquisection, from six ta 
two ; for division by seven, from eight to three ; and so on. 

I should like, with your permission, to indicate briefly these resulta 
on the board. 

Abel's integrals, in the form (JJEuvres Completes, t. ii., p. 162) 



I=(n4-2)f?^cto, 






where X is a quartic, can be reduced, when we know a factor x—a 
of X, to the Weierstrassian form 






by the substitution x—a = — 
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and now tbe cabio Z can be made to assume the form 

Z = ^ (cw- 0)'-(y«-*)*, 

80 that the roots of Z = are the squares of the roots of a simpler 
cubic 

also z=iO corresponds to the parameter of this psendo-elliptio 
integral of the third kind. 

When n is odd, the result can be written in the form 

1=2 COB- " -^^^ ^-W Z 

2<uf*" 

It will be noticed that the knowledge of a factor of the quartio X 
has the effect of reducing the degree in the results to one half that 
given by Abel. 

Now, in the case of trisection, 

n4-2 = 3; 

we find /3 = 0, and we can put a = 1, y = 1 ; and then Klein's para- 
meter r is connected with B by the linear equation 






4-275. 
27a ' 



also 



/: /-1 : 1 = (r-l)(9r-l)* : (27r»-18r-l)« :-64r 



(Klein, " On the Transformation of the Elliptic Functions," Froc 
Land. Math, fifoc. Vol. ix.). 

We may now write Abel's pseudo-elliptic integral, for this case of 
trisection, in the form 



-1 



[-35 



z^{^-(^-a)«} 



dz 



= 2 sin * ' — ^ = 2 COS * — ~ . 
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Qainqmsection : n+2 = 5 ; 

here we find, from Abel's resnlts, we can pnt 

a = 1, /3 = c, y = c— 1, i = — c; 



and now Klein's 



r = c+ll--^, 



a quadratic for c when r is given, corresponding to the parameters 

foi and ^, 

«i» denoting a period (the imaginary period, according to oar result, 
where the integral is circular). 

Here /: /-1 : 1 

= (r«-10r + 5)« : (r«-22r4- 125)(r«-4r-l)* :-1728r. 

On comparison with Halphen's equations {Fonctions ElliptiqueSf 
t. III., p. 3), we find 

12^, = 1-I2c4- 14c'-f 12c«4- c*, 
216^, = (14- c*)(l-18c4- 74c»4- 18c»+c*)r 

m 

A = -c«(c4-ll-i); 



and 



t = c' 



is a root of Halphen's equation (9), p. 5, 

5^-12^,«*-f 10A^ + A« = 0. 
Also « = -i(I-fc*) 

is a root of Halphen's equation (4), p. 3, 

We can now write Abel's pseudo-elliptic integral for this case in 
the form 



'=1 



z^[4a (2-c)«- {(c-1) «+c}'] 



o ,i(g- l)yZ 
= 2 cos * ^ f^^— 

2«* 

= 2 sin- » (g+3)g'-(2c-hl)g-hc 

22' 
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7«8ection : n 4- 2 = 7. 

We find, from Abel's results, 

a = l, /J = — c*-c», y=l4-3c+c', a = -c» 



— «*. 



and here 



_ l-f8c-f5c'-c» 
'' c(l+c) 



a cnbic equation for c, corresponding to the parameters 
and / : /-I : 1 = (r* + 13r+49)(r«+5r + l)« 



Here 



: (r*+14r«4- 63r»4- 70r-7)« : 1728r. 
^=:-c*(l-i-c)* 



is a root of Halphen's equation (59), p. 75, J^. E., t. iii., 



while 



7<»-2». 3V,<'-2 . 5 . 7A^«-3* . 7A«^*-2 . 7AV-A* = ; 

aj = -i(l + c+c»)« 



is a root of equation (15), p. 51, 

a^-21^,aj«-2 . 3» . 7g^af = 0. 

Also 12flr,= (l + c+c*)(l + llc+30c» + 15c»-10c*-5c*J-c«), 

A = - c' (H-c)'(l4-8c-f 5c«-c») ; 
and Abel's corresponding pseudo-elliptic integral may be written 



^=1 



(l4-3c-3c*)z+7(l + c) 



z-/[4c«(cz+l+c)*-{(H-3c-hc*)2 + H-c}»] 



dg 



= 2cos'>^-^(^-^)^-^Vz 

2cfif* 

_ o „in-i (l-f3(?~3c')g'-f(34-4c-3c«-fc^)g'4-(3+2c-2c«)g4-l-hc 

2ct«* 



9-section : 



n4-2 = 9. 



We find we can put 
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and now Kiepert*8 parameter ( {Math. Ann., xxxn., p. 66) is eon^ 
nected with c by the relation 

r__ l4-3c— 6c*4-c' 
c(l-c) ' 

a cnbic equation for c, corresponding to the parameters 

also / : /-I : 1 = (£4.3)«(?+9p4-27£4-3)« 

: (P+18f 4-136£*4-504f»-f891?+48«-27)* 
:1728£(P4-9|+27). 

Abel's corresponding pseudo-elliptic integral is 

J z^z 

^2cof,'^t±Bl±Gz±B 

2(l-c)*«t ^ 

"^'''^ 2(l-c)M ' 

where B= — 3 (2-2c4-c'), 

a=(l-c+c«)(5-3c-fc«), 

D=-(l-c+c*)«, 

P = 7-18c + 15c«-5c», 

Q = -14+53c-76c»-f 61c»-25c*4-5c*, 

E = (1-c-f c«)(7-33c4-38c«-23c»+6c*-c»), 

iSf = - (1-c-f c»)« (1 -9c4-6c»-2c«), 

r=-.c(l-c+c»)«. 

ll-section: n + 2 = ll. 

Here I have fonnd that, in Abel's notation ((Euvres CompUteSj t. ii.,. 
p. 162), with q^ = 0, or q^ = jj, then, if 

g(l + g)=c(l+c)«, 
g4=35=2c(l-fc4-g); 
and we may put a = 1, /? = (c*-f c*) q, 

y = l+2c-c»+(2-fc)g, « = -(c»+c»)«gr. 
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A qaintio relation is now to be expected, corresponding to the 
parameters 

A«» A«» TT^y TT^» T^> 

connecting c with the parameter £ employed by Kiepert {Math, Ann.^ 
xxxn., p. 93), or with the parameter r of Klein (Klein und Fricke, 
Vorlesungen fiber die Theorie der Elliptischen Modulfunctionen, II., 
p. 437, <&c.) ; bat I have not yet saoceeded in determining this rela-^ 
tion, and I am relying apon the assistance of others. 

Similar simple results hold for the even valaes of n, 

2, 4, 6, 8, ... ; 

bnt now Abel's qnartic X is foand to break up into two qnadratio 

factors X, and X„ and the Weierstrassian form is unsuitable. 

We can, however, express the result, if logarithmic or hyperbolic^ 

in the form 

x-hk 



= (»+2) I 



dx 



y/(X,X,) 

= 2cosh-'(J«*^-fP«»f-'>4- ...) -/Xi 
= 2sinh-» (Paj*- + Qaj*t»-"^-|-...) yX,. 

Thos, for 4-section : n -f 2 = 4 ; 

we find Xi = iB«-l-(l4-2c)aj-hc», 

X, = a^-f(l-2c)aj + c'; 

J = 2 sinh->^±i:=^ yx, = 2 cosh-> 2±i±^ yX,. 

2cl 2ci 

6-8ection : n-f 2 = 6 ; 

X, = ««-|-(l+c)>aj4-c«(l+c)», 

X, = »*4-(l-c)*aj-f c* (l-c)«; 

1= 2sinh->^^(^-^t?.?-'9r^^^'"^^^ ./^i 

2c« ( i — c') 

= 2cosh'^^-^(^-^-^ + ^^)^ + ^l-^^)(^-^-^) yX,; 

and so on ; the results being of half the degree given by Abel, in con- 
sequence of the knowledge of the factors X^ and X,. 

From Abel's results we are able to construct a series of solvable 
cases of the complicated motion assamed by a body under no forces. 
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by a top or gyrostat, or by a rotating projectile in a sarroanding 
fluid medium ; as indicated in Halphen^s Fwctions elUptiques, 

Mr. Bamside tells me he has discovered an application of the 
pseudo-elliptic integrals to the flow of electricity on an anchor-ring ^ 
when the differences of the longitude and quasi-latitude of the eleo* 
trodes are aliquot parts of the circumference ; and then the current 
itself divides into parts in a simple ratio. 

In Abel's method it is not necessary (as in Jacobi's treatment, 
OreUe, Bd. vii., Oesammelte Werhe^ Bd. i., p. 329) to consider the reso- 
lution of the quartic X under the. radical ; and now the parameter of 
the corresponding elliptic integral of the third kind is an aliquot part 
of one of the periods. 

But, in the applications to dynamical problems, the parameter has 
an added quarter or half period, implying that the resolution of the 
quartic has been effected ; and this requirement introduces a fresh 
difliculty, which may in competent hands lead to important develop- 
ments of Abel's method. 

To illustrate these curious analytical results which may thus arise, 
requiring the resources of pure analysis, I may mention that, in con- 
structing such solvable cases, depending, in the language of elliptic 
functions, on the division of a period by seven, a cubic equation 
{Z = 0) turns up requiring solution, which may be illustrated 
geometrically by a certain ternary homogeneous equation representing 
a non-unicursal cubic curve. 

Professor Smith mentions that the solution in integers of such an 
equation depends on some cnterion not yet discovered ; although, as 
he says, it ought not to lie beyond the present scope of analysis. 

But, as the Theosopbist would say, '* this is a detail of which onr 
mathematicians know so little." 

Mr. G. B. Mathews is fortunately interested at the present time in 
Abel's general theory, and I have great hopes that he will succeed in 
this problem, and at the same time present a general theory. 

This episode encourages me to make the suggestion that the 
modem principle of the Subdivision of Labour might with advantage 
be employed in mathematical research ; and that by Collaboration on 
new ideas onr progress would be accelerated. 

Prof. Tait makes a feeling complaint somewhere that in looking 
back at the time spent on working out a new development, the 
greater part of it is occupied on analysis that might well be turned 
over to a trained mathematical student. 

Most of US, I expect, will echo Prof. Tait's opinion ; but, so far as I 
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am aware, the only attempt at the present day to introdace collabora- 
tion into mathematical work is to be found in Prof. Klein's Seminar 
at Gottingen. 

In his wonderfal lectnres on the ikosahedron, modular, hyper- 
elliptic, and Abelian functions, Prof. Klein reserves his powers for 
a general comprehensive view of the subject; and the detailed alge- 
braical analytical development is handed over to bis pupils to work 
up, at the same time stimulating their interest. 

The system appears to work very well, judging by the published 
results in the Mathematische Annalen ; as in all scientific work, there 
is DO pretence at concealment. 

We are not like the artist, say Rubens, or the writer, say Dnmas, 
who are reported to have passed off, as their own original work, th& 
parts elaborated by pupils and assistants. 

An advantage of such collaboration lies in the admission of the 
outside world to the order of development of new ideas. We see the 
structure growing, and can trace the scaffolding employed in its 
erection. 

The perfect geometrical form of the TritK^'pia was for a long time 
a hindrance to the formation of a school in this country to follow up 
Newton's discoveries, as no successors arose who could wield this 
great weapon of geometry with facility. But the communications 
brought before this Society by Mr. Ball and Dr. Glaisher, on the 
rough notes of Newton's calculations, preserved in his manuscripts, 
are of great value and encouragement to us, in showing that Newton 
himself, for purposes of discovery, adopted an analytical method 
similar to that we employ nowadays ; and that the form of the 
results was subsequently recast in the Greek geometrical 
style, 

I presume we are all agreed, however, as to the value of a study 
of the Prindpiay as a chastening influence on the luxuriance of symbols 
and analysis. For my part I should prefer to see the whole three 
books prescribed in the Cambridge course, to be studied in the 
original Latin. 

In two hundred years no real advance has been made to complete 
the speculations as to the cause of gravity with which the Principia 
concludes ; nor has any exception been observed, in the solar system, 
to Kepler's Laws and the Law of Gravitation. 

The first report of the newly discovered satellite of Jupiter gave 
an incompatible distance and period ; these numbers have been sub- 
sequently corrected ; but any discrepancy, if confirmed, would lead to 
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most interesting specnlations as to tbe causes modifying the aniversal 
applicability of Newton's Law. 

** Heresy in science is the aathor of all progress/* and to discover 
and theorize on the smallest discrepancies with simple acknowledged 
rules is certain to lead to important development. 

In Prof. Smith's words, *' an apparent contradiction (as distinct 
from a mere misunderstanding) is always to be regarded as an 
indication of some andiscovered truth." 

In Electricity, the "law of the inverse square" is capable of indirect 
experimental verification with great accuracy ; but we were indebted 
to Maxwell, in the Mathematical Tripos of 1877, for a very beautiful 
question, of a somewhat heretical nature, in which he showed that, if 
we assume the law to vary as the negative power (24-jp)t where p is 
small, the value oi p could be inferred by means of a formula from a 
simple electrical experiment. So far the value of p has been found 
insensible ; but it will be interesting, when more detailed reports are 
to hand, to employ Maxwell's method on Jupiter's new satellite. 

Newton's Third Law, that " action and reaction are equal and 
opposite" — according to Maxwell's interpretation, the definition of a 
stress — implies in its generality that the inertia of the medium by 
which the stress is propagated is insensible. 

Maxwell, in his Electricity and Magnetism, acting as the interpreter 
of Faraday's views, first taugbt us to look for the explanation of 
electrical phenomena in the stress in the medium or dielectric which 
propagates the action to a distance. 

The efEect of quasi-electrical inertia, as exhibited in the Herz 
oscillations, has only recently attracted attention ; and perhaps we 
shall find that the corresponding inertia of space, in which gravity is 
propagated, may either slightly modify the laws of gravity, or, on the 
other hand, be the means of accounting for their existence. 

Formerly, the mathematician, when called upon to justify the utility 
of his subject, would point to its astronomical achievements, if only 
for their bearing on Navigation. 

Nowadays I think we could instance the applications of Electricity, 
as the creation of men whose genius was essentially mathematical. 

Much of the theory which served in physical astronomy was found 
to be immediately applicable in electrical science ; and now, in return, 
it seems that the minute manifestations of electricity will help to 
throw light on the mysterious laws which govern the motion of our 
universe. 

Returning to the question of Collaboration, the correspondence of 
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Newton and Cotes, we find, ib principally concerned with the prepara- 
tion of a new edition of the PHncipia, The laborious part of the 
work was undertaken by Cotes, and it seems a pity that Newton 
did not employ him as a collaborator earlier. 

Mr. Ball read to ns an interesting paper on '* Newton's Classifica- 
tion of Cabio Cnrves," in which he showed ns that most of the 
iheorems rediscovered of late years were already known to Newton. 

In my opinion, Newton should, for his genius, have been otherwise 
occupied; but doubtless he became fascinated, in a manner with 
which I presume we are most of ns familiar, with the algebraical 
details of some calculations in connexion with an astronomical or 
dynamical question, while the great theory of gravitation was taking 
€hape in his mind. 

So, too. Maxwell informs us that he was lured away into the 
Analysis Situs, from being compelled to develop it for his electro- 
magnetic theory; and even Rankine, the mathematician of the 
engineer, confesses that he was once attracted by the theory of 
numbers, and wasted much time over it, most agreeably, no doubt, 
but to no purpose. *' Le temps le mieux employ^ est celui que Ton 
perd." 

During the past year the Society has suffered great loss, in Dr. 
Hirst, Professor Wolstenholme, and two foreign members. Prof. 
Kronecker and Signer Betti. 

Dr. Hirst was an original member of our Society, and its first 
Treasurer ; he took great interest in our meetings, and he filled the 
ofBlce of President. The Society is indebted to him for the bequest 
of his valuable library. 

His work on the Correlation of Space brought him into corre- 
spondence with the Italian mathematicians of the school of Cremona ; 
he contributed often to foreign journals, in which his linguistic 
knowledge showed to advantage. 

Signer Betti has favoured us with communications on the subject 
of Elasticity, in which the principles are presented in an elegant and 
condensed form. 

Professor Wolstenholme*s mathematical fame rests on his wonderful 
collection of original mathematical problems, a production peculiarly 
characteristic of the British school. The infiaence of these problems 
on the formation of the taste and ability of a student cannot be over- 
estimated. It was my good fortune to be his colleague for some 
time at Cooper's Hill, and to keep up a continuous acquaintance. 

Prof. Kronecker's work, chiefly concerned with the Theory of 
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Numbers, is too great and extensive to receive more than mere 
mention here ; for details we must refer to a memoir of him in the 
Comptes Bendusy January, 1892, written by M. Hermite. 

Looking through the communications to the Society in the past 
two years, we find papers on all branches of mathematical research ; 
and it would be invidious to single out any one for special commen- 
dation, when we consider the diiSerent tastes and proclivities of those 
who cultivate our science, arising from the specialization which is 
now a necessity on our part. 

Speaking for myself, however, 1 must express the pleasure I 
experienced in reading Mr. Burnside's communications on " Functions 
derived from their Discontinuities," and on "Automorphic Func- 
tions." In these he works out the purely analytical developments of 
Klein, Weber, and Poincare, with reference to the physical standpoint 
of electrical and hydrodyDamical applications. This physical inter- 
pretation, to my mind, throws light and interest on the complicated 
results which arise, and gives a hold by which the mind can obtain a 
first grasp of the subject. 

lu conclusion 1 should like to say a few words about onr Society. 

In the twenty-seven years of its existence we can look back upon 
the active membership of those mathematicians who will be remem- 
bered by posterity as the leaders of thought of this generation ; and 
the London Mathematical Society has already amply justified its 
existence, in the works of past members, such as De Morgan, 
Spottiswoode, Stephen Smith, Hirst, Maxwell, Wolstenholme, 
Clifibrd, and Buchheim. 

I think we may congratulate ourselves on its present condition 
intellectually, financially (thanks to our President), and numerically. 

It has been said that we can never be a numerous body ; but, by 
judicious recraiting, our numbers could doubtless be still further 
added to. 

I leave it to our junior members to come forward in this work, and 
also in otherwise keeping up the vitality of oar subject and Society ; 
so that posterity may hold the same high opinion of them as we do 
of our predecessors. 
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Note on the Equation y* = x (aj* — 1). By W. Buensidb. 
Received November Ist, and read November 10th, 1892. 

The Cartesian co-ordinates of a point on a cnrve whose deficiency 
is greater iihMK one, cannot be expressed as rational or as elliptic 
functions of a single parameter; but it has recently been shown that, 
in a large number of cases, including certainly all curves whose equa- 
tions are of hjper-elliptic form with real coefficients, the co-ordinates 
of a variable point on the curve can be expressed as uniform functions 
of a single parameter with an infinite namber of essentially singular 
points, the functions being automorphic with respect to a certain 
group of substitutions. 

Although, however, the possibility of this mode of representing the 
coefficients has been proved, no instance has ever been given, so far 
as I know, in which the representation has actaally been carried out 
for a particular equation. Indeed, to do this it would generally be 
necessary to find a group having the required relation to the equation, 
and there is, I believe, no known method of doing this. If, however, 
from independent considerations, the relation in question between a 
given equation and a known group has once been established, it will 
become a matter of calculation to carry out the process referred to. 

In the case of the equation 

y'=x(x*-l) (i.), 

the actual expressions for x and y, as functions of a single parameter, 
can, by such considerations as those just mentioned, be obtained with 
remarkably simple analysis, and the result is perhaps of sufficient 
interest to justify me in communicating it to the Society. 

It is convenient to begin by giving two well-known formulao in 
elliptic functions that will be required. These are 



^^"-^ = L^ ^ J ' 



J / . \ (e—e)(e-e ) 

and p(tt+w)— 6 = ^^ -^ ^; 

pu—e 

whence, by differentiation, 

p'u (pu—ey 
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If 2(if, 2w' are any pair of primitive periods of the elliptic functions, 
these formulfld are equivalent to 



p2u^pta = 



(pt-p-Dfp--*- («+!-)_ 



p'(«) 



(ii.) 



and 



pu [pu-ptaj 



(iu.). 



In Klein-Fricke, Theorte der EUtptischen Modulfunctionen, i., p. 652, 
it is shown that the x and y of equation (i.) are expressible as 
modular functions for that sub-group of the modular group which is 
formed of all substitutions 

such that ( "' ^ ) is congruent to modulns 8 with one of the forms 

/I, 0\ /I, 4\ /6, 4\ /6, 0\ . 
lo, 1/' U, ir \0, 5/' U, 5/ ' 

and moreover that x is then that modular function which Prof. E^lein 
calls the octahedral irratiodalitj. It does not, however, enter into 
the plan of Prof. Klein's work to exhibit x and y explicitly as func- 
tions of w, which is the object of the present note. 

There is no difficulty in showing that the twenty-four values of 
Prof. Klein's octahedral irrationality are given in terms of elliptic 
functions of submultiples of the periods by the expression 

p^-p. 

; » 

P--PU, 

and the twenty-three expressions derivable from it by the substitutions 



iiij r= III -f- w', fa\ = «' 



and 



itf. = — III 



w« = w. 



If now 



X =. 






III 



i 



* 
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then, by (iii.)> «* = 



^ 2 



The addition eqnatioD gives 






l»«'+2p:^ = J, 



{ and |HM'+2p(— +«j=i^ f_ ^, 

or since, as may be deduced at once from (ii.), 



p" 



[p-'-Py]' 



Henoe **= ; 



<»«'+2j»~ 



•nd 



a!--i = z ^ ^ . ^ 






— « r 



= 16-^ J-L 
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Therefore x («*- 1 ) = - 16 






Taking acconnt of equation (ii.), this can be written in the form 



= -16; 






and therefore, finally, if 



(pf-P-')(p^-p|^)[F^'-i'(|+«)] 



= 4t 



'<K--'T)[''T-'(fH] 






and 



as = 



then 



? > 



y» = aj(a!*-I). 



Taking acconnt of homogeneity, x and i/ are thus expressed as uniform 
functions of the parameter (i>7(i», and they each have the real axis for 
an essentially singular line. 
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Some Properties of Homogeneous Isobaric Functions. By 
E. B. Elliott. Received and read November 10th, 1892. 

• • « • • 

1. The present paper is a sequel to one which I communicated to 
the Society at its last meeting (Vol. xxiii., pp. 298-304), entitled, ** A 
Proof of the Exactness of Cayley's Nnmber of Seminvariants of a 
Given Type." The two articles which immediately follow supply 
omissions in that paper. In the remaining articles the theorem on 
which my argument was based is transformed, and the result 
examined for its own sake without reference to the particular 
application. 

2. Attention was in my former paper quite unnecessarily confined 
to a single binary quantic, or, as I would say by preference, to a single 
set of constituents 0^,01,0^^ ... a^. The proof of the Cayley- Sylvester 
theorem as to the number of asyzygetic seminvariants of a given type 
of a system of binary quantics, or, say, in a system of sets of con- 
stituents, is precisely the same. 

Let there be quantics of degrees n, n\ n\ ..., with coefficients 
(jUffl Oi, ... a^), (oq, A], ... a-n'^ (j^ t ^r* ••• ^n"\ ••• • The number of 
products of whole weight w of given numbers t, i\ %\ ... of con- 
stituents chosen from these sets of coefficients respectively is denoted 

(w; %yn'^%jn\%yn\ ...). 
Let now 

Q denote 2 (ooT" +2ai-— -h... -f-na,«,-— ) (1), 

„ s(na.A+(«-l)a.A+...+a,^)...(2). 

and ij „ 2(tn)— 2t/7 (3), 

the summations referring to all the sets of coefficients. 

Exactly as in § 2 of the paper referred to, we have the known 
theorems that, when the operations are on any product as above, or 
on any gradient or linear function with constant coefficients of such 
products of the same type w ; t, t", t\ ..., 

QO'-O-'Q = r (i?-r+l) 0"-'; 
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and tlie reasoning from these is jnst as before. We obtain the same 
form of oonclasion, Tie., that 

u = o[-l-o-— ^— ^0»O+,-— J5 —, sO^'-- {«* 

(l.il I.2.17.J1 + I 1.2.3.j|.i?-f-l.i? + 2 ) 

(4), 

provided that f7>0; and the interpretation is that any prodnet, or 
linear fonction of products of the type considered, can be produced 
by operation with Q on a linear function of products of whole weight 
w + ly and the same partial orders 1, t', t", ... as before. Putting, 
then, w for 11; + 1, the most general linear function of products of type 
w; t,t', i", ..., when operated on with O, yields the most general 
linear function of products of type w—1; i, t, i^y ..., provided that 
2 (in) — 2 (w — 1) > 0, i.e,y that 2 (tn) — 2«7 < — 1. Accordingly, in 
this case, the number of linearly independent seminvariants, linear 
functions which CI annihilates, of the type to ; i, i", %\ ..., in the 
system of sets of coefficients, which is known to be at least 

u; ; t, n ; i, n ; i , n ; ...) — (w7~l ;t, n;t,n;«,n; ...), 

is exactly that nnmber. 

Another consequence of the generality of the gradient Qti, when u 
is general and such that 17 <tl — 1, is that in such a case the number 
thus found as a difference cannot be negative. 

3. It ought not to have escaped my attention that operators of 
form like that in my theorem above, have presented themselves to 
and been used by Hilbert (Mathematische Annalen, Vol. xxx., pp. 16, 
&c., Vol. xxxYi., p. 523). He has used such operators, in fact, in a 
proof, different from mine, of the exactness of Cayley's formula, but 
does not seem to have noticed the fact (4) which is with me funda- 
mental. He has proved that, i|, the characteristic oft?, being <t ""Ij 

which might be produced from (4) above by putting Civ for ti, and 
consequently replacing ri by 17 + 2. His theorem then follows from 
mine ; but the reverse does not seem to be the case, unless we assume 
that, V being general, Qv is general ; and this I was not at liberty to 
assume, for it is what my aim was to establish. 

A particular result of (5) may here be noticed. Let j| = — 1 for v. 
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We know that there is no gradient for which i; = — 1, which O 
annihilates. Conseqaently, for the case 17 ^ — 1, 

C , 00 . OW _ GW , \ _n 

a result which will presently be proved to hold when, for v, ij is any 
negative integer whatever. 



4. It is now proposed to show that the identity which expresses u 
in the form Qv, viz., 

y 1- Ji- QO-h —--^ -nO'Cl-- ,r-i— ?^-i O0»O'+ ... ] u 

I l.Ji 1.2.17.17 + 1 1.2. 8.17. 17 + 1. 17 + 2 3 



= 



(1), 



may be more elegantly written 

f, OO.O'O' typ* . ) _n fo\ 

v~ir'^v:2'~ l^2^:3'' +•••;«- " (^>' 

in which the characteristic 17 is not explicitly present, thongh it is 
required to be a positive nnmber. 

This is equally a fact whether we are dealing with a single set of 
constituents a,,, 0^,0^ ... a„, as in my former paper, so that 17 denotes 
the excess in — 2m;, and Q, are as in (1) and (2) of § 2, but without 
the 2 symbols of summation ; or with a system of sets, as in § 2. 

To aid us in the performance of the transformation, we have a 
formula of Hilbert's, viz.. 



-inr-i 



OW = lyCK- (17— r+5) r«0-* 

^ (fl-r+s)(r,-r+8 + l) ^ ^^_ ^^ ^ ^^_^^ Q'-^O"-^- (3), 

where the operation is on any gradient whose excess S (in)—2w is 
equal to 17. For the case of « = 1 this is the well known 

O'O = O0''-r(i7-r+l) O'"^ ; 

and for higher values oi s it is established by mathematical ind ac- 
tion. 

For the present purpose, we have to put r — 1 for s in (3), and 
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operate with O, thus getting 

OCKO*^> = O'-O'-Cji-I) 1/r (r-1) Q'-^O'-* 

+ I^Zllll3 r (r-l)« (r-2) O-^O-' 

_ (2lli)iL^±il r (r- l)'(r-2)» (r-3)O'-'0'-'+ ..., 

and then to give r suocessively the valaes 1, 2, 3, ..., and snbstitnte 
in (1). 

In this way the coefficient of QTO", in what the left-hand side of (1) 
becomes, is seen to be 



(-1)' 



! C i|. I? + 1 ... »?-f-^—l ly.iy-l-l ... 






+ 



r.r+1 

1.2 *ij-hl.»7-f-2...i7+r-f-l 

r.r+1. r+2 i| — 1 



1.2.3 ' »; + 2.i|+3...i?+r+2 



+ 



... r 9 



which 



^ (-iy(.,-l) /' (i>-2)!>-! (,-!)! r!r.r+l v\ r\ \ 

(r!)» Xin+r-iy. ir,+r)\ ^ 1.2 („+r+l)r'"f 

_ (-iy 

Thus (1) becomes (2), as stated. 

For the special case of i| = 1, the last part of this work is both 
inapplicable and unnecessary. The conclusion is the same as in 
general. 

The simplest form for a gradient which, when operated on by O, 
prod aces ti, a given gradient for which f; is a positive number, is 

o-i (0 OO' n^O* ) ,«x 
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to which, of course, may be added, as (so to speak) an arbitrary con- 
stant, any semin variant whose type is that of Ou, 

In any general property of a gradient, we may, of conrse, inter- 
change O, 0, «7, i; with O, O, S (in) — w, — ly, respectively, thus merely 
interchanging the first and last, second and last but one, <&c., con- 
stituents of each set. Companion theu to the equivalent facts (1) 
and (2) of the present article, we have a pair of equivalent facts with 
regard to a product or linear function u of products of any the 
same type w, t, i\ %\ ... for which i; or S (in)—2w is negative, equal 
to — V, say, viz., 

V 1.17 1.2.i;.i;4-l 1.2.i5.ij .ij +I.17 +i ^ 

= (4), 

c, on. o»o» o»n' , ^ ^ (k\ 

To the intermediate case of 17 = 0, neither (1) and (2) nor (4) and 
(6) apply. It will be seen later what the operators on the left-hand 
sides produce from a gradient u of this type. 

5. Other forms, of some interest, to which (1) or (2) of the pre- 
<^ing article may be reduced, are obtained by noticing that 

VrOr = QT'^ ((yQ+r(i7-r+l) O^"*} 
= O''-»(y-*[0Q+r(i|-r-hl)} 
= Q'-»(y-»{00-f(r-l)(i|-r+2)} [OO+r (17-r + l)} 



••• 



= (0O+l.ij)(0O+2.q-l)(0n+3.ij-2) ... (On+r.tj-r+1) 

(1). 

We thus see that § 4 (1) may be written 



1- 






,(i^?--0 



1.2 



, rf^')(f;;-;)(f-'-^) , ).._. 



(2) 
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Thns, if a theory exists of the fnnction of z, n, 

f^. (f>.)(f.n-i) 

1 "^ 1.2 

(f^')(i^°-')(T^-^) 

1.2.3 



T" C"/» 



U 



it will have its bearing on the present subject. (Cf, § 14 below.) 

Another form of (1) is 
Cr(r=QO (O0 + i7-2)(O0+2.ij-3) ... (QO+r-1 .ij-r)...(4) 
so that we have also, rj being a positive namber for ti, 
C, 00 QQ(O0-hiy-2) O0(QQ-fiy--2) ( O0-h2.iy-3) 1 

= (6). 

We have also, as companion to (1) and (4), 

0^0*^= (Q0-l.i;)(O0-2.»?-M)(Q0-3.i?-f-2)...(n0-r.i| + r-l) 
= On(On-l.i|-f-2)(Onr-2.i7 + 3)...(On-r-l.i7+r) (6)> 

so that forms, resembling (2) and (5) above, of § 4 (4) and (5), which 
apply to gradients u for which the integer i; is negative, are at once 
written down. 

Snch transformations might be multiplied. Very nsefnl facts for 
Bnch purposes are that 

n♦•0'.n•o• = o•o^n'■o^ 
0''Q'.0'O'= (ycr.O'O', 

which are at once clear from the factorized forms (1), (4), (6), sinoe 
factors like ClO-^p, QO'\-q are commutative with one another. 



6. The explicit absence of rj in (2) and (5) of § 4 is surprising,, 
seeing that a limitation of its range of values is in each case implied. 
Moreover the proof of § 4 is only convincing upon close attention^ 
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An independent demonstration will therefore be given, and this will 
have the effect of determining the effect of the operator 

'" V "^P.2'' r.2«.3«"^ ^^ 

on gradients for which i; is not positive, as well as on others, and of 
the operator 

on gradients for which ly is not, as well as those for which it is^ 
negative. 

A nnmber of extensive and widely distinct classes of cases may 
first be mentioned, in which the verification is easy. ^ 

(i.) When ?; = — 1, it has been proved, from Hilbert's theorem in 
§ 3, that ^jtt = 0. Consequently, when i; = -|- 1, we have Z^u = 0. 

(ii.) Let tt be a single constitaent a„ of the set a^, aj, ... a^. In 
this case 



/7 f 1 M' + l n—w , ii; + l.i^-f-2 n^w .n—w—1 1 

^'°" = r--T---r+ 1.2 • — 1:2 -r- 

which is readily proved to vanish when n > 2w, 
(iii.) Let ti be a seminvariant. Then 

which vanishes, since f; is a positive integer. 

(iv.) Another easily tested case is that when n = 1. 

7. To examine the effect of Z^ on any gradient, we notice that Z^u 
is the term independent of t in the expansion, in positive and negative 
integral powers of t, of 

This expansion, it is to be noticed, terminates both ways. For some 
power of annihilates the rational integral function u, and some 
power of Q annihilates any term which does not vanish in e*^u. 

ThuBy if we can obtain another terminating expression for e~^ ° e'^t*^ 
the two must be identical. 



^e'^a, = 
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Take first a single constituent a^ of the set a^, Oi^ ... o^. We haye 
e'Oa, = ar+in-r) a,^,t+ (n-r)(n-r-l) ^^^^^^ ^^^_, 

_ (n-r)! d' i _ . , . n( n-l) ^. . „ „) 

Now operate on this with 6^, taking r for the present independent of 
^, so that e^' and — are commatatiye. We get 

= ^^^ |; { a, (14-rer +na,Kl+-0"-^ 

In this, after the diiSerentiations with regard to t are performed, we 
are going to give to l+r^ the yalne zero, t.e., to make r = — t'^. 

Now, if « > r, 

has (1+^0'""^ ^or a factor throughout, and so vanishes when 

Also, bj application of Leibnitz's theorem, if « = or < r, and is a 

(d \' 
— j {t"""(l + rO'} which does 

not vanish when 1 H-r^ = O'is 



r! d""' ,.._.v d* 



.!(.-.)r^T^('""'^-i-^('-^''^'^' 



i.e., is 



r! 



(n—g)!^,r 



«!(r-«)!' (n-r)\ 



r-^«!r•, 



which 



_ (n— g)! r! ^.^ , 
(n-r)! (r-«)! 
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CoQseqnentlj, the part of e'^^ff^ar which does not yanish when we 
put l-hr^ = 0, is 

r[C_n!_ Jn-r)! 



+ 



(r-1)! (n~r+l)!' 1! 



^n-r+l^ 



r-l 



+ 



n! 



(r-2)! (n-r+2)! 



(n-r- }-2)!^ ,_a . . , n! ^ 



».e. ^*' 



' |o»_ri^4-ro„_^ur-*+ ^ [ 2 ^ "-'^^^^""'"^•'•"^^>» j ' 



so that, apon putting l+r^ = 0, 



e 



-r*o^o 



e'^a. 



= (-irr-*'e-'*>a,. (1). 

In verification, it may he noticed that this gives, upon operating 
on hoth sides with e^ °, 



f-i 



fi«"'o«-«Oa,.,= {-lye-'e^^Or 



= (-l)"-(-0"'"""'^e"'«r 



(2), 



which is correctly the result of interchanging t and —tyV and n^r 

Now e'*^(uv) = e'*^u .e'^^Vy by a well known property of linear 
differential operators. Also 

Accordingly, we can pass from a single a^ to any product of integral 
powers of constituents, chosen from the same set o^, o^, ... a^, or from 
different sets* Thus, in the case of one set, \, X^, ... X^ being positive 
integers, 



ft ft— I 



e-^.a-.'^ar*, ...ay (3), 
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and in the case of different sets the like fact holds, viz., that 6~^. ^e'^, 
operating on a product, is equal to ( — l)*f times e"'^ operating on 
the conjugate product obtained by putting the last, last but one, &c. 
constituents of every set for the first, second, ^..of that set, where 

i| = S (in)^2w. 



8. Now in the expansion of f'e'*^ there is not, or is, a term free 
from tf according as 17, an integer or zero, is g^reater or not greater 
than zero. Consequently, for the case of one set, we have the con- 
clusions 



(i.) if tn-2MF > 0, Z^u 
(ii.) if tn-2ti; > 0, 



= 0; 



.^-^i 



^,.(C<^.. a;;- = (-!)•: 






= (-1) 



tm-m 



(2w 



-t»)! - "-' " ' 



of which latter one case may well be written separately, viz., 
(iii.) if tn— 2fi? = 0, 

Z, . ajo a*' ...a^ = ( -1)- a^ a*L, .- «^. 

For the case of products of several sets of constituents, we have at 
once the like conclusions, which need not be written down at length. 

We may now, of course, take, instead of one product of positive 
integral powers of the constituents, a gradient or linear function of 
such products of the same type to, i, %, C\ ..., and may summarize by 
saying that a gradient u whose ij characteristic 2 (%n)—2w is positive 
hafi Zi for an annihilator ; while if the 17 of u is not positive and 
different from zero the effect of operating on u with Zi is to inter- 
change in u the first and last, second and last but one, &c. con- 
stituents of every set, to operate on the result with 0~% and to apply 

the factor ( - 1)***" t-^i- 

(-1)1 

It is perhaps hardly necessary to state at length the strictly com- 
panion facts with regard to the second operator Z^ of § 6. We have 
merely to interchange w and 2 (tn)— w, i| and —17, in the facts with 
regard to Zi, 
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9. A stadj of the operator Zi is not complete without some 
reference to its effect on functions of the constituents which have the 
properties of homogeneity in every set of constituents, and isobarism 
on the whole, but which differ from gradients in not being rational 
and integral. It is without difficulty proved that the equality (3) 
of § 7 holds with regard to products in which X^, Xj, ... X^ are not 
positive integers. The same cannot, however, be said without 
further investigation of the conclusions (i.), (ii.), (iii>) of the same 
article. Though the two sides of § 7 (3) are equal, their expansions 
formed by ordinary methods will in the case now contemplated extend 
to infinity — on the left as a rule in both directions — and, as we have 
no general information as to convergency, the identity, term for term, 
of the two expansions is not established. 

Still we cannot doubt that Z^u = holds in many cases when u is 
not rational and integral. What has been proved in § 4 is more than 
there stated. It would seem to be that whatever u be, provided its ri 
he the same throughout, and not a negative integer or zero, the 
operators 

1-- -LoO-h— r-J^ -Q(yQ-——. ^— - ^Q0»0«+... 

l,ti l,2.fi.v-^l 1.2.3.i7.i? + l.i?+2 



(1) 



•^^ ^"T"■^l^2•"l^:2^3•"^ (^>' 

which latter we call Z^, derive from u expressions which are identical 
if convergent. Now when it was proved (§ 3 above, and Vol. xxiii., 
p. 300) that the operator (1) annihilates gradients of positive 17, it 
was at the same time disproved for functions u which are not either 
8uch gradients or else functions which, while, it may be, irrational or 
fractional, have 0"*n'" as an annihilator for some value or other of the 
number m. Thus, besides gradients of positive ij, Zi annihilates such 
function.* There is besides the reservation of cases when 17 is zero 
or a negative integer, for which Zi is not in general identical with (1). 

The difficulties of a complete study of the effect of Zi on products, 
or linear functions of products, which are not rational and integral. 



* A gradirat multiplied by a negative power of Oq ia such a function. 
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appear to be very great, iu general. In the first case, when n = 1, 
i.e, when there are only two constituents a^, ai, or a, 6, there is^ 
however, no such difficulty. A full investigation of that case occupies 
the remainder of this paper. Though the arithmetical method used 
is only one of special application, the results may be of use in 
suggesting probabilities for higher values of n. 



10. Take n = 1, and a single set a, h of constituents only. For 

this case Q = a —• and = b —-. We have then 

do da 






X.X-l.X— 2./ti-fl.;^-h2.Ai-h3 

1«.2«.3' "^ 



... I aH 



= 2^(-X,,i-hl, 1, l)a'^6^,• 
whe^e F (a, ^3, y, x) is the ordinary notation for a hypergeometric 
series. 

Now the hypergeometric series F (a, /3, y, 1) terminates if either a 
or /3 is a negative integer or zero, and is convergent if y— a — j3 is 
positive. The special case of y being zero or a negative integer does 
not here arise. We have then that Zi.a^Jy is an intelligible arith- 
metical multiple of a^b^, 

(a) if X is a positive integer or zero, 

(/3) if /I is a negative integer, not including zero, 

(y) if, even though neither (a) nor (/3) is the case, X — /i > 0, 
i.e., tn— 2ti; > 0. 

On the contrary, when neither of these conditions holds, Zi u is infinite 
or unintelligible. 

Now (Forsjth*s Differential Equations, § 126), 

2^(-X, ^ + 1, 1, 1) _ -^-^2——-.. 
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Thas, taking the above three cases of intellig^bilitj- of Z-^.a?}/', 
(i.) if X' is a positiye integer or zero, whatever /t be, 

A! 

(ii.) if fi is a negative integer, whatever X be, 

* (-/i-l)! ' 

(ill) if X-,1 > 0, 

r(X+i)r(-Ai) 

In partionlar, we may at once see what laws X and /li mnst satisfy, 
that Z^.a^lf may vanish. On examination the laws given by (i.) and 
(ii.) for the purpose are included in the wider law given by (iii.). 
And this law is aflforded by the condition that F (X-hl) T (— a*) be 
infinite, which is the case only if either X be a negative integer or /« 
a positive integer or zero. 

Thus, for the case of n = 1, the accurate extension of the theorem 
that Z^.ci^lr =0, when X and /i are positive integers sach that 

X— ^ = %n^2w 5" 0, 
is 

" Zi.a*^b^ = 0, when and only when X— /i > 0, and, either /i is a 

positive integer or zero, or X a negative integer." 

It will be noticed that, in accordaDce with § 9, a number m can be 
chosen sufficiently great that O^Q"* annihilates a^Jy. 



11. It will be well further to examine whether what (ii.) and the 
included (iii.) of § 8 become, for the case n = 1, hold or have intelli- 
gible representatives for auy wider values of X and /x than those for 
which they have been proved. With n = 1, § 8 (2) may be stated : 
^ If X and fi are positive integers, zero included, such that X ^^ /i, 

Z,.a^6^=(-1)^ — ^6— V^'tV 



^ ^ (/*-A)! 



r(/i-x-fi)r(x-fi) 



(1). 



VOL. XXIV. — 1X0. 452. 
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Now the cases in which X— /i ^ 0, for which Z^.a^br is finite, most 
aJl come ander (i.) or (ii.) or both of § 10. 

The former tells us that, when X— /i :^ 0, and X is a positive integer 
or zero, whatever not smaller quantity /i be, 

A ! 



= (-1)^ 



r(/i+i) 



r(,i-x+i)r(A+i) 



a^lr; 



BO that (1) holds for this generalized law of X and /t. 

And again, the latter tells us that, when /< is a negative integer, 
and X any quantity such that \— /t ^ 0, 

Z. .a/^h- = (-1)'*' (-X-l)(-X-2)...(-X+/i+l) ,^ 



= (-ir' 



r(-X) 



r(^-x+i)r(-i«) 



o^ir. 



12. Collecting results as to the case n = 1, we have that, in the 
equality ^,.o*5' = ^^i (X, /*) a*6', 

(A) if X > /* (t.c. 1} > 0), 

and is not infinite. In particular, Ci iK m) = 0, when either /« is a 
positive integer or zero, whatever greater quantity X may be, or when 
X is a negative integer, whatever algebraically less quantity fA be ; 

(B) if X :^ /I (%.€, II ^ 0), (| (X, /i) never vanishes, but is generally 
a divergent series. It has, however, a finite expression in two cases, 
(1) if X is a positive integer or zero, in which case its value is 



(-1)' 



r(i^+i) 



, and (2) if /i is a negative integer, in 



r(-x) 



The case of X 



rOi-x+i)r(X-i-i) 

which case its value is (— 1)"*' , > , x «x x- 

r(/i-X+l)r(— /i) 

and /i both positive integers is included in (1). 

The companion facts with regard to Z^.a^b^ can be readily deduoed. 
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13. The identity of the expressions prodnced, when both terminate 
or converge, by operations on a given prodact with 

g, = i-.,— 0Q+ , o ^ ., oQ'o-..., 

1.17 1.2.17.11 + 1 

is well exhibited in the present case of n = 1. 

If, in fact, we write Hi.a^y = i;i (X, /i) a^h^, we see at once that, 
since now i| = X— ft, 



« rx ll^ — 1 — ^ /*+^ 4. X.x-l-l./i + l»/i 

l.A — u 1.52.A — 11. A— u + l 



X.X-H.X-f2./i-fl./i.fi— 1 
1.2.3.X-/4.\-^-|-l.\-M-l-2 

= JP,(X, -,1-1, X-,i,l) 

^ r(x-;i)r(i) 
r(-,*)r(x+i)' 

which is also the value of Ci {K M') obtained in § 10. 

Bat i|| (X, fi) is never divergent, though it is infinite if X—fx be 
zero or a negative integer, for here 

y-a-/? = X-,»-(X-,i~l) = 1, 

and is positive. We saw, however, that for f, (X, ,«) to be conver- 
gent it is necessary that X— /i be positive, the other cases of its 
finiteness being those when either X is a positive integer or zero, or /i 
a negative integer. Thus H^.a^Jy and Z^.a^Jy* are identical when 
neither is infinite, but the cases of their finiteness are not coextensive, 
the former having the advantage. 

This identity of Hi and Z| is then, for n = 1, an application of 
Gauss's equality of two hypergeometric series, 

JP(a, /3, y, 1) = F(^a, -/3, y-a-^ 1). 

The two are equal when both are convergent or finite ; but the con- 
ditions of their convergency are respectively that y— o— /8 and y be 
positive. 

It will be of great interest if the study of Hi and Z^ for higher 
values of n lead hereafter to conclusions which are generalizations of 

this arithmetical theorem. 

D 2 
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14. We are also led to an interesting arithmetical conclusion bj 
considering, for the case of n = 1, the identity with J7| or Zi of the 
operator (2) of § 5. We are thus given, in fact, an expression for 
the sum of a series of the form (3) of § 5. 

Since, in the present case, 



OQ 



da \ dot 

the effect of the operator now nnder consideration is to produce, 
from a*6^. 



1- 



/i(Md) + X-^ (Ai(^) + X-,)(^^ + X-,) 



1.2 



— ...ra^6^. 



which must be identical with Ci (X, fi) a^ly or rji (X, fi) a^Jy, 



We have, consequently, upon putting e, ri for fi (X-|-l), X — /i, 
i., (^,,)(.^,-,) (^,)(|t.-l) (1^,-2) 

1 1.2 iTO ■*■••* 

= P(-i[,|-l+y('„ + l)«-f4z], -i[i|-l-y(i|-hl)«+4^],l,l} 



^ r(5)r(i) _ 

i^{K''-^i + ^('^+i)'+4r]]r[i[,,+i-v/(,;+i)»+4.]}' 

In like manner, by aid of the operator (5) of § 5, we obtain, for 
the series 

, z g(g4-'y-2) _ g(g-f'y-2)(g4-2^^) ^ 
1* 1>.2' r.2«.3* ■*■•••• 



the expression 



r(ii)r(i) 



r{A[,+i+y(,-i)'+4«]]r{|[,+i-y(,-i)«+4z]}* 
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On certain General Inmitations affecting Hyper-magic Squares, 
By Samuel Roberts. Received and read November 10th, 
1892. 

1. This paper does not aim at making any addition to the known 
ways of constrncting magic squares.* 

Hjper-magic squares, as I regard them, include those called by the 
late M. E. Lucasf *' carres diaboliques,*' and also treated of by Rev. 
A.. H. Frost, under the designation *' nasik sqaares.";]; The special 
form is of ancient origin. The second method given in the fragment 
by Moschopulus (probably of the fourteenth century) is a general 
one for forming such squares, and they have been discussed by 
various modem authors. My object is to show some limitations to 
which they are subject when the elements are positive or negative 
integers. Incidentally it will appear that hyper- magic sqaares of 
oddly even orders cannot be formed of series of consecutive natural 
nnmber8.§ There is some reason to believe that much ingenuity has 



* Notwithstanding this remark, it has been imagined that I contemplated the 
actual construction of hyper-magic squares having consecutive natural numbers as 
elements. So far is this from being the case, I have not, unless inadvertently, 
ahown that such squares exist. It was not necessary, since my conclusions are of a 
negative kind. 

t The subject has been brought into connexion with the ** Geometry of Tissues,** 
by M. Lucaa, and others {I^neipii fondamentali delta Geometria dei Teasuti^ per 
Edoardo Lucas, Torino, 1880 ; see also Eeerealions Mathematiques, par M. E. Lucas, 
Introduction, t. i., p. xvui.). 

£ I do not say that hyper-magic squares include nasik squares, but that they 
Include " carres diaboliques,*' which, I take it, are hyper- magic squares made up 
of natural numbers from 1 to n^ (v. § 2). 

The first definition of nasik squares (Quarterly Journal of Matheniaties, vn., 
pp. 93, 94) apparently makes ** carr6s diaboliques ** coextensive with them. 

A later definition (Quar. Jour., xv., p. 34) is in the following terms : '* A square 
containing n cells on each side, in which are placed the natural numbers from 1 to 
ft', in such an order that the constant sum ^n {n- + 1 ) is obtained by adding the 
numbers on n of the cells, those n cells lying in a variety of different directions, and 
their relative position in each direction being defined by simple laws.*' 

I should not presume to limit the comprehensiveness of this definition. 

§ With regard to this, I have been referred to the following passage in Bev. 
A. Q. Frost*s paper {Quarterlj/ Journal of Mathematiea, xv., p. 49) : — 

<* Nasik Squares of the form 2 (2» + 1) cannot be filled with consecutive natural 
numbers from 1 to 4 (2»t + 1)^ either by this or the process adopted in the previous 
paper; for it will be found that, as in the squares of the form 4», we have to g^ve 
(tf.^.y the case of 6^ PuPn "*P6 »uch values that the sum of 3 equals the sum of the 



88 



Mr. Samuel Roberts on certain Oeneral [Nov. 10, 



been fmitlesslj employed in trying to form such squares. It may be 
well to mention here that a very interesting historical essay on the 
sabject of magic sqnares has been published by Dr. Siegmnnd 
Giinther, in his work entitled Vermischte Untersuchungen zur 
Oeschichte der Mathematischen Wissenschaften^ Leipsic, 1876. This 
work contains the fragment of Moschopulus. The short historical 
notices found in ordinary books of reference are necessarily very 
inadequate. 



2. Consider the sqnare array 



«ii «ii ^1* 



«ii On «« 
o,, a^ a„ 



a 



14 



a«4 



• • . . • a 



OmI 0,ia O'mM O'ftA 



• • • 



(A). 



There are n rows, n columns, and two principal diagonals. We may, 
however, reckon 2 (n— 1) secondary or broken diagonals, each being 
made up of a series of literal elements parallel to a principal diagonal 
together with a complementary series parallel to the same diagonal, 
but on the other side of it, the two series being composed of n 
elements. The claim of these pairs of series to be regarded as 
diagonals is apparent if we suppose the arrangement to be applied 
by deformation to the surface of an anchor ring. The broken 
diagonals then become complete. 

Further, let the numerical values of the literal elements be such 
that the sum of each row, of each column, and of each diagonal, is 
the same. The square is then hyper-magic. The number n is the 
order, and the common sum-value of the rows, columns, and diagonals 
is the weight of the square (A).* 

3; It is necessary to take the cases of odd and even orders 
separately. 



other 3 ; but, as the tram of 6 » ^ 6*7, an odd number, they cannot be thus divided ; 
but if we pass over one of the p's and r's, making the r*B, 1,. 2, 3, 4, 5, 7, and the 
p's «= 0, 1, 2, 3, 4, 6, and multiply the j^'s by 6^ we get a Xasik Square, but not in 
consecutive numbers.** 

If any one is satisfied that the foregoing is a proof or even an enunciation of the 
absolute negation in the text, I must leave the matter so, and can only say that I am 
unable to r»Eid the passage in that way. 



* See additional note at the end of this paper. 
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When n = 3, the hjper-mag^c form is impossihle except for eqaal 
elements. 



The simply magic form is 



^u 



«ii 



3 3 






2a„+2a„— a,, 2a„H-2a„— a,, 2a,, + 2a„— a,i 



Here the sum-values of the two principal diagonals, the rows and 
columns are the same. For the elements 1, 2, 3 ... 9, the form is 
one of the aspects of 

4 9 2 

3 5 7 

8 16 

We oftn make a complete set of parallel diagonals fulfil the weight 
condition hj making 

^11 + «ii = 2ai, or Oi, + a,j = 2a„. 

When n = 5, the direct hyper-magic conditions are 20 in number, 
but not all independent. It is convenient to write {ft q^r ,.,) for 
ai^+aj,H-ajr+..., or simply {p)m when jj = g = r =..., and m is the 
number of elements involved. The order of the left-hand suffixes is 
supposed to remain unchanged. 

The conditions are expressed directly by 

^■6 ^*ff /»a6 /t'S ftmi 

/»■! /•"! /*"! /*"1 /*"! 



«»+«4.+a«=Tr-(3)„ 



ajiH-a^H-aB,= TT— (45), 

«M + flt48+a»4= ^— (^1)» 
««+a44+a«= ^-(12), 
0,4+045+^1= ^-(23), 
a«6+a4i+«M = ^-(34), 



«ii+a«+a54= TT— (32), 
«« + a4i + a66= ^-(43), 
aji+04i+«5i= TT— (54), 
aM+a48+«w= ^-(15), 
a» + ««+«„= Tr-(21). 
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Writing 0„ for Oj,— a,,, we get 



(54) + (34) 
(15) + (45) 
(21) + (51) 
(32) + (12) 
(43) + (23) 



(1), 
■(2).- 
(3), 
(4), 
(5).- 



(2), 
(3), 
(4), 
(5), 
(1). 



— C/m — C/M — K- 



a 



M 



-(3).-(4). = C.-C.. = 



-r4).-(5), = a,-£7. = x 
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0« 



•n 

J5r„ 

if., 



^4» 



= 2Jr,+ir,H-2^4 
(because 0,i 4- O5, + 0„ + O4, + 0,4 = 0) , and fioally 

a,, = a^g+a^— On. 

A hyper- magic square can always be varied, withoat losing its 
characteristic properties, by putting the last row first, or the last 
column first, or vice versd* This is self-evident when the square is 
represented on an anchor ring, or is rolled round a cylinder. We 
can therefore obtain o^, a„, o^, a^ by increasing the rigbt-hand 
snffixes by unity successively, and rejecting multiples of 5 wben tbe 
rule gives a suffix exceeding 5. 

The elements of the last two rows are found by using tbe two 
next preceding rows in each case. Thus 

«ii= («»+a,i— aif) + (a„ + aa— O— a,i = IF— o^—Oa— 0,5-0,4. 

The general solution is sufficiently indicated by setting down tbe 
first and last columns, as follows : — 







flii 










ai6 










an 










<hi 










aa + c(,4- 


-^11 








On-hOn" 


-ai5 






W- 


-Oj,— C44- 


-ai8- 


-(hi ' 




. w- 


-0,,— Oij- 


-Olf- 


-a» 






018 + ^14- 


-0,1 








ai,H-a,j- 


-Ojj, 




with 








^.5 


^.5 


= IF. 









* The definition of '^carr^s diaboliques*' given by M. Lucas (ReerSatumt Math,^ 
Introduction, t. i., p. xvu.) is founded on this property. 
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4. If n = 7, these are the conditions : — 

ftmj ^-7 ftmj i^ml f^mj ^m"! /trnj 

^■1 ^-1 /»•! I»ml /»•! ^al /»•! 

and three other sets of conditions, the leading equations of which, 
expressed in the present notation, are 

att+fltci+oyi = TF-(1)4, 05,4-00,4-07, = Tr-(4567), 

a6i + aa7 + Ow= ^-(5432). 

The remaining conditions are formed by adding snccessively unity to 
each right-hand suffix, and rejecting multiples of 7 when a suffix 
exceeds 7. 

Writing Ep^ for ai^—a^, we get, from the conditions. 



(7654) + (3456) -(1),- (2), 
(1765) + (4567) -(2).- (3), 
(2176) + (6671)- (3),- (4)« 






= K, 



V 



= K, 



» 



= E, 



V 



%•• 



(6543) + (2345)-(7)«-(l),= S„-i?„ 



= Ky. 



Also 



= 6 JE7,i f 5^« 4: 4^V5 + 3^^ + 2^^ + JE7^ 
= 3Z,4-2JS',4-4jK:,4-2Z,+3Z„ 

by means of the identity 

Substituting the valaes of £, . . . JSTq in terms of elements, we get 

-7a5,+ Tr=7on- 1^4-7 K4-c/„4-o^)-3Pr4-7(a,,-Oj^-a«,) + IT 

+ 7(o4i + 04, + o^)-3TF, 

or 051 — l^—«ii~ct,i—a„—a^— 0,1 + 0,4 4-085— 041-04,-047. 

The values of Og, ... 0,7 follow by symmetry. 

Making use now of the second, third, fourth, and fifth rows of 
'elements, we get 

4-04, 4-O4J4-O47- W. 
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Tbe fall solution is snfiicientlj Bbown bj setting down the first 
and last columns, thus : — 



«41 



•17 

«I7 

thff 



+ o,i + OB + rt,--o,4-o„ + 04i + 04, + 047- W) \+o,7+a,j + o,Q-o„— 0^ + 047 + 041 + 04^-^ 

^— «4i— ^'ii— «a2-«87— «ai + *84 + «Ji-«ii-<'w-«i7"- ^-«47— «i7— «»i— «^— ^f7 + «ii + ^"-<'i7"-*ir 

^-7 /»-7 /»-7 /t-T 

with Sa,^ = Sa^ = Soj^ = %a^^ = IT. 

^-1 /.-I ^-1 /»-! 

5. We can now see the form of the general solution for n = 2tn + 1. 

Using the same notation, and writing Tah for (hm~\,m^o^m-\,h» we 
get, from the hyper-magic conditions, 

(2m+l, 2m, 2m-l ... 4) + (345 ... 2m)-(l)2«_,-(2)j^^ 

^ ■'11 — •Pfm+1,2 ^ -K^i, 
(1, 2tn + l, 2m ... 6) + (456 ... 2m + l) -(2),„.,-(.S),«., 

= P,4— Pi, = -K^„ 

... ••• ••. ... ... ••• ... ••• ... ... 

(2m, 2m-l, 2m-2 ... 3) + (234 ... 2n-l)-(2m + l)2«_2-(l)2m-j 

and also 

- (2m + l) 0,^.1.1+ Tr=2mP„-f-(2m-l)P5,+ (2m-2)P75+... 

...H-(m-f 1) P2m + l,Ii«-l+^P«,2m*l+(w — 1)P4| 

+ (m-2)P^+...+P2«.,«., 
= mZ,+ (m-l)^,H-2(m-.l)Z4H-2(m— 2)jr» 
+ 3(m-2)E:,,+3(m-3)Jr7+... 
... +2 (m-1) J5rj«.2+ (r»-l) JEi^-i+wiiT:^. 

The last right-hand equivalent is verified by adding the zero value 
m(P„ + P4j + ...+Ps.2m+i), and replacing ^, ... K^m by their P- values. 
The values of 02^-1,2 ••• 02m-i,2in+i are obtained by symmetry, and 
the remaining rows also by repetition of same process applied to the 
2m— 2 next preceding rows in each case. 
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6. In order, however, to reach definite conclnsions, we must go into 
a little further detail. 

It will be shown that the nnmerical coefficients of the literal ele- 
ments of any one of the first 2m— 2 rows in the value of 02^-1,1 have 
the same residues relative to 2m + 1 as modulus. To this end, the 
result of the last article is written more fully, as follows : — 

-(2in + l)a^.,,i-|-TF 

= m{(l,2m + l,2m...5)-|-(4,5,6...2m + l)-(2)^-,-(3)2«-,]' 

+ (m-l){(2,l,2m+1...6) + (5,6,7...2m-|-l,l)-(3)2^.a-(4),«-2] 
+ 2(m-l){3,2, 1 ... 7) + (6, 7, 8 ... 1, 2)-(4)2„.a-(6),^.2} 

"l ••• ... ... ..a ... ..a ..• .•• •.. 

+ (m-l){(2m-2,2tn-3,2TO-4... l) + (2m + l, l,2...2m-3) 

-(2m-l)^.,-(2TO)5».,} 

+w {(2in-l, 2m-2, 2wt— 3 ... 2) + (l,2, 3 ... 2w-2) 

-(2».).„_,-(2m+l),„_,} j 

(B). 

For uniformity of law, we may consider unity in the first row as 
equivalent to 2m +2. 

hetp be a suffix of the series (2m -1-2, 2m +1 ... 5), and let r be the 
r+1^ suffix in the column of which the leading term is p. Then 

p+r=^ r-fp(2m + l) (a), 

where p is zero or unity. Similarly, let g be a suffix of the series 
(4, 5, 6 ... 2m + 1) of the same rank (say tr) as jp, and let r be the 
#+1^ suffix of the column whose leading term is q. Then 

3r+5 = r+p'(2m-hl) (^), 

when p' is zero or unity. Also we have 

p-j-q = 2m + 6 (y). 

If r is odd, the numerical coefficient, outside the brackets of the 

r+V^ row, is 

r+lf r-fl\ .5, 



if r is even, the coefficient is 

r+2 



i-i) 



(«). 
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The same rales apply to 8, For r = 2m — 1 or 2m, the value of (d) 
or (e) is zero. 

There are several cases to consider. 

I., r and s both odd : the coefficient of a^ in the right-hand member 
of (B), is, by (a), (/3), (y), and (3), 

2 ' 2 

^ r-hy4~(l-/)(2m + l) (2-pO(2m-H)-y)-r-f3 
■*■ 2 ' 2 

(r-l)(2m-r + 2) 

-T- r^ ^ y 

the last term being due to terms (r)2M-2* 

Since p, p' are in this case both zero or both unity, we write p for 
p', and the expanded coefficient is 

J { -2 (l-p)*(2m + l)'+P (4-4r)(2m-|-l) + (2r + 2/?-8)(2m + l) 

-2(;,-2)(p-3)}. 

The residae, relative to 2m + 1 as modulus, is independent of r, since 
the explicit multiplier of 2m + 1 is integer. 

II., r and 8 are both even : the coefficient of a„ is by (a), (/3), 
(y) and (e), 

r-p+2-fp(2m4-l) (I-p)(2m-H)+j?~r-l 
2 • 2 



+ 



r-hj?-3-(I-pO(2ynH-I) (2-pO(2m-f l)-r-~p-h4 



2 



_ (r-I)(2m-r-f2) 

.. . .2 • 

We may write p for p', since they have the same values, and the 
expanded expression is 

^J-2(l-p)*(2m+I)*-|-p(4-4r)(2m + l) + (2r-f2p-6)(2m+l) 

-2(p-2)(p-3)}, 

The residue, relative to 2m + 1 as modulus, is independent of r, and 
the same as before. 
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In the cases III., r odd and a even, IV., r even, s odd, we may pnt 
1 — p for p\ The coefficient of a„ is, in both cases, 

j{-2p«(2m + l)»+p(4p-10)(2m+l)-2(|)-2)(;)-3)}. 
The residue is the same, relative to 2m + 1 as modulus. 

9 

7. It appears then that 

- (2m-hl) 0,^.1,1 = (2m + l) i + /iTr, 

« • > • • • 

where X is a linear and integral function of the elements of the first 
2m'— 2 rows, and 

= — 1_ ^^""^ V— 2.y--3 _ _ 2m-1.2m.2m-fl 



j»-fi 



a. 



2.3 



Hence, if all the elements are to be integers, and 2m + 1 is a multiple 
of 3, Wmnst also be a multiple of 3. This condition iB-satis6ed 
when the elements are in arithmetical progression, and in fact hyper- 
magic squares can be formed in this case. Yet there is a well-known 
fundamental distinction between the ockses of orders prime and not 
prime to 3, as to manner of construction. 

This di£ference is due to the circumstance that if we have 2m +1 
distinct literal elements repeated 2m + 1 times, we cannot form a 
hyper-magic square with them when the ord^r is a multiple of 3. 
The conditions 

•are to be- satisfied. 

8. I pass now to the case of an even order. For the order 4 the 
general form is 



a, 



11 



Osj 



a. 



'4» 



w ^ w w ^ w 

Y" «!+«, '2'"^*""' '2'^^^ ' "2""^*""*' 



2 ^ 



W 
2 



-a 



4) 



w 



—a 



i> 



W 



—a,, 



Og— «, 



04+5, 



ai— «, 



a,-f». 
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of coarse, with the oondition 

For integral elements, therefore, W mast be evea. This oondition is 
fnlfilled by numbers in arithmetical progression. A number s is 
introduced, for which there is no equivalent when the order is odd. 
The next even order, 6, shows the same pecnliarity. We have 

Oil Ou Oit »14 <*!• »M 

••• ••• •.• ... 

a„ a«i a« Om ffai o^. 

The snms of these rows must satisfy the weight condition, and then 
aii+on+ow = ^-(l)i, a^-ha^+a^ = Tr-(456), 



.•• 



a^-^a^+a^^ TT— (432), 
aii+a«+aai = Tr-(643), 



whence we get 



a« +015+^.4= IF- (321), 



ttii— <»a+««— «M = (654) — (1)„ 

(165) -(2)„ 



«4| — <»44+^ — ^ = 



a4i-a45+a«-a« = (234)-(l)„ 
«ii-a«+a«-a« = (345)-(2)„ 



••• 



••• 



at»-'*n+<h»-<hi = (543) -(6)„ a^,— o<,+o„-a„ = (123)— (6),; 
and then, writing P^ for a^.— ««, 

««-««+*«-«- = (654) + (345) -(1),- (2), = P„+Pn = K, 
a«-o„+aa-04, = (165) + (456) -(2),- (3), = Pu+P,i = iT, 



19 



• .• 



• •• 



a^-o«+o«-o« = (543) + (234)- (6),- (1), = P^+P^ = JT. 



^nd 






.= "50,^= IF. 
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Also we have 



P«=:P, 



n 



P„ = 



n 






n« 
-Ptt + Ptt, 

P« + P„4-P«+P« + P„, 



whence -6a« + Tr= 6P,i + 4P„+3P»H-2P«+P^+3Pai; 
similarly - 6a^ + TT = 6P« + 4Pe4 + 3P„ + 2P„ + P„ + 3P,fl, 
and -6(a^+aJ+2Tr= 8P„+6P«+3P«+7P«+5Pe4+4P„, 
whicli can be expressed in terms of the K*b, 
For, taking 

l)J:,+gX,+rE,+«X,+^£,+u^,+*j(P„ + P„+P„) + Z(P^+P^+Pa.), 

and identifying the expression with the valae of —6 (a^-^a^) +2 IF, 
we may makei? = u = (because X^iH-^+Z^ = K^-^K^+K^ = 0), 
so that 

the Bolntion of which is 

g = 0, A; = 8, ^ = 4, « = 2, r = 4 ; 

and therefore -3 (a^^+aj + TT = 2^,+Z4+2^, ; 
similarly -3 (a«+ a^,) + TT = 2Jr, + ^^ + 2^,, 



••• 



These equations show that one of the elements of the fourth row 
remains undetermined. 



Pat 



Substituting the values of the JTs, we get 

W 



2W 
3 • 



- {^-f flii) = flii + c4i— 0,4+0^— a^— 



^^ 
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and then we have 



«4i = - 



W 

0,1— a,i4-aj4— Oji+o^H- -q"~'» 



^4, = — a„— 



W 



aij-OM + Oa— aif+a»+ ^"^^ 



This shows that for integral elements the weight must be a multiple 
of 3. 

But W must also be even ; for, if we take as given the elements of 
the first four rows, we get 

+ 2(a„— 054)4- Oje-aw 
= 5[(3456)-(2),]+4[(4561)-(8),] 

+3 [ (5612) - (4),] + [ (6123) - (5),] + (1284) - (6), 

= Tr-6o„H-2Tr-6o„-6a„+3Tr-6a„-6o„-6o,4 

H- 4 W-^^^—^a^^^a^—^^y 



or 



W 



<hi = <3tijH-^« + a» + a„H-aj,H-a„H-a54- 041—045— ^ 



Substituting for O41 + O45, 

(h\ = aii + aifH-fltifl+aii + «ij + «^^o,4 + o,i + o„+o„— J^TT. 
The first column of the general form of solution is therefore 

• • ■ - • . • 

w 

— flu— a» + <^— asiH"«84+ 3'~^» 

— «ii— «ij-«ifl-afi--o„— o«— 0,1— o„— o,e-o^ + iJ-Fr+^. 

The other columns are obtained by successively adding unity to the 
right-hand suffixes and changing the signs of ^. 
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9. Let n = 2m, and denote (hm-t,i.—'hm-y. ^y -P,.- 

Then, analogonsly to previoas cases, 
Pb+^».*. = (2tft,2w-l...4)-(l)^_,+ (3,4...2m-l)-(2),„., 
i'M+P.i = (1. 2m ... 5) -(2),„.,+ (4, 5 ... 2m) -{Z)u^ 
Pm+P» = (2, 1 ... 6) -(3),„.,+ (5,6...2m,l)-(4)^-, 
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= X 



It 



= -K 



S9 



P*-.i+Pi.i-i=(2m-l,2m-2... 3)-(2m)^.,+ (2,3...2m-2) 

— (l)2«ri-S = ^2m\ 

also, since 



p.! = Pn + P, 



689 



-* Jl — -^>1 "T ■* M + . . . + ^2, 2m T -^2in, 2m— 1) 



•'2m, 1 — ■'ai • -^M T ••• ■* 2m,2m-2 T ■* 2m, 2m-l> 

we have 

-2wMi^.,,i + Tr=(2m-l)P„ + (2m-2)P„+... + (m + l)P2m-i.2m-. 

+ mPj, 2m + (Wl — 1) P4J H- . . . H- P2m, 2m-2 + mPj^,, 2m-l5 

and the values of o^^.j.a /.. a2,„-2,2ii. follow by symmetry; so that we 
have 

— 2m (a2«_2,iH- 02^.2.2) + 217 

= (3m-l)P„ + (3m-3)P5,+ (3m-6)P75+... 

+ (m + 3) P2m-l,2m-s4-(wi + l) P], 2m-l H-^P2,2m 

+ (3m-2)P4, + (3»n-4)Pw4-... + (m+2)P2«.2m-2. 
Identifying the right-band member with 

JPl ^\ H-|?2 -Kj H-2?8 K, -h . . . H-2?2m -^2m 
+ «(Pgi + P5j+ ... +P2m-l,2m-2"l~Pl,2iw-l) "l~ H"^2,2m 4" P4J "4" ••• T P2m,2m-2)> 

we get 

*+Pi— i>i = 3m— 1, A;+i)4— 1?8 = 3m— 3, ... A;H-p2m— i>2m-i = wt-hl, 

2+p,— i>4 = 3m— 2, ZH-2?5— ^4 = 3m— 4, ... i+2?2m-i— l?2m-2 = m + 2, 

I +i?i — i?2m = ^• 



TOL. XXIY. — NO. 453. 



G 
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The solntion is (when, by means of the two zero periods of the £?&, 
we make p^ = p^^n = 0), A; = 3m— 1, Z = m, 

p, = 0, p, = 2m— 2, ^5 = 4m— 8, j>y = 6m— 18, ... jpt«»-i = 2w— 2. 

2?4,= 2m— 4, jpg = 4m— 12, ^jg = 6m— 24, ... jpi«,_2 = 2m— 4; 

whence 

= (»n-l) {('2,1,2m. ..6)-(3),„.,+(5,6...2w,l)-(4)ta..} 
+ (m-2)((S,2,1...7)-(4)»..,+(6,7... l,2)-(5)»._,} 
+2(m-2){(4,3,2 ... 8)-(5).«_,+(7,8 ... 2,3)-(6),._,} 

"^* ••• ••• ••• ••• ••• ••• ••• ••• 

-h(m-l){(2m-2,2m-3... l,2)-(2m-l),«.3 

+ (1, 2, 3...2m-3)-(2m),«.3]. 

For nniformity of law we may write 2m 4-2, 2m +1 for 2, 1 in the 
first row of the right-hand member. 

Let 2? be the <r^^ suffix in the series (2m +2 ... 6), and let q be the 
IT*** suffix in the series (5, 6 ... 2m — 1). Then, for the suffix r, in the 
rH-1"' place of the column to which p belongs, and in the 8-\-V^ place 
in the column to which q belongs, we have 

^+r = r-hr>(2m), 5+5 = r+p' (2m), p + gr = 2m -h 7, 

when p, p' are zero or unity. Observe also that the coefficient out- 

side the brackets of the r-fl*** row is — ^ — Im —) if r is odd. 



and ^^ (m— ^-5— ) if r is even. The coefficient of (r)j,^.8 is 

(r-2)(2m-r4-l) 



Now r and s are not of the same parity, because p and q are not. 
If r is even and s odd, the coefficient of a.^ on right-hand side of the 
equation is 

• r-p-h2-fp(2m) (l-p)(2m)-r-hy)-2 
2 • 2 

■ r+p-64-( p'-l)(2m ) (2-p0(2m) -r -p4-4 
" 2 ■ • " 2"" " ■ 

_(r -2)( 2m-r4-l) 
2 ' • 
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Expanding this, we find, after taking away the mnltiple of m, as it 

appears explicitly, a residue — -^ ^ , which is independent of 

r ; the result is the same if r is odd and s even. Hence 

where Zr is a linear and integral function of the elements, and 



!»-• 



2.3 



Hence, if the elements are all integral and m is a multiple of 3, W 
must also be a multiple of 3. The conditions 



must be satisfied. 



5fli^ = ... = 2a2„,.3^^ = W 



10. To show that W must also be even, recourae must be had 
to the value of 02^.1,1, when the elements of the first 2m— 2 rows are 
assumed to be given. We may take the form for n generally, viz., 



<*i,i> ^1,2 ••• ^l,n 



. . • • • • 



(C). 



Then 



^11-1,1 — <^H-l,n 



= (2,3,4...n-l)-(l).-, 
= (3, 4, 5 ... n) -(2).., 



= K, 



n 



= jr. 



V 



a«-i,„— a„.,,„_i= (1, 2, 3 ... n-2) — (r*)„-2 = K,,. 
Because a«-i,2 = -^j+Om-mj a«-i,3 = -K^j-h^i— an-i.n 

and a«-i,i + a«-i.2+-..+<*n-i,»= *^> 

we get -na,.i,i-f Tr= (n-l)^,H-(n-2) ^,-h(n-3) X^+.-.+JBT,. 

This may be written more conveniently 

-na,.i,,H-TF= (n-l){(3, 4, 5 ... n)-(2)„.2J 

+ (n-2){(4, 5,6...1)-(3)„.2} 
+ (n-3)((5,6, 7...2)-(4),..a} 

I* ••• ••• ••• ••• 

+ {(1,2, :3...«-2)-(n)„_,|. 
E 2 
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Let t) be the o-^ suffix of the set (3, 4, 5 ... n), and let r be the 
suffix in the r-f-l"* row on the right-hand side of the equation, and in 
the column under JO. Then 

jp-hr = r-f p?i, 

where p is zero or unity. The corresponding multiplier outside the 
brackets is n — r— 1, and the whole coefficient of a^ on the right-hand 
side of the equation is (n— r— pn+jp— 1) — («— r + 1), and this is 
congruent with p — 2 as to the mod n. 

Hence — wa„_i,i = nL-f /iTT, 

where L is an integral linear function of the elements of the first 
n— 2 rows of (C), and 

;.=^5(;,-2)~l = 1 = — 2" '• 

It follows that for integer elements W must be even, if n is even. 

Hence a hyper-magic square of even order cannot be formed with 
integer elements unless the weight is even, nor if the order is a 
multiple of 3, unless the weight is also a multiple of 3. 

The elements 1, 2, 3 ... 4 (2m -hi)' give the weight 

= (2m -hi) [4(2m-hl)* + l], 

which is odd. Consequently, a hyper-magic square with these 
elements is impossible in every case. 

Moreover, it is not possible to form an oddly even hyper-magic 
square with integer elements in arithmetical progression, as a-hc2, 
a-\-2d, <fcc. For such a square is the sum of two squares, one of 
them having equal elements, and the other having the elements 
1, 2, 3 ... 4(2m-f 1)*, each multiplied by the common difference, and 
this is the case though we make the weight even by appropriate values 
of a and d. 

Additional Note. 

[l did not think it necessary to justify my use of the names ** magic 
square " and ** hyper-magic square " for squares filled up with any 
numbers fulfilling the usual magical conditions as to summation. 
But some mathematicians still insist on a narrow meaning, and, 
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therefore, I now add several extracts which bear me out in a more 
liberal application of the terms. 

It is quite true that the earlier (and, as I think, unfortunately, 
some later) definitions require a magic square to have for elements 
the natural numbers from 1 to n^, where n is the root or order. 
But it was found unnecessary and mathematically undesirable so 
to restrict the meaning. Thus, Schottas (1664, Guriosa Technica, 
Lib. XI., Cap. xiv., quoted by Giinther) formulates the problem as 
follows : " Numeros quoscunque quadrates ita in quadrata dispouere, 
ut qusBvis series additae, sive transversim sumantur sive a summo 
deorsum sive decussatim seu diagonal iter semper eandem summam 
conficiant." The historical notice connected with M. Sauveur's paper 
(1710, Mem. de VAcadSmie Roy ale dee Sciences) contains the following 
passage: "De tout cela il suit qu'au lieu qu'on prenoit pour la con- 
struction des Quarres Magiques que des nombres en progression 
arithm^tique et meme naturelle, la choix est beaucoup plus libre 
qu'on ne pensoit. C'est telle liberte, reconnue par M. Sauveur dans 
toute son etendne et avec les seules restrictions absolument neces- 
saires, qui Ini a fait naitre la pensee de construire les Quarres 
Magiques par lettres, c'est-a-dire d'une mani^re beaucoup plus 
g^nerale que Ton n'a jamais fait et aussi generale qu'il soit possible. 
Car d^ que les nombres ont quelque chose en general et d'indetermine, 
les lettres sent propres k exprimer toute leur g^neralite et leur 
ind^termination.'* 

Then, in Hutton's edition of Ozanains Recreations (1803) we find 
that "the name * magic square' is given to a square divided into several 
other small equal squares or cells, filled up with the terms of any pro- 
gression of numbers, but generally an arithmetical one, in such a manner 
that those in each band, whether horizontal or vertical or diagonal, 
shall always form the same sum." In the Penny CycLopaodiay it is, I 
suppose, Professor de Morgan who writes : " Magic square. — This 
term is applied to a set of numbers arranged in a square, in such a 
manner that the vertical, horizontal, and diagonal columns shall give 
the same sums." There are intermediate definitions. In fact, two 
things strike anyone who looks into the history of the subject: (1) the 
vacillation and ambiguity of definition, (2) the frequent reproduction 
and development of old methods of formation without due recognition 
of previous results. ] 
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Thursday, December 8th, 1892. 
A. B. KEMPE, Esq., F.R.S., President, in the Chair, 

Messrs. H. G. Dawson, M.A., Fellow of Christ's College, Cambridge, 
W. J. Greenstreet, M.A., formerly of St. John's College, Cambridge, 
and W, Welsh, M.A., Fellow and Mathematical Tator of Jesas 
College, Cambridge, were elected members. 

The Auditor, Mr. Heppel, having read his report, npon the motion 
of Professor Greenhill, seconded by Lieut.-Col. Cunningham, the 
Treasurer's report was adopted, and Mr. Heppel thanked for the 
trouble he had taken. 

The following communications were made : — 

On a Theorem in Differentiation, and its Application to Spherioal 
Harmonics: Dr. Hobson. 

On Cauchy's Condensation Test for the Convergency of Series : 
Dr. M. J. M. Hill. 

Additional Note on Secondary Tucker Circles : Mr. J. Griffiths. 

Notes on Determinants : Mr. J. E. Campbell. 

A Geometrical Note : Mr. R. Tucker. 

The President (Major MacMahon in the chair) made an impromptu 
communication upon a problem which he thought to be sub- 
sidiary to that of the " Stamp-folding " Problem. 

The following presents were received : — 

« Vector Algebra and Trigonometry," by K. Baldwin Hayward; Svo, 1892. 
From the Author. 

** Zeittafeln zur Geschichte der Mathematik, Physik, und Astronomie, bis znm 
Jahre 1600," von Dr. Felix Miiller; Svo, Leipzig, 1892. 

*' Beiblatter zu den Annalen der Physik und Chemie," Band xvi., Stiick 10. 

" Proceedings of the Royal Society," Vol. lii., No. 316. 

*' Berichte iiber die Verhandlungen der Kuniglich-Sachsiachen Oesellschaft der 
Wissenschaften zu Leipzig," 1892, iii. 

''Bulletin of the New York Mathematical Society," Vol. ii., No. 2. 

" Bulletin de la Societo Mathcmatique de France,'* Tome xx., No. 5. 

*' Archives N^rlandaises des Sciences Exactes et Naturelles,*' Tome xxvi., 3*^ 
Livraison ; Harlem. 

** Entwurf einer neuen Integralrechnung auf Grund der Potenzial-, Logarithmal-y 
und Numeralrechnung," von Dr. Julius Bergbohm ; Pamphlet, 8vo, Leipzig, 1892. 

«* Kansas University Quarterly," Vol. i.. No. 2 ; October, 1892. 

** Bulletin des Sciences Mathematiques," Tome xvi. ; October, 1892. 

" Rendiconti del Circolo Matematico di Palermo," Tomo vi., Fasc. 5. 
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"Bestimmnng der Tragheitsmomente des menachlichen Eorpen und seiner 
Olieder," Ton W. Braune and O. Fischer, No. viii. des xvin. Bandes der Abhand- 
lungen der mathomatisch-physischen Classe der K.-S. (Resells, der Wiasencliaften 
zu Leipzig. 

"Atti della Beale Aocademia dei Lincei — Rendioonti," Vol. i., Faso. 8-9, 
2^ Semestre ; Boma, 1892. 

<' Educational Times," December, 1892. 

« Annalee de la Faculty des Sciences de Toulouse," Tome yi., Fasc. 3 ; 1892. 

''Indian Engineering,*' Vol. xii., Nos. 18, 19, 20. 

"Invention," Vol. xiv.. No. 706, N.S. 



On a Theorem in Differentiation, am.d its application to Spherical 
Harmonics* By E. W. Hobson. Received and read 
December 8th, 1892. 

It has been shown by Clebsch,* in a paper entitled '^ Ueber eine 
Eigenschaft der Kagelfnnctionen,*' that, if /„ (aj, y, z) denote any 
rational homogeneous fnnction of Xy y, z of degree n, the expression 



•''• 2.2n-l 2.4.2n-l 



2.4.2n-1.2n-3 

is a spherical harmonic, where r* = aj^ + y*-h«', and F* is Laplace*s 
operator. The consideration of this theorem has led me to a theorem 
in differentiation which it is the object of the present communication 
to investigate and to apply to the theory of spherical harmonics. 

'\ 'y ^ 

1. Let/„(— , — -, — ) denote a rational homogeneous function of 
\ox Oy dzj 

degree n of the three operators, aud suppose it required to find a& 

expression for /»(x-, ^- > ^] — , r denoting (o'H-t/'-l-^')*. It is 

Vdaj oy ozJ f 

clear that the required expression is of the form 

(-i)M.3.5 ... (2«-i) [• ^- ^^' y- '^ +-^ii + ^r, +...], 



• CrelleU Journal, Vol. lx., 1862. 
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when/,.2, /i^ ... are certain functions of ;r, y, «, to be determined, of 
degrees given by the suffixes. 

This expression must be a spherical harmonic of degree — (n-f 1), 
and the corresponding positive harmonic of degree n is obtained by 
multiplying the expression by r*"*"', thus 

is a spherical harmonic. 

Now 7'(»y,_,) = 2(2n-l) fn-2 + f*V^fn-2. 

r (ry,_0 = 4 (2n-3) ry^.^+r^Ty,.,, 
r (//...) = 6 (2n-5) r%..+/7y,.., 



hence the condition 



is satisfied if 

/n-2 = ~ 



2.2n-l ^"' •'""* ~ ~ 4.2n-3 



n..,. 



/w-6 — 



Fy,-4, Ac.; 



we 



6.2n-5 

thus have (l ?i^ + ^^^^^^ 

V 2.2n-1^2.4.2H-1.2n-a 



• • • I /n» 



The values of /„.],/,_4 ... thus found are the only possible values 
which can raake/„+ry^_2-hry„_4-h ... a spherical harmonic. For if any 
other values could be found for these functions, we should have two 
spherical harmonics of degree n whose difference would be a multiple 
of r*, say r*t*»_j ; this would itself be a spherical harmonic. Now 

V (r»«,.0 = 2 (2n-l) w«.2+r»F't*«.,; 

thus it is impossible that r^u„_2 should be a spherical harmonic, 
unless tt„.2 is a multiple of r*, say f^v„.i. Similarly it may be shown 
that t;„_4 is a multiple of r*, and ultimately that u^^2 vanishes. Thus 
the system of values found for /«-2»/h-4 .•• is the only possible one. 
We have thus obtained the formula 

/ /a 3 a\jL 

^Cx Oy Oz' r 

= r-.iv*(r!l)i l__/i._2:'Z!_ J. ^*^* \f( \ 

^ ^ 2".n!r^"*^r 2.2n-l"^2.4.2n-1.2n-3 "' j^'^^^'^y^'^ 

(1), 
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a theorem in difEerentiation which, as I shall show, is of considerable 
importance in the theory of spherical harmonics. 

If /„ {x, y, z) is a spherical harmonic, the theorem (1) becomes 

f/3 1 a\ 1 -/ nn (2n) ! fn(x,y,z) 
^"^Sx' dy' dzl r ^ ^ 2».n! r^^' ' 

This particular case of (1) has been given by Mr. W. D. Niven in 
his memoir on ** Ellipsoidal Harmonics."* 

2. The expressions for the ordinary zonal and tesseral harmonics 
are immediately dedacible from (1) ; putting /„ (z) = a?", we have, 
if 2 = r/A, 

^ (2n)! r n(n-^l) , n(n-l)(n-2)(n-3) ..._ \ 
2\n\n\V 2.2n-l'^ 2.4.2n-1.2n-3 ^ "' l 

If we put fn(x,y,z) = {(aj+iy)'"±(aj-*y)-*}i5"-'", 

we have 



COS 

sin 



/-.cos , • ,,, /»C «_«» Oi — m)(n — w — 1) „_„,_o , 7 
= 0^.^«,^.sm-e[^- "-^ "2(2«-l) >" +•••>' 

where c and C denote certain constants depending on n and m. 

In order to deduce MaxwelFs expression for a harmonic having 
any given poles, we put 



f-n 



fn(x,y,z) = n(Z,a; 4- w.y +«.«); 
then, using Maxwell's notation 

we find V*n (Ix-^-my+nz) = 22 (/i'X»-') r^-' ; 

also F*n (ir + my + nz) = 2* . 22 (^^\"-*) r""*, 

and generally V^U (Ix-hmy+nz) = 2"* m! 2 (/*"* X'*"'*"*) r""^*". 



• PAi/. Trans. y Vol. CLxxxii. ; see p. 236. 
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Thus by means of (1) we obtaia the expression for Y^, the snrface 
harmonic which has given poles ; this is 



= s f (-1)- (^^\'-^^)-^^ s(r-S") ] . 

(.V / 2'*-'"n!(n-m)! ^ M 

3. It has been remarked by Sylvester* that the determination of 
the poles of a harmonic F^ (a;, y, z) depends on the solution of the 
equation of degree 2n, which must be solved in order to solve the 
simnltaneous equations 

F, (», y, ;5) = 0, ajHy'+:^ = 0; 

this can be seen by means of (1), for that theorem shows at onoe 
that the equations 

are equivalent to /, (a?, y, x?) = 0, aj* + 2/*H-2* = 0, 

^, ^ , ~-\ is a differential operator, which, acting on — , 
Ox oy Ozl ^ 

produces F. ; now it must be possible to determine a function TJn~t» 

such that /„ (ju, y, j5)-h(iB*-f2/'+s') TJ^.^ is of the form 

n (l,x-{-m,y-\-n,z), 

where Z«, m„ n, are the direction cosines of a pole of F^, for 

•^" Wx hy' d^lW) "^(ai;) "^(a.) ] ^-' (a«' a? d) 



must be reducible to 



"{'•£ 



Oy Oz' 



It follows that the plane l,x-\'m,y-\'n,z = passes through two of the 
generating lines of the cone oi?-\-y^ + z* = in which that cone is 
intersected by /« (ar, y, z) = 0. Thus a pole (l„ w„ n,) is the pole with 
respect to the cone a^H-y'H-«' = of a plane passing through two of 
the lines of intersection of F„ = and ic'-f ^' + 25*= 0. A number of 
systems of poles can thus be determined for a given harmonic Vn, but 



• Phil. Mag,, 1876. 
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only one of snch system of poles is real, namely that in which the 
lines in one pair correspond to conjn^te imaginary roots of the 
simaltaneons equations F„ = 0, aj'H-y'-h^* = 0. Suppose 



X 



- ?/ — 



gives one set of roots, the conj agate set is given by 



X 



= _2L_ = 



z 



and the corresponding factor lx-\-my'hnz is 

X y z 

which is real. It is obvious that if any other pairs of roots were 
taken together, the corresponding factor Ix+my+nz^ and therefore 
the direction cosines (2, m, n) of the corresponding pole, would be 
imaginary. 



4. Let 



3 3 3 



3 3.33.33 



^3jj 3y 3i?' ^dx^ 3b 3//o 3y 3j5o 3^ ' 



where the operators i^— » ^— » 5- are independent of — , — , — ; and 

3«o ^2/0 ^^0 ^« ^2/ ^^ 

operate on (a^+yS+«5)**. We have then, from (1), 



( 



9 3+A 1 + 



a a\" 1 1 



3a!, 3a! 3^0 3y 3«„ 3« 



3r L 

r5z/ r 



=<-"-^^!bi--)" 






_r-n»(2n)! 1 /^ 3 .„ 3 .. 3ri. 



Now P.fetm±-.)=(zir^'(a!9 +y| 



9-+. 9 
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we thns obtain the theorem 

(2„) ! P. (^dm±^) = 2-r-*>rr ' fl- i- + ^ iL + 1 9 )" J- . 



which was first given by Mr. W. D. Niveo.* 



5. The next application which I shall make of the differentiation 
theorem is to obtain the expression for an internal ellipsoidal 
harmonic as a series of spherical harmonics. This important ex- 
pression was given by Mr. W. D. Niven in the memoir on ellipsoidal 
harmonics already referred to. 

Denoting by O^ an ellipsoidal harmonic of degree n which is of 
the form 



X yz 
1 y zx xyz 
z xy 



°(^ 



+ ^. + ^» -i), 



+» 6'+e c'+fl 



it is required to express (?„ in terms of the spherical harmonic 

1 y zx a^an(^+^ + ^. 
z xy ) 

denoted by B.^. At the surface of the ellipsoid 



or tr c' 



we have, since 



aj' 



+ 53 



t 



o'+e 6»+e c*+o 



(sir x? '^ \ 



Q. 



= (-lW,...«. 5„(^. 2f,f) 



a he 
1 h ca ahc f , 
c ah 



where s is the number of quadratic factors, and is equal to — , — — 9 
-2 ,or--. 



• FML Trant., 1879. 
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Now, since H(xt y, z) is a spherical harmonic, we have 

In this equation, change x, y, z into - , ^ , -1 ; we then have 

a 6 c 

XT / 3 , 3 3v 1 

^ dx dy fl^/ /«^ JL ^.il\* 

\ a' t* c* / 

jr ( x_ y z \ 
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2"n! 



Kto-t-l) * 



hence, when 



the value of O. is 



(-i)'fl„e,...e. 



a' ^ 6« ^ c* • 




2"m! 



(-l)-(2«)! 



\ a* b* c* / 



A- • /I 3'.l 3*^1 3'\l. «.^u 

Aeam, since f -- — z, ;r— + ,, . ^ ^^ — K -r — ;. ;^ ) — 18 anaftected by 



subtracting — (— - -|. _- ^- — \ — , it is equal to 

^ ^ox* dy* or/ "T 

_l/_^ 31 + -i!- 3' c' y \ 1 . 



hence we have 



'*^dx^ dy* dz' ^ 



-- (~1)* ; 1 k-i --1^-1 ^-11.-1 --1 f IT /^ 3 L 3 

Oi^s ... Bf 

c 






■-' a-'*-' 
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and on chaQfinoff x, y, z into — , -^ , — , this becomes 

a c 



^-(4' 



. \ o' ^ fc' ^ c* J 



0]0, ... 0, 



0-' 6-'c-' 
1 6-' c-'a-' o-'i-'c-' 



xa. 






hence the valne of (?„, when 

^ + ^- + ^ = 1 

^J ^ rl ^ -J *» 



18 



(2»)! ^-ra^r* av'^az) 



^\** 






Again, in equation (1), change as, y, s into — , -2-, - ; we then hare 

o o c 

\ a' 6* c* / 



_ (-1)'(2»)! 
2"n! 






2.2n-i ' "■^•••^"V*' b' c/' 



where 



Let 



then 



a** a,/ a«» 



a , a a 



» ca? Cy Cjs' ^ o» Q\^ vz' 
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thus we have 



* ^ 3aj' 3v' dzf / «* j^ y* 



9y 9^^ /:?' ^-_^-.j.^ 






6* 



5) 



-(- 



i y(2n) \ 
2"«! 



a» "^ 6' ■*" c' I 



{' 



X 11- 



(S^i^i)'' 



63 



2.2n-l 



+ ...( E^(x, y,z); 



therefore the value of (?,., when 



i?! J. y! -L ^ 

a* ^ 6" ^ c' 



= 1, 



18 



{ ^"272^^^1 + 2. 4. 2«-1.2»-3~-!^"^*'^''^' 



It follows from this tbat, for all valnes of x, y, z, 

«" = h-2:^+">"-^(5-^l + S-^)^' 

where U is some function of degree n— 2, and lower degrees; now, if 
a*, 6', c* he changed into a' + X, 6*-f X, c'+A, and at the same time 
each is diminished by X, each of the expressions On and 

( 1 — ^— ^ r- + . . . J ir„ is unaltered ( since 

when acting on the spherical harmonic ^ j , whereas 

a'^ h' ^ c' 



x^ v' '^ 

will be altered into -ir—z + .„• + 



a'-^A 6^-fX cH\ 



1, 
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and X is any arbitrary quantity; thns we mnst have ir=: 0, and hence 

/, « /i ^ . I>* - \tt 

"" \ 2. 2n-"i "^2.4.21;- 1.2n-3 •*/ "' 

which is Mr. Niven's result. The above proof has the advantage of 
dealing with the functions of the four types at once. 

6. If, as before, /„ ( ^, ^, ~ ) denote a rational homogeneous 

^ox Oy oz' 

function of degree n, and if ^ (u) denote any function of u, it is 
clear that 

^OX Oy Oz' 



where ^^"^ (t*) = -,-;;^(t*), and tt„, m„_2» t*M-4 ••. denote functions 

which are independent of the form of ^, and depend only upon the 
form of /„. We can determine the functions t*„, m„.2 ••• by giving ^ 
any form which is convenient for the purpose. 



Let 



^(w) =t*-* ; 



then the above equality must be the same as (1) ; we have 

1.3.5... 2n-l 1 



^^")(t*) = (-!)' 



u 



w+4 



hence the above equation becomes 

" v3j.' dy dzJ r 



2> 
1.2w 



-3 



r*M,-4 



-2n-l.L>n-3.2n-5'^"-^"^-5' 



comparing; this with (1), we have 

~» = 2'7» (a;, y, 2), «»-. = a"-^^/. (x, y, a), 

QM-2 Qh— 3 
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We thns obtain the theorem 



.-(2), 



which is a generalization of (1). 
If, in (2), we pnt 

we have, as a particular case, the well-known theorem 






7. If, in (2), we pnt («) = u"**, 
we obtain the theorem 
f f^ 3. ^^l-. ,„ »(»+2)(«+4)...(«-f2n 



-2) 



^" 2(2n+*-2) "^ 2.4(2n-h^-2)(2r.-h^-4) "- j/-^'^^/,*) 



2) 2.4(2 



2)(2h-\-s-4) 



(8). 



This theorem (3) plays the same part in the theory of the functions 
which Heine* calls spherical harmonics of higher order (KugeU 
functionen Jioherer Ordnung) as the theorem (1) does in the theory of 
the ordinary spherical harmonics. These generalized functions have 
been treated of by Prof. Cayley, Mehler, and others. A theory of 



• See Heine's Kugelfuneiionen^ Vol. i., pp. 461-464. 
VOL. XXIV. — NO. 454. P 



m 
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poles for these functions may be developed in the same manner as 
for the ordinary case 8=1, The tesseral fanction is seen to be 

(n— m)(n— w--l)( n — m— 2)(n— m— 3) --«-*_ > 
2.4(2n+«-2)(2n-|-«-4) ^ "'J' 

where ^ is a constant ; in Heine's notation this function is P||^(«+l) fi)- 

I find, by a process exactly similar to that in Section 2, the follow- 
ing expression for the generalized harmonic with given poles : 



-^*.t:}y 



r«,. = ^ 



a- 



1 



n! 3A,9/i, ...8a„ r" 



^o U-l)" s(s+2)...(s+2n-2) ^n-^u' 

I n! (2»+»-2)(2n+«-4)...(2«+«-"^" ^ '^ 



2m) 



)}• 



In the case « = — 1, these functions are of use in applications to 
physical problems ; they have been considered by Messrs. Butcher* 
and Sampson.t 



8. The theorems (1), (2), and (3) can be extended to the case oip 
variables Xi, o^, a;, ... Xp. In this case I find, by processes exactly 
similar to those used in the case j? = 3, 



^dxi dx^ Sxp' ^~' 



= (-1)" {p-2)pip+2) ... (p + 'ln-i) - 



,^itn-p-2 



I 2(2n+p- 



4T74 



+ 



r^V 



(2n+^— 4) 2.4(2w-hjy— 4)(2n+^— 6) 



W. 



where 



ji _ '^ - 



r* = a;i-h.^3-f ...-ha'i 






* Lond. Math, Soc. l*roc.y Vol. viii. 
t Ph\L Tram., 1891. 
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This is the generalisation of (1), - _ being the hyperpotential function 
which satisfies the equation 






Also 



a a 






+a!j + ...+a;J) 



{ 



On-l 



This is the extension of (2) to any number of variables. 

The theorem (4) may be used, as in the case p = 3, to find a general 
expression for the hyper- spherical harmonic which has given poles, 
bat, as the method contains nothing new, I shall not proceed farther 
with this extension. The theorem (5) is the most general differentia- 
tion theorem of those which 1 have given, as it contains all the othei*s 
as particular cases ; it may, I think, be regarded as fundamental in 
the theory of hyper-spherical or spherical harmonics of all orders. 



Notes on DeteiininanU, By J. E. Campbell. Received November 

29th, 1892. Read December 8th, 1892. 

[in accordance with the late Professor Smith's notation, a deter- 
minant of the p^^ class may be written 



a 



ijk • • • 

The fact that a determinant of the second class (an ordinary 
determinant) is not altered if the vertical columns be written 
horizontally, is expressed by the identity 

I «u I = I «;i I • 

For determinants of higher class it is known that any of the 
suffixes can be interchanged except the first ; and, it' the class be even, 

f2 
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the first suffix can also be interchanged with any other, bnt for deter- 
minants of odd class this is not true. 

By considering a cubic determinant as an ordinary determinant in 
alternate nambers, I have tried to explain this essential distinction 
between determinants of odd and even classes. 

If the element ctp^r... = — cLqpr..., aiid appr = 0, 
the determinant is called skew symmetrical. 

It is easily seen that skew symmetrical determinants of even 
class and odd degree vanish identically. This is analogous to the 
well-known theorem in ordinary determinants ; bnt there is no 
corresponding analogue to the theorem that skew symmetrical 
determinants of the second class and even degree are perfect squares. 

The reasoning which establishes these propositions does not apply 
to skew symmetrical determinants of odd class. 

By a different method it is shown that they vanish identically 
whether the class be even or odd. 

It is next shown that, if we form any determinant of even class 2p, 
from 2p ordinary determinants, in a manner analogous to that in the 
rule for the multiplication of two ordinary determinants, the deter- 
minant so formed is the product of the 2p determinants ; and if any 
determinant of odd class 2p-i-l is formed from 2p-l-l ordinary deter- 
minants, the determinant so formed is the product of the last 2p of 
these ordinary determinants into the first, taken with all its signs 
positive. 

A somewhat similar result is shown to hold for determinants of 
alternate numbers. 

As an application, let 



Z = 



Ol 



(«-«i)(2/-/3,) 



+ ...+ 



a. 



(»— a»)(t/— /3»)' 



and let (|?, q) denote 



a'^^^z 



pi q\ dafdy'^ 



By multiplying the arrays 



x — a. 



(h 



(a:-a,)- 



1 

(y-fiiy 
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we get 



(0. 0), (0, 1) 
(1. 0). (1, 1) 






-/3«) 



1" 



Snppose noir n = 1 ; we get that the primitive of 

(0. 0), (0, 1) 
(1, 0), (1, 1) 



18 



Z = 



<h 



(»— ai)(y-A) 



Similarly, by mnltiplying 



£l 



(«-ai) 



ib. 






1 



1 

(y-/3i)' 



we get that the primitive of 

(0,0), (0,1), (0,2) 

(1,0), (1,1), (1,2) 

(2,0), (2,1), (2,2) 



= 



Z = 



Qi ^ <h 

(aj-a,)(t/-^i) («-a3)(2/-/3,) ' 



Similar primitives are obtained for differential equations which are 
in the form of determinants of higher class. 

A farther application is obtained by taking powers of different 
invariantive symbols, of which (123) is the simplest for the ternary 
qnantic. 

The resulting invariants are seen to be determinants of some even 
class.] 

In accordance with Prof. Sylvester's ambral notation, a cubic 
determinant is written 

1, 1, 1 

2, 2, 2 



• • • • • a 



• • • • • • • 



71, n, n 



70 



Mr. J. E. Campbell on Determinants, [Dec. 8^ 



and denotes the snm of all possible prodncts 

obtained by giving the terms in the second and third colnmns eyerj 
possible permntation, and changing the sign with each permntation. 

Similarly determinants of the foarth class may be written 

1, 1, 1, 1 

2, 2, 2, 2 



• • • • • • 



>• ••• ••• •< 



n, n, n, n 



and so on for determinants of higher class. 
Shorter ways of writing these would be 



The fact that a determinant of the second class (an ordinary deter- 
minant) is not altered if the vertical rows be written horizontally, is 
expressed by the identity 



^V I = I <^Ji 



It is shown by Prof. Lloyd Tanner (Proc. Lond, Math. 8oc,<, 
Vol. X.), that 

I »o« I = I «.A;w I > and I a^4 | = | aa> I ; 

and generally that any of the suffixes can be interchanged except the 

first. 

For determinants of even class, the first suffix can also be inter- 

changed with any other, but this is not true for determinants of odd 

class ; thus 

I «<,« I = I <^jiki I ; 

but I a^i, I is not equal to | o^u- | . 

To consider more closely the case of determinants of odd class, take 
a cubic determinant, or its equivalent, an ordinary determinant of 
alternate numbers (Scott, Proc. Loiid. Math, Soc, Vol. xi.), | a^^ | . 

I shall show that | a^ | = {a^^} , 

where [ ] denotes a determinant with all the signs taken positive. 
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Consider any term in | a^ | » <>is • <>» • ^^n * ^ ^^^^ there will be a 
complementary term of the same sign 

Corresponding to these, in the signless determinant {o/<}, we have 

and its complementary fhi-^n- ^w 

To bring these to the forms a,, . a^s . a,,, and a„ . a„ . a,,, respectively^ 
the alternate numbers must be inverted precisely the same number 
of times that the symbols were to dedace 13 . 21 . 32 from 11.22..3S. 
The signs therefore of a,, . <>» • Osi and a,, . o^ . a,^ in {o^,} , will be the 
same as the signs of the corresponding terms in | a«^ | ; so that we 
have I I r > 

Just as it was shown that cubic determinants were equivalent to 
ordinary determinants of alternate numbers, it may be shown that 
determinants of odd class generally are equivalent to ordinary deter- 
minants of odd products of sets of alternate numbers, and even- 
classed determinants to ordinary determinants of even products of 
alternate numbers. The reasoning applied to cubic determinamts 
will then explain the essential distinction between the odd and even 
classes. 

If the element »<>»... = - ay«.„ and 0,^ = 0, 

the determinant is called skew symmetrical. 

It is then easily shown that a skew symmetrical determinant of 
even class and odd degree vanishes. 

For a^„ = — a^„ 

and the degree is odd ; therefore 

I a^ft^ I = - I ajai | ; 

and therefore | a^^*^ | = 0, 

since | aijki \ also equals | a,,*/ | • 

This theorem is analogous to the corresponding one in ordinary 
determinants ; but we have no theorem for higher determinants 
analogous to the one that skew symmetrical determinants of even 
degree are pei*fect squares. 
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This reasoning would not apply to determinants of odd claas, since 
we have not the fundamental formala 



I <*</» I = I «>.* 

I shall show, however, bj another method, that skew symmetrical 
determinants of odd class vanish, whether tbeir degree be even or 
odd. 

Consider a cubic determinant, or its equivalent, an ordinary deter- 
minant of alternate numbers. 

Let Qji . fla • <>88 • ^44 • ^55 be the leading term. Every other term is 
derived from this by cyclical permutations of groups of tbe elements. 

Take any permutation 245 . 31. This generates the term 
aj3 . oug . a,i . a^, . a^, and from this, by the permutation 452, we get 
another term Gj, . a^ . a^^ . a^ . ag,. Since the number of terms in the 
cycle is odd, we can write this in the form a^ • «« • Ogj . o^ . a^ without 
altering the sign. Add now these terms a,, • Ou • ^si • ^ • ^4i ^^^ 
Ois . C45 . Ogi . a^, • a^i they cancel one another, since 

Similarly, we see that every other term which appears will have a 
term cancelling it ; unless all the cycles of the group are mere 
inversions ; and these also disappear for 



O-pg • Oqp 



= - (a„y = 0, 



since a^, is an alternate number. The only term now left in 
a,i - CI23 • ^ss * ^'u • <<5$i ^^^ each factor of this is zero. 

Similarly, the theorem may be proved for any determinant of odd 
class ; the essential part of the proof consisting in noticing that the 
term obtained by a right-handed cyclical permutation of a group 
(exceeding two) is of the same sign as the term obtained by the 
corresponding left-handed permutation. 

If the determinant had been only half skew, that is, if 

(^ijk = — (^jik » 

but a„t not zero, the determinant would have reduced to a^.ttf^... a^,, 
in alternate numbers ; that is, to the ordinary determinant 



a 



in» 



a 



lis? 



«wu 



a 



29St 



^Il« 



^i-iM 



^mmIj ^mm2» 



a 



NNK 
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If a cubic determinant be formed with tbe elements 

(ijk) = Spli Oip, hjp, Ckpt 

it is equal to the product of the ordinary determinants | ^iA | « | c.^ | , 
and the signless determinant {a^}. 

The cubic determinant is 

where Cj, e, ... e^, e, ... are two independent sets of alternate units 
(Scott, Theory of Determinants, Yii., 3). 

where fip is the alternate number fci,,€i-h62p«|-l- .•• -f^np^^. 

where y^ is the alternate number Ci^CiH-CapCjH- ... -f c„pC«. 
Therefore the cubic determinant 

Nowj(3y, being the product of two alternate numbers, is a concurrent 
number, so that the determinant reduces to 

{««}/3i7iAy8 .../3„y„, 

and /^i/3j...j3„ =16^^^!, 

and 71 rs... 7»= I c« I ; 

80 that, finally, the cubic determinant 

= { a.* } X I 6rt I X I c,A I . 

If a determinant of the fourth class be formed with the elements 

{ijkl) = Sjli Cjp hjpCkp dip, 

it may be shown by a similar method that it is the product of four 
ordinary determinants 

I a^i I X I 6.4 I X I Cf* I X I dit I , 

for it is reduced to the product 

^Hr («ii fii 7i ^i -H a« /^s 7j ^2 + • • • + flm /3»7«^ii)» 

and /3 . y . ^, being the product of three alternate numbers, is itself an 
alternate number. 
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And so generally, if the class p of the determinant formed by this 
method is odd, it is the product of p— 1 ordinary determinants and a 
signless determinant {a^], where a is the letter of the first deter- 
minant of the auxiliary system ; and, if the class p is even, the deter- 
minant is the product of the p auxiliary determinants. 

If the number of rows and colnrans in the auxiliary matrices be 
not equal, similar reasoning leads to analogous results to those in the 
ordinary multiplication of matrices. 

A. rule is given by the late Mr. Spottiswoode {Proc. Lond, Math. 
Soc.f February, 1876) for the multiplication of two determinants of 
alternate numbers. A more convenient rale (with a view to this 
extension) would be : — 

The product of two such determinants = ± the corresponding 
compound determinant taken with all the signs positive. 

The general rule for multiplication is then the same as for deter- 
minants of ordinary numbers, if the resulting determinant of the p^ 
class is taken with all its signs positive. 

This may easily be deduced from the former method by employing 
sets of concurrent units instead of alternate ones. 



Let Z = 



a, 



-,\-f 



Oq 



(»— -ai)(i/-Pi) {^-^i)(y-02) 



+ ...H- 



a 



H 



(«-a«)(y-/3«) 



and let (pq) denote 



^'' + '3';3 



plqldx^dy'^ 



. Then 



(0, 0) = 



a. 



(aj-ai)(2/— /3,) 



I . . . , 



rti 



(U, i) — - - ,3 \ J •" • • • > 

(a?-ai)(2/-Pi) 



('iy^Hp.q) = 



a. 



(«-a,r'(y-/3,)' 



♦ 1 "'■••• • 



By multiplying the rectangular arrays 



Ol 



a— a. 



Og 



x — a. 



a, 



a. 



(aj-a,)*' (iB-a,) 



J > ... 



1 



y-/3.' 
1 



:(//-A)'' (!/-/3,) 



J > ••• 
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we have the series 



(0,0), (0,1) 
(1.0), (1,1) 



= % 



a,a, (op— a,)(/3p— /?,) 



ix-a,r (y-fi,y (x-a,y (y-|3,) 



t' 



= s 



(0,0), (0,1), (0,2) 
(1,0), (1,1), (1,2) 
(2,0), (2,1), (2,2) 

0,0, Or p* (op g, g,) p* (0, (i, Pr) 



J M' 



{x-a,y iy -l3,y (x- g,)' (y -/3,)» («-«,)• (y-A) 



and similar functions, where the summation extends to all values of 
p, q, r selected from the numbers 1, 2, 3 ... )i. 



Let n = 2 ; we have then 

(0,0), (0,1), (0,2) 
(1,0), (1,1), (1,2) 
(2,0), (2,1), (2,2) 

SO that the primitive of this eqaation is 



= 0, 



z = 



a, 



■f 



a. 



(«-«i)(2/-/5i) (aJ-ciOCy— /5s) ' 



where 04, a,, Oj, ^,, c^, /B,, are arbitrary constants. 

This was suggested by a paper of Mr. Forsyth's in the Messenger of 
Mathematics (February, 1888), in which, by a very simple method, 
similar equations were obtained for the case of one independent 
variable. 

So, by multiplying together four matrices, we should obtain 

0, 0, 0, 

1, 1, 1, 1 



= 2 



a^a^ (op— «<i)(/3p— /^^)(y„-yj(^p— ^g) 
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0, 0, 0, 

1, 1, 1, 1 

!2, 2, 2, 2 

X (*4-«,)' (*.-ar)» («,-/3r)* (ai-yr)'(»4-«r)' 

where f>^ (a,, a,, (v) denotes tlie product 

and where the expressions on the left denote determinants of the 
fourth class, and 2nd, 3rd, ... degrees, whose elements 

(p, g, r, 5) = - .K-p--;N 9~;i~"7r-' 

pi ql r\ 8lOx\ . OiC, . Oar, . Oaj4 



Thus we get : the primitive of 

0, 0, 0, 



1, 1, 1, 1 



= 



IS 



Z = 



a. 



«* V » 



the primitive of 



!0, 0, 0, 
1, 1, 1, 1 



o 



2, 2, 2 



IS 



Z = 



a. 



ifL 



(«i-«i)(«j-/5i)(ir,-yi)(iB4-^i) (.^i-"i)(^-/3i)(aJ3-y,)(aJ4— 0,) 
and so on. 

Similar reasoning would apply to determinants of any even class. 
The results for determinants of odd class are not quite so symmetrical. 

In Mr. Forsyth's paper he shows that his functions are homo- 
graphic invariants ; but this is easily seen (from the form of the 
primitive) not to be true when the differentinl equations are partial, 
as here. 

(12)-, {(23)(31)(12)}-, {(23X31) (12) (14) (24) (34)}", ... 

sre iDv&nanta of the even binary quantic. 
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It is shown, amongst other matter, in the papers of Messrs. Gaylej 
and Sylvester in the Cambridge and Dublin Mathematical Journal^ 
1852, that these may be expressed as commutants. The following is, 
perhaps, a slightly different way of looking at the matter. 

The binary qaantic being 

(a,ajj-f a,af,)"-h(/3,aj,-h/3,ar,r-h ... , 
we can form, from 

«i> A> 

^ fiv 



a determinant of the n^^ class and second degree, which will be equal 
to the snm ^ 

I a /3 I 
^' ^ is unaltered by linear trans- 

formation, and the determinant of the n^ class is at once seen to be 
a rational function of the coefficients of the binary quantic ; it is there- 
fore an invariant. 



So, from 



«2 



ajOj, 



Mj, ... 

/3,^„ ... 



a J, /3J, ... 

we can generate a determinant of the n^ class and third degree. 



= 2 



a' 



/3?, 



y. 



ai«i» A^i» yiyi 

r ^r ' 1 



«l» &\ 


n 
X 


A, y, 


n 

X 


yi» oi 


Ol* &\ 




/3,. y, 




yi» oi 



tl 



= 2 



and, as each of these expressions is unaltered by linear transforma- 
tion, the determinant will be an invariant of 

and so generally for binary qn antics. 

For ternary gnantics, {l^^y is an invaTianitv^ a^TD[bc\ \1 u\» «^«^. 



78 



Mr. J. E. Campbell on Determinants. [Dec. 8, 



Another such symbol is derived from the condition that six points 
lie on a conic ; it is 



cP 


dT- 


1 


dy\ 


rf» 


,1} 


dx^dXf' 


dijxdyt 


d* 


<? 


dxi d.r, ' 


dyidy^ 


(? 


d* 


dxi' 


dy\ 


d* 


<P 


dx^dx^ 


dytdyz' 


<1* 


-P 


ilx"' 


dtr' 



S 



It might more shortly be written 

(1, 2, 3, 4. 5, 6)J or (6)' 

Similarly, from the condition that ten points should lie on a cnbic, 
is derived the operator (10)". 

All saoh invariants can be expressed as determinants of the n^^ 
class. 

To see this we have only to write the ternary quantic 

i* . d? , 

and for — - write a^ for - — - - write a, a-, and so on. 
dx\ ' dx^dx^ '^' 

Then the same method as applied to the binary qnantic applies to 
the t<)rnary. 

Thus (1, 2, 3)', for the conic ^(a,, )3g, yj)', which vanishes if the 
conic can be thrown into the form of the sum of two squares. 

(1, 2, 3)*, applied to the qmirtic, gives the invariant A (Salmon, 
Higher Plane Curves, Art. 293). 

(1, 2, 3, 4, 5, 6)'"* applied to the quartic, gives the invariant B. 

It is an ordinary determinant, and it vanishes if the six lines a=Oy 
/5 = 0, y = 0, = 0, e = 0, ^ = 0, touch a conic, or (as a particular 
case) if the quai'tic can be expressed as the sum of five fourth 
powers. 
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(10)^, applied to a cnrye of the sixth degree, gives an invariant 
which vanishes if the sides of what might he called the decagon of 
reference toaoh a curve of the third class. 

So (15)J, applied to a curve of the eighth degree, gives an 
invariant whose vanishing is the condition that the sides of the quin- 
decagon of reference touch a curve of the fourth class. 

It would not be so easy to interpret geometrical! j the invariants 
which are in the form of determinants of higher class. 

A similar method will apply to equations in any number of variables. 



Thursday, January \2th, 1893. 
A. B. KEMPE, Esq., F.R.S., President, in the Chair. 

Mr. Pat Doyle, C.E., Editor of Indian Engineering, Calcutta, was 
elected a member, and Mr. Greenstreet was admitted into the 
Society. 

The following communications were made : — 

On the Application of Clifford's Graphs to Ordinary Binary 
Quantics — second part, Semin variants : the President (Prof. 
Elliott in the chair). 

On the Evaluation of a certain Surface-Integral, and its Applica- 
tion to the Expansion of the Potential of Ellipsoids in Series : 
Dr. Hobson. 

Mr. Love made a brief statement on *' The Vibrations of an Elastic 
Circular Ring.** 

A cabinet likeness of Lt.-Gol. Campbell was received and placed in 
the Society's alburn^ 

The following presents were made to the Library : — 

" Beiblatter zu den Annalen der Physik und Ghemie,'* Band xvi., Stuck 11. 

'* Jomal de Sciencias Mathematicas e Astronomicas," Vol. xi., No. 2, 1892 ; 
Coimbra. 

** Principles of the Algebra of Physics," by A. Macfarlane ; pamphlet, 8vo, 
Salem, Mass., 1891. 

** Bulletin of the New York Mathematical Society," Vol. ii., No. 3. 
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'* Bulletin de la Soci6t4 Math^matiqne de Franoe»" Tome xx., No. 6 ; PariB, 
1892. 

** Bulletin des Sciences Math^natiqnee,'* Tome xvi. ; November, 1892. 

*' Transactions of the Texas Academy of Science,'* YoL i., No. 1 ; November, 
1892. 

''Atti dellaBeale Accademia dei Lincei — Rendiconti," Vol. i., Fasc. 10, II, 
2«Sem. 

" Educational Times," January, 1893. 

'* Journal fur die reine imd angewandte Mathematik," Bd. ex., Heft it. 

'< Annals of Mathematics," Vol. vu., No. 1 ; Virginia, November, 1892. 

** Indian Engineering," Vol. xii., Nos. 21-25. 

** The Stresses in Statistically Intermediate Structures "; Reprint from ** Indian 
Engineering." 

** Memoirs of the National Academy of Sciences," Vol. v. ; 4to, Washington, 
1891. 

** Cay ley's Collected Mathematical Papers," Vol. v. ; 4to, 1892. Two copies. 



On the Evaluatioti of a certain Surface- Integral, and its applica- 
tion to the Expansion, in Series, of the Potential of Ellipsoids. 
By E. W. Hobson. Received and read January 12th, 1893. 

If Fbe any function of Xj y, z, the coordinates of a point, the 
function being finite and continuous throughoot a sphere of radius R 
whose centre is the origin, it is known that 



f) 



VdS = 4^B'^X 7T^^. V^F, 
«-o (2u-f 1)! 



the integration being taken over the whole surface of the sphere, and 
V^F having its value at the origin; V denotes Laplace's operator. 
This theorem has been applied by Mr. W. D. Niven* to the evalua- 
tion of a number of important definite integrals involving spherical 
harmonics, and to the development, in series, of the potentials of a 
uniform solid ellipsoid and of a homoQoid. 

I propose here to investigate a more general so rf ace-integral 
theorem which includes the above, and which also famishes a proof 



* Fhil, Trans., 1879. 
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and an extension of an important snrface-integral theorem due to 
Maxwell. The tbeoram is then applied to the determination of the 
expression for an external ellipsoidal harmonic in a series of spherical 
harmonics. I have then shown how to obtain expansions of the 
potentials of ellipsoidal shells, solid ellipsoids, and elliptic discs of 
variable density, the law of force being any given function of the 
distance. 

The formnlae given by most writers on the subject of the attraction 
of ellipsoids, express the potentials in the form of definite integrals ; 
snch formnlae have been given by Dr. Ferrers,* and recently in a 
very elegant form by Mr. Dyson.t The formnlae given in the 
present commnnication are of such a character that approximate 
values of the potentials may be obtained by taking as many terms of 
the series as may be necessary, whereas the definite integral formulae 
do not lend themselves readily to such approximation. 

1. It is known^ that the expansion of e"'^* in a series of zonal 
harmonics P^ (cos 6) is given by 

itrr (i ^ I \ 

Zo 3.5.7... (2n-l) l 2.2n-f3 2.4.2n-f 3.2n-|-5 "* ) 

XP„(C08^) (1). 

This expansion may be conveniently obtained as follows : — 
The differential equ&tion 

^-l^^^^-" <^> 

is satisfied by the expressions 

r-» j;.,j (r) P, (co8^), r-* Y,^^ir)F, (cos 0), 

where t/„+j (r), Yn^\ (r) denote the two Bessel's functions of order 
n+J ; the functions r"*/„^j and r~* Y„^j are of the forms 

A^ ^ sinr D^-H-i dr cosr 
d(i^Y r ' d{r^Y r ' 

respectively, A and B being constants. Now (2) is satisfied by 



*rcOi» 



= 2 



• Quart$rly Journal^ Vol. xiv. 
t Quarterly Journal^ Vol. xxv. 
X See Heine's Kuyeffunetionertf Vol. i., p. 82. 

VOL. xxrv.— NO. 455. o 
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F = e*' = e*''***"' ; thus, if e*''"** be expanded in a series of the barmonics 
P„ (cos 0), we sbonld expect the general term to be 



{ 



. . d" sinr p , 



cosr) T> / /jx 
-— jP^(cosO). 



It is clear that we must have 3^ = 0, as the expression must be 
finite, when r = ; thus 



g.rcoM_5 I ^ 



sm r 



d (r«)" 



P,(cos6), 



or 



e 



trcost 



(2n+l)! " I 2.2n-f3 



2n-f3 2.4.2n-f3.2n + 6 



-...|p«(cosfl). 



Equating the coefficients of the term r~ cos** on both sides of the 

equation, we have 

i« __ r-l)"n! (2n)\ , 

ni (2n-M)! 2"n! n! "' 



or 



(-l)"n! . _ t" 

(2« + l)! " 3.5... (2n-l)' 



and thus the expansion (1) is proved. In (I), change r into — ip; we 
thus obtain the expansion 



»■• 



«'«-•= S (2n+l) % 

w-0 o.o ... Zw-f-l 



^ { ^ + 2:^ + 2:4-0;^+ ^5 + - ! ^"(^•"^> •••(^^- 

2. Let Y„ (a;, ^, z) denote a spherical harmonic of positive integral 
degree n, and suppose it is required to evaluate 



ff 



€-*'''*>« r« (X, y, z) dS, 



where d8 is an element of surface of the sphere of radius 22, whose 
centre is the origin, the integral being taken over the whole surface 
of the sphere. Using the expansion (3), we have 



where 



COS = .^ , ' ^ — —^- . . 
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If we substitnte this expression in the definite integral, since 

P« (cos 0) Y„ (x, y, z) dS 
is zero, unless m^= n^ we have 

<r*''*'' r, (oj, y, z) dS 



\i 



X I j P, (cos &) Y, (as, y, «) dS. 
Now IJp. (COS fl) r,(a., y, z)dS = g^®"*' ^- (x' A' 'a) 



Y, (a, A y)i 



2n + l il' 
il denoting (a'+j3*+y')' ; ftre thns obtain the expression 

[j e-'+''*'= r. (a;, y, «) iS 

■ (2n+l)!l 2.2n+3 2.4.2n+3.2n+5 ^■" ) 

xr^(a,|3, y) (4>. 

3 3 3 

Now put for a, /3, y the operators ^ , ^— , ^ , respectively, aud 

<^J?o ^yo ^^0 
let each side operate upon a function / (:i?o, y©? ^o)> ''^^ere / (ar, y, js) is a 
function which is finite and continuous throughout the volume of the 
sphere, and where o^q, y^, Zq are all put zero after the operations are 
performed; then, since 

' =/(«+«o> y+yo» ^+«o) =/(«» y. «), 

we have the following surface-integral theorem : — 



If 



Y^(x,y,z)f(x,y,t)d8 

(2n+l)!\ ^2.2n+3 2.4.2« + 3.2n+5^"'/ 

vo* oy q*/ 
o2 
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where, on the right-hand side, a;, y, z are all pat equal to zero after 
the operations have been performed, and v' denotes the operator 

3' 3* 3* 

^ + ^ + ^ . The only restriction to which the function / («, y, z) 

da? Oy^ W 

i» subject, is that it must be finite and continuous throughout the 
sphere. 



3. I now proceed to consider some particular cases of the 
theorem (5). 

Putting n = 0, in which case we can put r»=: 1, the theorem 
reduces to that employed by Mr. W. D. Niven, 

|f/(», y, «) dS = 4,rE» ^ 1+ ^' + ^ + ... } /(*,, y^ r,)...(6). 

Next suppose that / (x, ^, z) is a rational homogeneoas function of 
degree m ; in that case the integral vanishes, unless 'm-^n is a positive 
•vennamber; the theorem then becomes 



\\ 



Yn («, y, s) fm (x, y, z) dS 



= 47rE 



Hi 



a a a 



/ m+n \ 
\ 2 / /7^ 



since all the other terms on the right hand vanish. 
A particular case of (7) is 



=^47rE****'*^** 2** 



j 1 ar-/2» Y„ («, y, z) dS 



( 



n±a±fi±y\ | 



)' 






'«' 



(.8), 



where o+/3 + y— n is an even integer. 
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«5 



In (7), pat m'='n\ we then have 

a a a 

/» («, y^ «) .(9)- 



f f r. (X, ,. .)/, (., ,. .) as = 4.E-- ^ r. (£. 3 |) 



This last theorem (9) inclndes, as a particular case, Maxwell's theorem, 
gfiving the snrface-integral of the prodact of two surface harmonics 
of the same degree n. If ^, ^s •*• ^n Ai'e the axes of F^, we have* 



Y /I ^ 3\ _(2n)!^ 



d.c 9y Oz 



3^,3 A, ... 3a„ 



+a multiple of V 



s 

•1 



and thus (9) becomes, in the case in which /, (a;, y, %) is a spherieal 
harmonic, 



ff 



r« (»» y, «) /n («, y, «) dS = 



4irB 



2H-f2 



1 



2n+i n! aAjafc, ... a*, 



/»(«,!/. 2) 



(10), 



which is Maxwell's theorem.f The theorem (9) is more general than 
Maxwell's, since /, (a;, y, 2;) is not restricted to being a spherical 
harmonic, but may be any homogeneous function of degree n. 

An important case of (5) is that in which / (a;, y, z) is of the form 
F(£— aj, i\—y<i i—^), where J, iy, i are the coordinates of a point out- 
side the sphere. In that case, we have 



=<-')-(l-S-S)---(li- £■!)-<— '-". 



a^' a„ a^^ 



and, when a; = 0, y = 0, 2; = 0, the expression on the right-hand side 
becomes 



* See my paper on *< A Theorem in Dififereutiation," p. 58 of the present volome. 
t See EUetrieity and Magnetitmy second edition, Vol. i., p. 186. 
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We thns obtain the following theorem : — 



|[ r„ («, 7/, z) F{i--x, v-y, f-ir) dS 



= 4irE*'**(-l)' 



2" 



(2n-hl) 



n! ( 
hl)l( 



l4.JP^-h 



i?V^ 



r. 4- 



2.2ii+3 2.4.2n+3.2n4-5 



-1 



^•(l'l-l)^«-« 



di dn di' 



(11). 



where 

If 

and 



r« — 



9' . 9' 



a* 



p«=(£-a?)«+(.;-y)H(C-^)«, 



we obtain the theorem 



= 4irE*'^«(- 



where 



J J r, («, y, z) ^ (p) (iS 

^^ (2MT)-!i^+2:2;rj:3^-r"Va^ 

(12), 

u' = ? + i7« + i'. 



This theorem can be applied to the determination of the potential of 
a snrface distribution on the sphere at an external point, under any 
law of force ; I shall however consider this application in the more 
general case of a distribntion on the snrface of an ellipsoid. 

If dv is an element of volume of a shell contained between the 
spheres of radii B and B-^dB, we have dv = d8,dB; hence (12) 
may be written 

J J Yn (a?, y, z) # (p) dv 

= i,r-.iS(-i)..^{i+^-^+...}r.(|, 1, 1)^.,. 



Multiply both sides by ^ (E), and integrate with respect to E from 
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£ = OtoE = a; we then obtain the formula 

f f J ^ (B) r. (x, y, *) ^ (rt d.; 



^-(l'£-|)^^«> 



(13). 



This volnme-integral can be nsed to obtain the potential of a solid 
sphere of density 4^(12) Yn (^i yy ') at an external point, under any 
given law of force. 

4. In the fundamental formula (5), put jB = 1, change a;, y, z into 
— • -2-, — respectively ; then the surface integral will be replaced by 

CL c 

one taken over the surface of the ellipsoid whose equation is 

-« ^ 6* ^ c> ' 



a 



pdS 



instead of dS, we must write '^^^^ where the new dS denotes an ele- 

abc 

ment of area of the ellipsoidal surface, and p is the perpendicular 
from the centre upon the tangent plaae containing the element. We 
thus obtain the formula 



or, changing /( — , ^, ^) into f (x, y, z), 

\ a c f 

w 



= Aarabc 



2"n! C, . T)* . D* 



(2n+l) 



A 



1+ 



2.2n + 3 2.4.2n + 3.2n + 5 

a .a a 



...} 






g^)/(«,y,«) 



(14), 
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r^ 3* S* 

where I? denotes tlie operator a* ^ +6' ^ +c* ■^; as in (5), 

daj* dy* fl«* 
a;, y, 2 are pat equal to zero when the operations on the right-hand 
side have been performed. 

Corresponding to (11), we obtain, by patting 

/(a?, y, «) = Fil-x, i;-y, i-z), 
where £, if, ( are the coordinates of an external point, 

f ( r. ( f- . |- , f ) F(l-x, n - y, i-z) p d8 



^"(4 'I' 4)^^'""^) '''^' 



j^s ga gi 

where D* now denotes the operator a*^ +&' ^ — ^"^' ^' 



a? 



ar 



Corresponding to (12), we obtain 






^"("i' ^1"' ''|.)^(^?+v+4')...(i6). 



ar a, a? 



where 



p« = ({-a:)«+(„-y)«H.(f-;,)'. 



In (16), change a, 6, c into ca, e6, ec ; then 

^p .dS = - . odiS = dv 

is the element of volame of a shell boanded by the two ellipsoids 
whose semi-axes are ea, e6, cc and (€4-c2e)a, (€+de)6, (e-f-(i€)c 
respectively. Multiplying both sides of the equation by e""^ xj^ (e) de^ 
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and integrating from e = to e = 1, we obtain the formnla 
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lfl^-(f'f'7)^(')*(^)'''' 



= 4-«&c(-l)-^,{(;c-V(e)^ + fV-0(e)de2-^ + ...} 



2* 

(2n 



where the volame-integral is taken thronghout the volume of the 

— r + -^ -f -J ) . 

a (T / 

5. The first application that I shall make of the formulae of the 
last section is to express an external ellipsoidal harmonic in a series 
of spherical harmonics ; I use throughout the notation in Mr. W. D. 
Niven's memoir* on ellipsoidal harmonics, in which memoir the 
expression is found by other methods. 

At the surface of the ellipsoid, the ellipsoidal harmonic 



'"4°(.-^n^.*4«-o 



X yz 
^n (», y, z) or -{1 y zx 

z xy 

is equal to 

a'^x h'^c'^yz \ t a he 

1 h'^y c'^a'^zx a"^})'^ c'^xyzV x \\ h ca ahc 
c'^z a'^b'^xy J \ c ah 

a5c|n(-.)ir.(^,|,l), 



n(-fl)J 



a he 
1 h ca 
c ah 



where H^ (x, y, 2) is a spherical harmonic. 



* Fhiloiophieal Tramactums^ 1891. 
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In (16), put Yn = Hn, ♦ (p) = — ; we then have 

P 



ff«-(f-f7)7'^ 



TT I ^ ,3 3 \ 1 



now 



^"(4.'^l;'^l) 



3r 3.^ 3f/ ^/?+ii«+«« 



a he 

c a5 
and thus we have 



*r '-">"■(!■ I'Dt?^- 



II 



— ^« («, y, «) l>^S 
p 



=*"^-f"<»)!'^feT{>^.-^--| 



xH« 



/3 a e 



1 3"^ 



vav dn' ^cJ ^/^+?+f'' 

where ic denotes the bracket containing a, 6, c. 

Now, if ®^ (4, 17, f ) = C^H (£, 1?, J„ (£, ly, denotes an external 
harmonic, where I^ is an integral of the form 



I 



d\ 



J. (^i-X)*(0,-X)-... (a«-h\)*(6'+X)*(c'+X)*' 

e being the parameter of the confocal ellipsoid through the point 
£, 17, 4^, the surface density o- of a distribution on the ellipsoid which 
will produce an external potential ®„ (^, 1;, (), is given by 

Of (JV 

where hv is an element of normal, and J„ has its value at the surface 
of the ellipsoid ; we thus obtain 

4iro- = (?„ (a?, y, s)^ , . ---5, 

dv (n(»)}* o&CK-' 
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and it is easily shown that ^ = 2p ; 
hence ^^pOni^^V^z) \ 

We obtain therefore the formula 

I 2.2n+3 2.4.2n+3.2n+5 / yf«+,« + 4< 

(18). 

which is Mr. Niven's expression for an external ellipsoidal harmonic 
in a series of spherical harmonics. It will be observed that in the 
above proof the distance of the point £, 17, ( from the origin is not 
necessarily greater than the greatest semi-axis of the ellipsoid, for, 
since (12) holds for all points external to the sphere, it follows that 
(16) and consequently (18) holds for all points external to the 
ellipsoid. 

6 When it is required to find the potentials of ellipsoidal shells or 
of solid ellipsoids of variable density, at an external point, it is in 
ordinary cases better not to nse the ellipsoidal harmonics, but to use 
the theorems (16) and (17). The formula (16) gives an expression 
for the potential of a surface distribution of which the density is 

»r„( — , -?-, — I, when the law of force is — ♦'(p) ; in order to find 
\ a o c / 

the potential of a surface distribution of density pF(x, y, z), it is 

necessary to express F (x, y, z) as the sum of a number of functions 

of the form T, f -^, ^, -V 

\ a c / 

The formula (17) gives the potential, at an external point, of a solid 
ellipsoid whose density is 



^•(7'f7)*(Vp^l+-?)' 

and thus, as in the case of a shell, the potential of an ellipsoid whose 
density is / ^ ^ *« \ 
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can be found, the law of attraction being —f' (p). I sliall obtain the 
formnlae for the potential in one or two simple oases, as aa example 
of the general method. 

(a) To find the potential of a homeoid whose density is fueys, the 
law of force being that of the inverse square : in this case xyM is a 
harmonic of degree n = 3 ; we thus obtain, from (16), 

p. _ 4iraVcV C , /y J>* > 3» 1 

105 I ■*■ 2.9 ■*■ 2.4.9.11 ■*■•'• 



h^dfi^C' y/eW-^-C' 



where 



--.a* 



]y=^a^^+b*^+<^ ^. 



de 



dn* 



ar 



(6) To find the potential of a solid gravitating ellipsoid whose 
density is 



^ii-i^i)'- 



where m is any positive qaantitj : in this case we write fisf in the form 



3 



-m-i-^h"}- 



., ... 22* 35* 

the quantity -3 ,- 



_j^ 



|- being of the form 

V / » y « \ 



The required potential is the sum of the potentials of the ellipsoids 

whose densities are %r\^T r~-^) «*"> and ^e***'; we thus 

o \ c^ or Ir / 6 

obtain, from (17), for the potential required, 

^^ (2^-|-3)(2^-|-5)(2« + 2m-|-5)(2^ + l)! 

D«* (2c*|l -a* ,^ -fe» -?*-) — -^ 

^ 3^ a^« aW ^/p+,|«+{« 



-h^iTfiaftc'S — 



- D=»' 



(2^+2w-h5)(2«+l)! yft-f^Tr' 

(c) To find the potential of a solid gravitating ellipsoid whose 
density i8 / ^ v> 3«\-' 
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where m is a positive quantity : we have 

Jo 2r{m-h*+|) 

so that the required potential is 

V = 2irahc"i — ^i^t i ) r (m) y. 1 _ 



93 



7. I shall now proceed to modify the formula (17), so that it may 
be adapted to the oase in which the ellipsoid becomes an elliptic disc ; 
we put c = 0, and in this case we must suppose that Y« (a;, y^ z) does 
dot contain 0, or that Y^ (x, y) is one of the harmonics 

The mass of a prismatic section of the ellipsoid of which the base 
is tbe element dxdy^ is 



I - a/ *" -^ n* 



where 



a« ^ 6' 



If we put X (o) for the value of the definite integral, we find, on 
dividing both sides of the equation (17) by 2c, 

If (f ±«f)-X(-)^(f»)'fedy 

(a|±.6|-)%(yf+,'+0...(19). 



where 






This formula gives the potential of an elliptic disc of density 
/ — ±i-2-J x(\/"T^"'^) «^t*° external point, the law of force 
being - f (p). 
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then 



As an example of the nse of (19), suppose 

4- («) = (! -€»)-»; 

Changing the variable in the integration to v, wbere 

(!-€«) = t;(l-a«), 

we have ^^ (a) = ^ (1— a')"* I v"*"* (1— v)"*(it;; 

Putting n = 0, in (19) we find, for the potential of an elliptic disc of 
nnif orm thickness, and of density /i ( 1 5- — -^ ) , the value 



Oi»'*'¥2 



V=2 



(2m)! tmo Jo 



2>2« 



e^-»(l-e«)--*(ic (2^%-iy,^(^/? + '?' + « 



As another example, suppose it is required to find the potential of a 

1 r ~ ^ ) » i^ *bis case we put n = 2, since 

xy is a harmonic of the second degree. The values of i/r (c) and x (^) 
are the same as before ; we have therefore 

{2my, 5! <-u Jo ^ 



15D« 



(2* + l)!(2e+3)(2^ + 5) aiBi, 



^^(>/f* + »?'+0 



tmm 

= im!fiira'6'2 



170 <!(*+m + 2)! (2^ + 5)2*' 



("•aV''l-)'al,'<^^-^«- 



8. A line-integral round the circumference of a circle, analogous to 
the surface integral in (4), may be foand. 
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We have e''"** = /o (p) + 2 2 t" /« (p) cos n^, 

M>1 



Where J.^(p) ' £,{l- ^£^^ + 



2n+2 2.4.2n+2.2n+4 



••• C 9 



thence we have 



where aj^+y* = ^, and cos ^ = "^Jl^JL = cos (0-/3), 



E>/a«+/3^ 



whore a; = E 008 0, y=E8in0, cos /3 = . ^ , 8in/3 = . ^ 

The value of the integral e^*^*'(a:±4y)" (i«, taken round the circum- 
ference of a circle of radius B, whose centre is at the origin, is easily 
seen to be 

^'^ 2=Tn I ^ ^ 2.2n + 2 ^ 2.4.2n+2.2n+4^ -5 ^"=^*^^ • 



As before, we obtain from this result the theorem 



[(a!±.y)V(*.y)d« 






2i*^* 



2n+2.2n+4 



+ 



•■} 



it'^-iff^'-'^ *^>' 



where, on the right-hand side, x and y are put equal to zero after the 
operations are performed; f(x,y) must be finite and continuous 
within the circle, and 

di? By' 
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If /(ar,y) = F(£-ie,,-y), 

where £, 17, i are the coordinates of an external point, (20) becomes 



f 



where 






The theorem for the ellipse which can be derived from (20), is 



= 2ir«6ih + — "^' 



2-n! <• 2.2n+2 



+ _i>*- + \ 

2.4.2«+2.2«+4 ) 

x(«i±.6|-)/(ar,y)...(22). 



where 






dz" 



and, as before, the value of the expression on the right-hand side is 
taken at the origin. In the special case 

this becomes If- ±*-t-) -^(^"~^» »/— 2/i Op^ 

= 2,a6^"{l^-^-^^^ + ...}(a|i..-9)>(f.,,0...(23). 



where 






We might proceed to obtain, from these last results, integrals taken 
over the area of the ellipse : such integrals we have, however, obtained 
as a special case of the ellipsoidal volume- integrals ; it is therefore 
unnecessary to proceed further in this direction. 
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On the application of the Sylvester- Clifford Oraphs to Ordinary 
Binary Quantics. {Second Part.) By A. B. Kempe, M.A., 
P.R.S. Beceived and read January 12th, 1893. 

This paper is a continnation of that "On the Application of 
Clifford's Graphs to Ordinary Binary Quantics," printed in the 
Proceedings, Vol. xvn., pp. 107-121, and the divisions and sections are 
accordingly nnmhered continaoasly with those of the preceding part. 
An alteration has, however, been made in the title. This has been 
done because, though the subject is regarded from the point of view 
of Professor Clifford, and therefore, following the precedent set by 
the late Mr. Spottiswoode in his paper " On Clifford's Graphs" {Pro- 
ceedings, Vol. X., p. 204), his name alone was in the first part attached 
to the " graphs," it has been thought, on reflection, that by such 
exclusive association, an impression might be created which would 
operate unjustly towards the unquestionable originality of the paper 
by Professor Sylvester " On an application of the new Atomic Theory 
to the Graphical Representation of the Invariants and Covariants of 
Binary Quantics " (American Journal of Mathematics, Vol. i., p. 64). 
With regard to the " singularly beautiful series of conceptions " 
relative to these graphical representations, the late Professor H. J« S. 
Smith, in his introduction to Clifford's " Mathematical Papers " 
(Macmillan & Co., 1882), remarks that ^* it is difficult to say how 
much belongs to Clifford and how much to Sylvester, the more so 
because each of them was ready to attribute to the other the largest 
share." Under these circumstances the proper course would seem to 
be that, here adopted, of designating the graphs by their joint names. 

In the former part it was shown that on multiplying any in- 
variant or covariant of a binary quantic by a proper number of 
polar elements, it can be expressed as the sum of one or more ** pure 
oompound forms," each of which is itself an invariant or covariant of 
each quantio multiplied by the same polar elements ; that to the 
algebraical expression of a pure compound form there corresponds 
directly an equivalent *' graph" ; that these graphs admit of being 
multiplied and added together, and the syzygetical relations between 
invariants and covariants of being expressed by purely graphical 
formnlsa. In this second part an alternative algebraical method of 
representing compound forms is given, which, though directly 

VOL. XXIV.— HO. 466. H 



98 Mr. A. 6. Kempe on the application of [Jan. 12, 

derivable from the preceding method, and suggested by the graphs, 
is of a totally distinct character, and is independent of the use of 
polar elements. It is also shown that seminvariants can be directly 
represented by compound forms as well as invariants and ooyarianta, 
a result due to the fact that the seminvariants of any qnantio 
(a^, a„ a,, a„ ... a„'^x, y)* are ifwariants of two or more oP the seriee 
of quantics 

tto; («o> «i]I«» yVi (oo' «!> <^][«» yV ; ••• K. «i. ^n <h^ — «*][«. vY- 

The expression of pure compound forms as the sum of products of 
simpler pure compound forms is also considered, and a theorem given 
with regard to it. Some other matters are also briefly dealt with 
which need not be specifically referred to here. 

V. Order, Degree, and Weight of Pure Compound Forms. 

57. It will be as well to point out that a pure compound form 
(Sees. 17, 24) which contains 

j simple forms of mark a and valence t, 
w bonds connecting these forms to each other, 
g simple forms of mark x, and valence 1, 
g bonds connecting these simple forms of mark x to those 

of mark a, 

represents a co variant of 

order g in the variables, 
degree J in the coefficients, 
weight w in the coefficients, 
of the quantic («(,, Oj, a„ ... a, J j; y)* of order i in the variables. 

58. Since every bond connects two simple forms, and there are J 
simple forms of valence t, and g simple forms of valence 1, the total 
number of bonds will be 

V+9 

But, since w bonds connect the simple forms of mark a to each other, 
and g bonds connect the simple forms of mark a to those of mark x, 
and there are no bonds connecting the simple forms of mark x to 
each other, the total number of bonds is also 

w-^-g. 
Thus we have t; -hgr = 2w-\'2g, and therefore g ^ij— 2w. 
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$9. If we do not distiagaish between the variables and the 
coefficients, since the total number of simple forms in the compound 
form iBJ'\-g, and the total number of bonds is w-^g, we may speak 
of the pure componnd form as of degreey + ^ and of weight w-^-gy and 
in fatnre when the degree and weight of a pure componnd form are 
spoken of, it is to be understood that reference is made to the total 
number of simple forms and bonds respectively which compose it. 
When the simple forms are all of the same valence t, we may speak 
of the pure componnd form as of order t. 

VI. Simple Forms of Like Marks but Different Valence. 

60. In Sec. 6 it is assumed that simple forms which differ in 
valence must also difEer as to their marks. No conclusions are, how- 
ever, deduced from this assumption, beyond the statements in Sees. 
19 and 22, that where simple forms differ in valence it is unnecessary 
to indicate specifically that they have different marks. The assump- 
tion is erroneous, for we may obviously have the infinite series of 
forms 



® = ( )» 



= Of 



s> = («). 



^ = 



= («»). 




g = (uvw), 



= a^UV +a,(irF+PT") +a,l7'7', 
= a, WW+ a, ( TrVW+ TJV'W + WW') 

■{■a^{urw-\- u'vw'+ wrw) 
■^(hU'v'W, 



••• 



TV 



■@ = (uvw ... to n letters)a= %ll ar [^uvw ... to n letters]*' 

(see Sees. 1, 2, 3), 



where observe that 





Cr(ttW...)a= U'U(VW...) 


and therefore 




iriu\=U'U( )ai 


whence, since 




Wiuy.^V'Ua,, 


we have 




( )« = «<» 


as given. 
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61. Consider now the two special linear forms 



= (tt), = IT, so that Co = and c, = 1 ; 



= (u), = J7, so that iio = 1 and m = 0. 



Vi 



We have 



= (u\ (ti). = uir. 



a pure compound form of which the coefficient (Sec. 17) is 1. 
since 

Z7'(wtni7...)„ = irU{vto,,,)„, 

we have (n). (ww...)a = (t*). (t*), (vw...)„ ; 

and therefore 



Also, 





Hence, by multiplying any compound form by (w), (t«),, we can, 
without altering the valao of its coefficient, increase the valence of 
any of its component simple forms by 1, and the weight also by 1 ; 
and we can repeat the process at will. 

62. On the other hand, in cases where we have forms sach as that 
on the left-hand side of the identity of the last section, and we are 
concerned only with the coefficients of the pure compound forms 

under consideration, the linear form • and its bond may be 

omitted without affecting such coefficients. 

63. Again, by the formula of Sec. 30, we have 

® ® 



+ 



+ 



® 



X- 



where, as stated in that section, there may be any nnmber of bonds 
and nuclei besides those represented. It follows from the formula of 
Sec. 61 that this may be expressed as 

® © 



® 



m 



+ 



® 
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or, removing the common factor (ti), (u),, as 

© ® ® ® J® 

I) ® (ET 

a formula giving syzygetical relations between compound forms in 
which the corresponding simple forms, though of like marks, may 
difEer in valence in different terms ; e.g., in the formula, a is of lower 
valence in the third term than it is in the first two. FormaleB such 
as the first and last of this section may be spoken of as homogeneous 
and noth'homogeneous respectively. Great care must be exercised in 
the use of non-homogeneous formulae, for, owing to the fact that there 
is no such correspondence of the points of egress of the bonds in the 
terms as exists in the case of the homogeneoas formulae, difficulties 
arise as to the determination of the signs of the terms (Sec. 29). In 
cases, however, where we are only concerned to show that certain 
compound forms may be expressed as the sums of others of certain 
special descriptions, and the signs are not material, the formulae may 
be used freely without special care. The signs, when necessary, can 
be acacarately determined by expressing the formulae algebraically 
(see note to Sec. 69). 

VII. Algebraical Bepreaentation of Forms, Second Method, 

64. I proceed to indicate a second algebraical method of repre- 
senting forms, suggested to me by the graphical method, and directly 
derivable from the first algebraical method. I propose to call these 
two algebraical methods the " polar " and " difference " methods 
respectively. Some reference is made to the latter method by Mr. S. 
Roberts in his paper "Concerning Semi-invariants," Proceedings^ 
Vol. XXI., p. 220, where he states that he had been informed by Mr. 
Hammond that it had been given by me. I had not, however, pub- 
lished anything on the subject, though I had made verbal communi- 
cations with respect to it to Mr. Hammond and others. Mr. Roberts 
states the method in a more restricted form than that in which it has 
always presented itself to me, and makes no reference to its relation 
to the graphical mode of representation. I therefore venture to set 
it forth here, and to indicate some applications of it. 

65. The method deals with pure compound forms (Sec. 17), and in 
the first instance with those only which are primary (Sec. 15). The 
nuclei of the corresponding graphs will accordingly be supposed to 
Ixave each a different mark, and every bond will proceed from one 
nucleus to another, there being no free bonds (Sec. 24). 
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I 

66. Let a = a,—- -ho* - — \-a. - — h ... ad inf,^ 

da^ da^ da^ 

and similarly in the case of other letters c, d, e, &c. Then we have 

We may therefore write the formula of Sec. 3, 

= {[ut;u;...]<*H-a [ut;u;...]^+a' [ui?u;. ..]' + ...+ a" [uvw...]"] o^* 

and thus a simple form may be expressed as the product of a number 
of terras such as { CT-f- TTa^ operating upon a^ 

67. A pure primary compound form, being merely the product of 
a number of simple forms, may therefore be written 

{ 27-h TTa} { F+ Ta] ...{U-\- ITf] ... { 7-h V'g} ... a,\c,d^ej,g^..., 

where, since the form is pure, to every factor [ J7-f- ZTa^ there 
corresponds a factor [ Z7-h TTf} , and one only ; and, since it is primary, 
a and / are different letters. But 

{Ui'Tra}{U'^irf} = {/-a} uir. 

Hence a pure primary form may be written as 

[a-by {b-cy {a-c]\.. a^b^c^... UZTVVWW...^ 

the exponent \ being the same as the number of the bonds joining 
the two simple forms whose marks are a and c respectively, and 
similarly in the case of the exponents of the other factors. This 
mode of representing a primary compound form is that which I term 
'^ the difference method." 

68. The expression of a form by the difference method consists 
then of three sets of factors, viz., 

(1) The difference, or operating, factors, such as {a— 6}\ 

(2) The leading, or operand, factors, such as a^, b^. 

(3) The polar elements, or bond coordinates (Sec. 6), such as IT, IT. 

* Compare the foot-note to Sec. 10, where the operator a is denoted by i)«. If we 
there put A = wpic^..., and {flo [^]° + «i [^]* + «3 W+— } = W* " (-.O-s^o 
(Sec, 60), we obtain the formula of the text. 
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69. It will be interesting, for the purpose of comparison, to g^ve the 
equivalent graphical, polar, difference, and ordinary algebraical 
representations of a particular form. We have 

= (a-6)(6-c)» (a-c) afi^c, . UU'WWWXX' 
c) = [ a,6jCo — 2a,6,Ci + ^ip% ~~ ^^»^o + <*i&jCi -h afiiC^ — Oi&oC* 

+ ao6,Ci-2rto&aC,+ao^iC,} UWVV'WWXX'. 

It will be observed that in the polar method the factors represent 
the nuclei, or simple forms, of the graphical representation,* while in 
the difference method the factors of the essential or distinctive part — 
the operator— correspond to the bonds. 

70. It is obvious that, though the polar elements are necessary 
&ctor8 in expressing the equivalence of the polar representation and 
the differential one, if we confine ourselves to the difference method 
we need not trouble about the polar elements, and may regard 
our graphs as representing the operator and operand terms only ; 
e,g., we may regard the gi^aph of the last Hection as equal to 
(a— 6)(6— c)* (a— c) aoftoCQ. Occasionally it will be convenient, in- 
stead of omitting the polar elements, to use the symbol 11 to denote 
the factor which is the product of the polar elements, however many 
of such polar elements there may be. Thus, if Cq be the coefficient 
of any pure compound form G, we shall have C = GqH, 

71. In some cases it will be unnecessary to express either the polar 
elements or the operands Aq, &o, Cq, ..., and we may regard the graphs 
as representing merely the product of a number of differences of 
operators. Here the operators may be regarded just as if they were 
ordinary quantities, and the discussion of pure primary forms reduces 
itself to the discussion of expressions which are the product of 
differences of quantities — say, are difference terms — and the rela- 
tions of such expressions to each other. It may be here pointed out 
that the fundamental homogeneous syzygetical identity of Sec. 30 

* It is obvious that there is nothing to determine whether the bond joining a 
nuclens of mark a to one of mark b corresponds to a factor a — h or a factor b—a. 
It has been suggested by Mr. Hammond that the correspondence may be made 
determinate by ti^e addition of an arrowhead to each bond, with the convention 
that where the barb points from aio b, the bond shall be understood to correspond 
to the factor a— 6, and vice vend. The adoption of thi& i^lsLti 'viQi^'l t%\ii^'<9^>^^ 
difficoltj as to signs, referred to in Sees. 29 and 6^. 
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will, in the difference method, be expressed bj 

(a-6)(c-(Z)-f.(a-c)(rf-5) + (a-(l)(6-c)=0, 
while the non-homogeneons one of See. 63 will be expressed by 

(a~6) + (6-c) -h (c'-a) = 0. 

72. Observe that, since 

(e— a) a^Co = (ej— ae^) a^ = e^a^ = c . a^€^ (Sec. 61), 
we have c — a^e. 

Also, since (a— ly) aQi/o = (a'7o--»?i) Oo = a . a^iyo, 

we have a — ly ^ a. 

73. The difference method is nob directly applicable to the case of a 
degraded primary form (Sec. 16) ; bnt it can be made applicable by 
taking the corresponding primary form from which the degraded 
form is derivable (i.e., the primary form obtained by replacing like 
marks on the degraded form by nnlike), and appending an indication 
that the nnlike marks are, after the operator has operated upon the 
operand aotoGg..., to be replaced by like marks. Thus the form 
{uv)a (uicx)t, (ywx)i, may be represented in the difference method by 

(a-h){b-cy(a-c) flo^oCoH, (6 = c) ; 

the indication 6 = c being constraed to mean that after the operator 
(a^h)(h—cy{a'-'c) has operated upon ao^o^o» w® *^® ^^ P^** 

Oq = C0, Oi = Cj, C>j ^ Cj, Oj = Cy 

If this be done, we get 

2 {0,6360— 0361 + a,6i6j — ai 6360-1-0068 ^i""tto ^8 } ^' 

74. For some purposes, e.g., where we are considering the syzy- 
getical relations between compound forms, it is sufficient to regard 
the direction 6 = c as meaning that in the operator T to which it 
applies, or in any one or more of the terms in any expression which 
is equal to T, we may interchange c and 6 without affecting the value 
of T. 

75. In accordance with the notation of Sec. 66, we have 

^ d , d , 
X — Xi — |- ajj — !-•••> 

(IXq (iXi 

d _, d , 
JETere the x, y, are not, of course, the .r, y of the quantic which in the 
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ordiziary notatioii would be written 

(Oo, a„o^ ... o«][a?, y)% 

these latter being respectively the x^ and —x^ of the notation of this 
paper (Sec. 83). In fatare the notation proper to this paper will be 
adhered to, and the variables of the binary quantic will be repre- 
sented accordingly by x^ and ^x^. Also, since 

the binary qnantic will in general be expressed in the latter, and 
shorter, form. 

76. In speaking of invariants it is no.t necessary always to refer to 
them as being invariants of a particnlar qaantic or qnantics, bnt, in 
accordance with the fact that they are f ally represented by pure com- 
pound forms consisting of simple forms of marks a, &, c, <&c., it will 
suffice to speak of them simply as invariants of marks a, &, c, <&c., or 
as pure compound forms of those marks. The invariants of 
(j0|— aas^)'*ao may accordingly be spoken of as invariants of mark a; 
the qnantic itself and its covariants being spoken of as invariants of 
marks a and x, (Sec. 39.) 

VIII. Seminvariants, 

77. The coefficient of a pure primary compound form of which the 
&ctor simple forms have respectively the marks a, b, e, ... and are 
respectively of valence o', h\ c, ... is an invariant of the set of 

quantics 

(x^-ax^Ya^, 

(«i-K)*'&o» 
(Xi—cx^y Co, 



linear in the coefficients of each quantic (Sec. 35). If the marks 

a^h^Cj ... are all replaced by the same mark p, then the coefficient 

of the pnre primary compound form becomes an invariant I of the 

system of quantics 

(xi-px^Ypo, 

(x^—pXoYp<iy 
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where, of conrse, if any of the indices a\ b\ o\ ... are the same, the 
qn antics will be so also. 

78, Bnt this invariant J, besides being an invariant of the system 
of qnantics, also bears a definite relation to a single qnantic, viz., the 
qnantic 

where n is the greatest of the indices a\ b\ c\ .... lis, in fact, a 
seminvariant of (ai— |w?o)"i'o' 

The proof is as follows. I may be expressed in the difference 
method as 



1= (a— 6)^(a— c)'* (&— c)" ..., OgftoCo..., (a = & = c=.. 

and therefore (—--I-— ■-!-----♦■... )I = 0. 

\da do dc / 



=p), 



But, since 



we may write 



d ^ r r-l 



— = flo s — I- 2^1 1— ■♦■3a, J- 4- ... ad inf.^ 
da a>a^ da^ da^ 

and we have corresponding expressions for — , --, 4c. Hence, if we 
make ^^ * 







a = 6 = c = ... =jp. 


and therefore 




^0= ^0= Co =...=jpo, 


and 




Oi = 6i = Oi = ... = ^1, 


and 




a, = 6, = Cj = ;.. =Pft 
&c., <&c.. 


80 that 




J=«^ (2>(„ j9„2?, . ../)«), 


we have 1 


f ^ 


■-f2A4--f3p,A...V 



t.e., J is a seminvariant of {x^'-px^'* Pn* 

It will be borne in mind that, since J is a seminvariant of 
(a?! — jpa^)"^?©, it is also a seminvariant of (ajj— pa^^)'***!'©* where fc is 
any positive integer ; bnt, since I contains ^«, it will not be a semin- 
VBriant of any qnantic («i— jpsco)""*!^©- 
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79. It can also be shown that every seminvariant of (a^— j%Po)"1'o 
can be exhibited as the sam of one or more expressions, such as 

(a— 6)*(a— c)'*(6 — c)'... ajb^c^,,. (a^ b = c =... =^), 

and can therefore be represented as the coefficient of the sum of one 
or more pure compound forms. The proof is as follows. 

Let 8 be any seminvariant of (aH""2'*o)" Po ^^ degree m. Then 



{^•'^-4)'=' 



and therefore 



"where the summation is in each case from r ss to r = oo . Now 
Hence we have (•) 

(^4) (2^'|-J (^-1;) - *« •» f'«'*°" (^'•I'r-. I;) s 

= I Sra^-i -J- + 2r 6r«i -;r- -H 5r(V-i -;—+... to m terms ) 

\ dOr dhr dCr / 

X (Sa,^J (Si^.^) (Sc.^)... to m factors iSf. 



But (Sa^j-) (S6,j-) (Sc, £.)... torn factors S = 

a function of the m sets of quantities 



= 1, 



Oq* 


»!, 


«li 


Ol, ...« 


K 


&1, 


^ 


Oj, . . . , 


Co» 


Cp 


Cj, 


Cj, . . . , 



&c., 



&C., 



linear as to the quantities of each set. Hence, since a^ = a^'aQ, wo 

may write 

/ =/ (a, b, c, ...) o^b^c^ ..., 
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and, since SrOr-i -z— = -z-j ^^K-i tt == ur* 4o., Ac., 

dOr CM dOr dO 

we have, by (•), 

of which the solniion is 
/(a, 6, c, ...) = the sum of terms each as {a— by {a—cY (6— c)'..., 

i.e. (Sec. 70), in= the snm of one or more pure primary compound 
forms. 

If now we put a = 6 = c = ... = p, 

and therefore a^^ = 6^ = Cq = ... = po, 

and ttj = 6i = c, = ... =jpi, 

and a, = 5] = C4 ^ ... := jp^, 

Sdc., . . . 4&C., 

J becomes I w S, and each pure primary componnd form becomes a 
pure degraded compound form, each factor simple form of which has 
the same mark p. Thus 8 will be represented by the sum of a num- 
ber of seminvariants of (x^^pcco)^ p^, each of which is a pure degraded 
compound form. 

80. A seminvariant of the quantic (x^^ax^y a^ may be spoken of 
as a seminvariant " of mark a." 

81. The coefficient of a pure compound form of which the factor 
simple forms are some of like and some of unlike marks, some of 
those of like marks being of different valence, will be a seminvariant 
of two or more quantics, and may be spoken of as a seminvariant of 
marks a, &, c, <&c., where a, &, c, <&c., are the marks of the component 
simple forms. Tt may be shown, by a proof similar to that in Sec. 79, 
that every seminvariant of two or more quantics can be represented 
by the coefficient of the sum of one or more pure compound forms 
containing simple forms of various marks and various valences. 
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82. The recognition of the fact that the seminvariants of a qnaDtic 
(«i— aaro)'*ao are invariants of two or more qnantics of the series 



a 



o> 






• ■ • • • • 



or, as it may otherwise be expressed, that seminvariants of mark a 
differ from invariants of mark a, in this only, viz., that the simple 
forms which compose the pnre compound forms representing the 
latter are all of the same valence, while those which compose the 
pure compound forms representing the former may differ from each 
other in valence, throws important light upon the structure of semin- 
variants and invariants. Thus we see that it is an essential feature 
of the seminvariant which is the source of the cubic-covariant / 

of (tXi—ax^y a^ that the compound form @ @ @ , which 

represents it, consists of three simple forms of valence 1,2, and 3 
respectively, so that / is an invariant of the three qnantics 






aa;o)*ao = 



a^ajj— 2(iiaH«o+«i«o, 



a^x — 3aiiciXQ-\-S(i^iiCiX'Q — o^Xq; 



while the source of the Hessian H, being represented by Q Q , 

is seen to consist essentially of two simple forms of the same valence 
2, and is therefore an invariant of the single quantic 

(*i - o^y %' 



IX. Breaking up of Pure Compound Forms. 

83. A pure compound form consists either of- two or more pure 
compound forms unconnected by bonds, or of one continuous portion. 

* By successive applications of the formulas of Sees. 13 and 30, a con- 

• idnuous pure compound form may, without altering the valence of the 
factor simple forms, be expressed in various ways as the sum of other 
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pnre compound forms, some or all of which may consiftt of two or 
more detached pure compound forms. If a continuous pure com- 
pound form is expressed as the sum of a number of pnre compound 
forms, each of which thus consists of two or more detached portions, 
the continuous pure compound form may conveniently be said to 
be " broken up " into pure compound forms of lower degree and 
weight. 



84. The coefficient of a pure compound form which consists of two 
or more distinct portions, will consist of two or more distinct co- 
efficients multiplied together, and the expression of a pure compound 
form, as the sum of terms each of which consists of two or more 
detached pure compound forms, amounts to the expression of its 
coefficient as the sum of terms each of which is the product of two or 
more distinct coefficients, t.e., amounts to the expression of an 
invariant as the sum of terms each of which is the product of two or 
more invariants. 

85. From Gordau's theorem that the number of invariants of ft 
quantic of given order, or a system of quantics of given orders, is 
finite, it follows immediately that a pure compound form containing 
simple forms of given valences and marks will always break up, if the 
number of such simple forms (t.e., the degree of the pure compound 
form) is sufficiently large. 

86. If we use the non-homogeneous formula of Sec. 63 (see also 
Sec. 71), we can increase the number of ways in which a pnre com- 
pound form can be broken up ; but, as the valence of individual &ctor 
simple forms will be altered in the process, the factor pure compound 
forms into which the original pure compound form breaks up, may, 
when algebraically expressed, contain letters which were not com- 
prised in the algebraical expression of the original pure compound 
form ; viz., if the original pure compound form contained a simple 
form of mark a and valence n, its algebraical expression would 
contain a^ 04, a,, ••• a., but not 0.4.1, ctn^i^ <&c. If, however, in the 
process of breaking up, the valence of the simple form a becomes 
increased to n+kj we shall have 0.4.1, (Ih*2j .,. a^^h in one or other 
of the pure compound forms into which the original form breaks 
up. 
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87. For example, to take a very simple case, the oontinnons form 

= 2{(a-6)(6-c)aoVojn 

-{(a-6)«ao6o} [co] U 
-{(6-c)HoCo} {a,}n 
= {a,Co-2aiCi-|-aoC,} {60} H 

+ {2Vi- Vo-^oCi} {^0} n ; 

ftDd thus .FIT breaks up, being expressed as the sam of three terms,, 
each of which is the product of two wholly detached pare forms ; bnt 
these forms contain the letters a, and c^ which do not appear in the 
coefficient F. 

88. It is not proposed to farther discuss here the general question 
of the breaking up of pure compound forms. There is, however, an 
interesting and important theorem with regard to the breaking up of 
the product of any pure compound form and a special form of the 
same weight, which will be considered. 

89. Let a, 6, c, ... and P, Q,B, ... be the marks of the simple forms 
oomposing the two pure compound forms ^ and <^ respectively. Then 
it is the immediate consequence of the identity 

(a-6)(P-Q) = (a-P)(6-Q)-(a-Q)(6-P) 

that, if and <^ are of the same weight w, so that the number of 
bonds in each is w^ the product ^^ can be expressed as the sum of 
2* terms, each term being a pure compound form in which no bonds 
connect the simple forms a, 6, c, ... to each other, or the simple forma 
P, Q, E ... to each other, but each bond connects one or other of the 
simple forms a, 6, c ... to one or other of the simple forms P, Q, E, .... 

90. Hence, if <^ be such that the simple forms P, Q, E, ... com- 
poaiiig it are all of valence 1, the product 00 will be broken up into 
what may be called ** star forms," each of which will consist of one 
of the simple forms a, 6, c, ... connected by radiating bonds to uni- 
valent terminal simple forms of the set P, Q, B^ ...^ \Xi^ utite^^t ^V 
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■such terminal simple forms being of course the same as the valenoe of 
the central simple form ; e.g., one of such star forms woald l&e 




this being represented in the difference method by 

(a-P)(a-Q)(a-E)(a-S)(a-T)aoPoQoEoSoro.n. 

# 

In order that the simple forms P, Q, By ... may be all of valence 1, 
^ must consist of w pairs of such simple forms conneoted by single 
bonds, i.e., of w pairs, snch as 

© ® = Wp(n)a = (Q-P) PoOo^TT 

= {P,Q,-PMUir, 

which may conveniently be termed " single bond forms.'* We have 
here the important result that the form resulting from the multipli- 
cation of any pure compound form 0, of weight w, by w single bond 
forms, can be broken up into star forms each containing one simple 
form only of those composing <p. 

91. If the w single bond forms are all exactly alike, the two simple 
forms in each having the marks P and Q respectively, a star form o* 
containing the simple form a of ^ may be expressed by 



= {aA^—A^{aBt—B^)... 



II 



= (oP,-p,)* (aQ.- QiY" s n = ( -i)-» (oP,-P,)» (Q,-aQ^y-' a,n 

= (-i)'-Von, 

where f is the valence of the simple form a. We shall have such star 
forms for all values of X from to i. 
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92. If PoQ, — PiQo = w, and ^^ is the coefficient of 0, we have 

^ = ^o«"ll» 

and the process we are considering shows how the invariant ^o^** ™^J 
be expressed as the sum of products of *' star invariants," snch as 

I proceed to consider some special cases. In all these I shall take 
Q = e (Sec. 61), so that Q^=^0 and Q, = 1, and therefore ia = Pq, and 

= (oo* «it «J> — Ox J - Pi, Po)^ 

93. First, then, let Po = 1, so that 

Here the process nnder consideration shows how any invariant ^q may 
be expressed as a rational integral f auction of star invariants snch as 
i(o— Pi)*aQ, i.e., invariants which are the coefficients of star forms 
consisting each of one or other of the simple forms contained in ^, 
with bonds radiating therefrom to univalent simple forms, each of 
which is one or other of the simple forms 

{u\ = IT or (t*)p = U-^P, U' ; 

or, more simply,. since by Sec. 62 the simple forms such as (ii)« may 
be omitted without affecting the value of the coefficient, we see that 
^9 may be expressed as a rational integral function of the coefficients 
of star forms which consist each of one or other of the simple forms 
of ^ with bonds radiating to X univalent forms of mark P, where 
X = 0, 1, 2, 3 ... i, the valence of the simple form as a member of ^ 
being i. 



94. If we make P, = 0, since Pq = 1, we have P = i| (Sec. 61), and 
the single bond form (ii)p {u)q becomes the form 

(«),(u). = irr= 



Also we have ^o = ^^^o ^ ^x, 

and thus the coefficients of the star forms become simply 

00, Oj, Oy, ... ; Oq, l>2, ©I, ••• \ Cq, Cy> C^> ••• > OLC.^ ^^.^ 
VOL. XXTF. — NO, 457. I 
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Tiz., we have, omittiDg the univalent forms («)^ 



-® 



= 040, 



-€>^ 



= OfH, 




= a,n, 



(fee., dsc. ; 

and the process gives ns the i nvaiian t f^ in its usual algebraical 
form, viz., as a function of 

a^ Oi, a^ ... ; \j h^, 6„ ... ; c,h ^« ^f — » &o«i *o. 

95. Observe here that, the star forms of the last section being all 
pare compound forms, their coefficients are invariants ; e.^., a^ is an 
invariant, not however of a single quantic, but of the two quantics 

(an— a«o)*'^o' 

since >7o = 1 &^<1 ^1 = 0. 

96. Next let all the simple forms of ^ be of mark a, so that ^^ is 
an invariant or seminvariant of mark a. Also let P :^ a, and there- 
fore Pq = Oq, and P^ = o^. Here w = a^ and 

= (ttoi *!♦ ^ ••• <»x][— Oi, ao)N 

and the process shows how the invariant or seminvariant ^^ of mark 
a and weight to, when multiplied by a*, may be expressed as a rational 
integral function of the quantities 

ai = (ooa— Oj) a^ = 0, 

a, =s (0^,0— ai)*ao = ajoj-aoaj, 

Ac., Ac. 
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Here the star form a.H consists [if we omit the forms of mark e 
(Sec. 62)] of K+l simple forms of mark a, viz., one of valence ic and 
tf of valence 1, e,g.. 




Hence a, is an invariant of the two qaantics 

(xi—ax^ya^ and (»i-"<w?o) «» = («o«i— «ia?o)» 

and is a semin variant of the single qaantic (xi-^ax^)' o^. The semin* 
variants a^, a,, ag, ... &o, are those given by Professor Cajlej in his 
paper ^' On Seminvariant Tables/' Amer, Jowr. of Math.^ Vol. vii., 
p. 59. 

97. Since /SqU, where /S^ is any seminvariant of mark a and weight 
tOy can be expressed as the sum of a number of pore compoond forms 
such as ^0 (Sec. 79), B^a" can be expressed as a rational integral 
fonction of Sq, a^, a| ... • 

98. Consider now the series of seminvariants Ai (= 0), Af^ A^ ... Ac, 
where 

Ap^iU = (S>— £—0— — <S) = (a—by(a-o) aJb^^U. (a= 6 ss c.) 

The compound form here, though of weight j7 -hi, breaks up into 
star forms on multiplication by p of the single-bond forms (ii)« (u)^^ 
and we have 

where / is a rational integral function. Hence 
from whence it immediately follows that 

where F is also a rational integral function. Thus /S^a^ may be 
expressed as a rational integral function of the series of semin* 

I 2 
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variants il„ A^, A^ ,„ and a^ Observe, however, that the degree and 
weight of A^ are the same, viz., 3, and that for all valaes of c greater 
than 3, the weight of il«, which is ir, exceeds the degree, which is 3. 
Also 



2J, = 2 (a^h)(a—c) a^fc^Co 

= (a— &)*aoVo+(«-0*«o^o<'o 
= (a—hy a^b^c^ 

= ao.(a— fe)'ao6o 
= a^'Aiy 



(a = & = c.) 
(6-c)*Oo6oCo «> 

99 

(a'=b.) 



where A2 is a seminvariant of equal degree and weight, viz., 

4 ■ 



A'n = S 



Hence S^a^ may be expressed as a rational integral fnnction of 
<Iq, Aiy Agy A^, ..., i.e., of a^ and a nnmber of seminvariants of mark a, 
such that the degree of no one of them exceeds the weight. Now, if 
the degree of 8^ is J, the degree of /Sf^a* will be w+j, and its weight 
will be w ; hence every term of the expression of 8^a^ as a rational 
integral function of a^, A2, A^, ^4 ..., &c., must contain a factor a^. 
Dividing this out, we see that S^a^'^ can be expressed as a rational 
integral function of a^, Ai, A^, A^, .... 



99. If ic be even, = 2ic', we have 



A = A2^ = (a— 
= (a 
= (a 






(a = & = c) 



9} 



»» 



>l 



bj interchanging & and a in fche second term (Sec. 74), 

• • • ^ 

= a^.(a—b)^a^\—A.. (o 



= 6.) 



Hence 



* a • 

= OjjI; say, 



(a = 6.) 



where 



x = 



La^j 
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We can therefore express 8^ oJ~' as a rational integral Sanction of 
tlie semin variants Oq, A'^^ A^^ Ai, A^^ ... .* 

X. On the Relation of the Oraphical Representations of Covariants and 

their Sources. 

100. Any compound form representing a covariant of order g in 
the variables, and of degree j and weight w in the coefficients (i.e., of 
total degree g-\-j and weight g-\-w), will consist of ^ univalent simple 
forms of mark oj, and j other simple forms representing the coefficients. 
If we multiply GU by g single-link forms, such as 



^ = («). («) 



«»> 



the coefficients of which are I, then, since 

(o— «)(€— ij) = (a— «)(» — 17) — (a — ?;)(«— c), 

we may express the product, the coefficient of which will also be (7, 
as the sum of 2^ terms, each of which will consist of (1) a compound 
form (7^11 precisely similar to (711, but having univalent forms of 
marks e and 17 (r of the former and ^ — r of the latter), in lieu of those 
of mark x^ and (2) of g single-bond forms, some (r) such as 



and the rest {g—r) such as 

# © = W{xJI+xjr)^xjrU; 

and thus we have a number of terms such as Or x^x^"" U. Here, since 

\g 

there are ; — ^^= — different ways in which we can substitute r uni- 

\r_ \ g-r 

valent forms of mark c, and gr -r of mark 17 for the g univalent forms 



of mark a?, there will be - — !=^= terms such as Cr»JicJ''n for any 



Value of r, which terms may all differ in value ; and there will be 
terms for all values of r from to gr ; in all, as before stated, 2? terms. 
The snm of all the C^'s for any given value of r will be the coefficient 
of «iajj in the expansion of the covariant (7. In certain cases all the 
Or's for any given value of r will be equal ; e.g., if CO contains merely 

* ♦ See Sylvester "On Clebsch's Theory, &c.," Amer. Jour, of Math. ^ ^^.^.^ 
p. 118, and Hammond **0n the Solution of tlieI)ifteTQiilm\'E,Km'^^^^ 
id.. Vol. r,, p. 218. 
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one simple form of mark a besides those of mark «, so tbat is the 
ordinary qnantic (0^ — 00^)^00, all the terms Or will be equal, eaoh 
being == o,., in which case the coefficient of z\ a^"^ is, apart from sign, 

— ^^ — Or. In every case the coefficient of a;f , %.«., the leadinflr term 

or scarce of the covariant (7, will be represented by a single term 
OqII, all the univalent forms substituted for those of mark x being of 
mark e. Since we may omit all simple forms of mark e and their 
bonds (Sec. 62), without afEecting the value of the coefficient of the 
compound form containing them, we see that the graphical represen- 
tation of the source Oq of any covariant is obtained by omitting 
from the graphical representation of the covariant all the nuclei of 
mark a;, and the bonds connecting them to the other nuclei. Thus 
the source of the cubic-covariant which is the coefficient of 




:@ @ 



is the coefficient of @- 



^ 



On the Vibrations of an Elastic Oircular Ring. {Abstract.) 
By Mr. A, E. H. Love. Communicated January 12th, 1893. 



The ring is supposed to be of small circular section of radius c, and 
the elastic central-line a circle of radins o. There are four ways of 
displacing the ring. A point on the central-line may move along the 
radius of the circle which is its primitive form, or perpendicularly to 
the plane of this circle, or along the tangent to this circle ; and the 
circular sections may be displaced by rotation about the central-line. 
The modes of vibration fall into four classes, of which two are 
physically important. 
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. Class I. Flexural Vibrations in Plane of Bing.-^Theae were in* 
yestigated bj Hoppe in 1871 (OreUej Bd. LXXiii.). The motion of a 
point on the elastic central-line is compounded of a displacement 
along the radins and a displacement along the tangent to the circle, 
so proportioned that the central-line remains nnstretched and the 
nodes of the former displacement are the antinodes of the latter. 
There mnst be at least two wave-lengths to the circumference, and 
the frequency {p/2ir) of the mode in which there are n wave-lengths 
to the circumference is giveil by the equation 



i_ , n*(n«-l)* E_ ^ 



in which E is the Young's modulas, and p^ the density of the material. 
Except for the numerical coefficient this is precisely similar to the 
formula for the lateral vibrations of a straight bar of the same 
material and section and of length ira. The sequence of component 
tones, when n is very great, is ultimately identical with that of the 
tones of a free-free bar of length ira, but the sequence for the low 
tones is quite different to that for a bar. 

Glass II. Flexural Vibrations Perpendicular to the Plane of the Ring. 
It is found to be impossible to make the ring vibrate freely so that 
each particle of the elastic central-line moves perpendicularly to the 
plane of the ring, unless at the same time the sections turn about the 
central-line through a certain angle. In other words the flexure per- 
pendicular to the plane of the ring is always accompanied by torsion. 
As in Class I., there must be at least two wave-lengths to the circum- 
ference, and the frequency of the mode in which there are n wave- 
lengths to the circumference is given by the equation 

,_ ,n«^^-lV ^ i^ 
P * l-hcr-hn« p, a*' 

where o* is the Poisson*s ratio for the material, and the other constants 
have the same meaning as before. (For most hard solids o* is 
about i,) Since n must be at least 2, the sequence of tones is very 
nearly the same as in the vibrations of Class I., but the pitch is 
slightly lower, the ratio of the frequencies for the gravest tones being 

V21 
-- , which is very little greater than a comma. For the higher 

tones, as we should expect, there is no sensible difEerence. 
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These two classes include all that have much physical importance. 
The remaining types can be classified as follows : — 

Class III. Extensional Vihrations. — The motion may be purely 
radial or partly radial and partly tangential. In the second case 
there will be an integral number of wave-lengths, and, when this 
namber is n, we have the formula for the frequency 

/=(l+n«)-f i-. 

Putting n = 0, we find the frequency of the purely radial yibrations. 
The pitch of any mode of extensional vibration of the ring is of the 
same order of magnitude as the pitch of the corresponding longi- 
tudinal vibration of a bar of length equal |to half the circumference, 
the formula for the latter being in fact derived by writing n* for 
l-hn«. 

Class IV. Torsional Vibrations. — The motion consists of an angular 
displacement of the sections about the elastic central- line, accompanied 
by a relatively very small displacement of the points on this line per- 
pendicular to the plane of the ring. When there are n wave-lengths 
to the circumference, the frequency is given by the formula 

p« = (l-ho-+n«)Jil, 

Po « 

in which fi is the rigidity of the material. There is one symmetrical 
mode for which n is zero, and, since 2fi (l+<r) = E, the frequency of 
this mode is Jv^2 of that of the radial vibrations/j^The pitch of the 
torsional yibrations is comparable with that for a straight rod of 
length equal to half the circumference, the formulal for the latter 
being in fact derived by writing n* in place of l-|-<r-hw'. Formulae 
equivalent to those g^ven in connexion with Classes II. and TV, have 
been obtained by Mr. Basset (Proc, December, 1891), but he has not 
interpreted his results. 
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Tfoie on Secondary Tucker-Gircles. By John Griffiths, M.A* 
Bead November 10th and December 8th, 1892. Beceived 
iiLj?0vised form February 4th, 1893. 

The principal theorems discussed in this paper are particular cases 
of the following proposition, viz., If DEF denote a triangle of given 
species having its vertices D, E, F respectively on the sides BO, GA^ 
AB of a given triangle ABO, or on these sides produced, then DEF 
will belong to one or other of a pair of systems of similar inscribed 
triangles, and each of these systems will have a conmion centre of 
similitude. In fact, if D, E, F be the given angles of the inscribed 
triangle DEF, there will be a primary system of similar inscribed 
triangles whose common centre of similitude is the point given by 
the isogonal coordinates 

_ sin(J)-h^) _ sin(^-h.g) _ sin (F-f G) 
^ sinD ' ^ sinjE? ' ^ aiuF ' 

and also a secondary system whose centre of similitude is the point 
represented by 

_ sin (D-A) _ Bin{E-B) _ sin (F-- G) 
^ sinJD ' ^ sin^ ' ^ BinF ' 

These two centres of similitude are the inverse of each other with 
respect to the circumcircle ABG, For example, if D = A, E = B$ 
F=^ G, then the centre of similitude of the primary system of 
inscribed triangles will be the point (2 cos A, 2 cos B, 2 cos C), i.e., the 
centre of the circumcircle ABG, while that of the secondary system 
will be an infinitely distant point (0, 0, 0). 

Moreover, the circle circumscribing any triangle DEF of the first 
system will have double contact with the inscribed conic 



2 >/x sin D sin (D-^A) = 0, 

and the corresponding conic for the circumcircle of a triangle of the 
second system will be represented by 



S \/a5 sin D sin (D-A) = 0. 

The particular examples considered in the note are the primary 
and secondary systems of inscribed triangles corresponding to the 
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values (1) ^D = B, lE^C, /.P^A\ (2) z2>=a, zJ& = il, 
ZJP=B. 

For the primary systems of in-triangles under consideration, the 
centres of similitude are the Brocard points, and the corresponding 
circumscrihed circles are well-known as Tucker-circles. 

The secondary systems, whose centres of similitude are the inverse 
with respect to the oircumcircle ABO of the Brocard pointSy'^have not 
hitherto, so far as I know, been noticed. 

In each of these we have a series of triangles directly similar to 
each other, but — unlike the Tucker-triangles — inversely similar to the 
triangle of reference ABG, 

Section I. 

The results arrived at will be more readily understood by an ex* 
planation regarding what I have called isogonal coordinates, which 
can be employed to investigate the properties of systems of circles 
connected with the triangle (see my " Notes on the Recent Geometry 
of the Triangle ")• 

Briefly, if a, /3, y be the trilinear coordinates of a point (7, in the 
plane of a given triangle of reference ABO^ the isogonal ooordinates 
of Q are given by 

X JSl — ^ aa-f&/3-hcy 

a /i y a)3y-h2)ya-f-ca/3' 

where a, 5, c denote the sides BG<, GA, AB, 

It is thus easily seen that these coordinates x^ y^ s satisfy the 
relation 

cwj + fry + CJ5 = ay» + 6205 + ca;y, or So; sin ^ = 2yz sin il, 
which is unaltered by writing therein a;~\ y"\ «"* for «, y, z. 

Again, if we take a point O inside the oircumcircle ABG^ and draw 
perpendiculars OD, OE, OF from ifc to the sides BC, CA, AB, it may 
be proved that the isogonal coordinates of O are 

_ sin (JP-I-^) _ sin jE-^B) _ Bin (F-hO) 

* smD ' ^ sin^ ' ^ sin^ ' 

where D, E, F are the angles of the pedal triangle DEF. These 
coordinates satisfy the relation 

So; sin J. = ^yz sin A, 
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For example, let coincide with 0, the centre of the circumcirole 
ABO, then D = ^, Jg? = 5, -P= 0, so that 

X =s 2 cos Af y = 2 cos B, z=2 cos G 

are the isog^nal coordinates of the centre of the circnmcircle ABO, 

If Ohe taken outside the circnmcircle ABO^ the isogonal coordi- 
nates of O, in terms of the angles D, E, F of its pedal triangle DEF, are 

sinD ' ^ siaE ' sin J" 

Sapposing then we have two points, and 9, whose isogonal 
coordinates are respectively 

^^sin(I>-|-^)^ ^>^sin(I>-^)^^^ 
Sin i> sm I> 

it follows that 

a5+«' = 2 cos -4, y +y' = 2 cos 5, »+z' = 2 cos 0. 

and ^ will then, in fact, be a pair of points inverse to each other 
with respect to the circnmcircle ABO, so that 

OG.Og = B», 

where denotes the centre and B the radins of the circle ABO. 

Conversely, if 0, ^ be two inverse points with respect to the 
circnmcircle ABO, then the pedal triangles of these points are similar. 
This result is an important one in the geometry of the triangle. 

The following theorem, for example, is deduced at once from it. 
If the cotangents of the angles of the pedal triangle JDEF, with 
respect to ABO, of a point P, be connected by a linear relation 

SX cot D = const., 

then the locns of P will, in general, be a pair of circles inverse to 
each other with respect to the circnmcircle ABO. As a particular 
case, it follows that, if P be any point either on the Brocard circle 

Sa; cosec J. = 2 cot w 
or on its inverse line ^x cosec ^ = 0, 

the pedal triangle of P with respect to ABO has the same Brocard 
angle as ABO. 

Ag^in, the pedal triangle BEF of a point can be turned in its 
own plane round 69^ as a fixed centre of similitude, with its vertices 
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D, E, F moving on the sides BC, OA, AB of the triangle of reference. 
The angles JD, E, F will, in fact, remain constant, and the circle 
DEF will have donble contact with an inscribed conic which has 
G (iP» ^f «) for a f ocas, the chord of contact being parallel to the 
transverse axis of the conic. The eqnation of this carve may be 
written in varions forms, one of which is 

2 vox {hz-^-cy—a) a = 0. 

For example, let O coincide with the negative Brocard point 

— , — , --) ; here 
\ c a / 

_ sin(0-hil) _sin(^-hi?) _ sin(g-hg) 

^ sinO ' ^ ~~ BhiA ' ^ BinB ' 

so that, for the pedal triangle of the point, we have 

ZD=0, ^E = A, /,F^B, 
and, for the eqnation of the inscribed conic in question. 



2 v^hc^—0. 

This curve is known as the Brocard ellipse, and the circle DEF is a 
Tucker-circle. 



Section 2. Secontlary Tucker- Circles. 

As a particular case of the above p^eneral theorem, viz., that the 
pedal triangles of a pair of inverse points with respect to the circnm- 
circle ABO are similar, I consider the systems of circles corresponding 
to the Brocard points and their inverse points as here defined. 

1. Taking the negative Brocard point ( — , — , -7- ) , we have seen 

\ c a / 

that the angles of its pedal triangle are D = 0, E ^ A, F=^ B, and, if 
the triangle be turned round this point in the manner explained in 
Section 1, the Tucker-circle DEF will have double contact with the 
Brocard ellipse 

Ag^in, the pedal triangle def of the inverse point g will be simiW 

to the corresponding Tucker triangle DEF, or zd = G, Z e = J., 

j^f^B, and if the triangle def be turned round g as above, the circle 
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def will have double contact with the conic 



2 ^a sin G sin (.G-A) = 0. 

The coordinates of g are, in fact, 

o J 5 sin (0— -4) o T> c sin M— B) 

:0 3s2cos^ = ^.^ — ^ ^y y = 2co85— — =• \ — - — ^, 

c sm G a sm A 

and ^ = 2cos(7-^ = ^^^C^-^) , 

80 that the equation IS Vox (b^+cy — a)a = 

Jbecomes IS ^/a sin Osin (0— -4) = 0. 

I propose to call the system of circles corresponding to the point 
inverse to a Brocard point a secondary Tacker system. 

• As I have jnst explained, if the Brocard point be f-^, -^, v-)> 

\ c a of 

*the Tncker inscribed triangle BEF and the corresponding triangle 

def are similar ; also the Tacker-circle BEF has double contact with 

the conic 

S Va sin B sin (7 = 0, 

and the secondary circle def with the conic 



2yasinCsin(O~^) = 0. 

It may be here observed that one form of the equation of a circle 
def of this secondary system is 

where .,=?M^, y.=^^^^, .. = £^4^. 

Sin G sm A sm A 

and ^1, Xs,, h^ are connected by the relations 

A^+A;,-I-Aj,+2 = 0, a»(l + A:,) + ft'(H-Aj,)+c»(l+A;i) = 0. 

2. In a similar manner, if we take O to coincide with the positive 
Brocard point ( y> ~» ^ ) » *^® inverse point gr will be given by the 
coordinates ' 

a = 2 cos -4 — --, v = 2cosB , iE=2cosO , 
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or ^- BJnjB-A) BinCO-B) mnjA-O) . 

Bin J? smc; mnA 

also in the triangles DEF^ def the angles will be 

D = d — B, J& = e = 0, and F^f = A. 

Lastly, the Tnoker-circle DEF will have double contact with the 

Brocard ellipse . 

S V^asin^sinO = 0, 

and the secondary circle def with the conic 



2%/asin5sin(B-^) = 0. 

As an example of. a secondary circle, lUnstrating the difference be* 
tween it and an ordinary Tucker-circle, I notice the following, viz. : — 
Let the tangent at ^ to the circnmcircle ABO meet BO produced in d ; 
throagh d draw de parallel to AB and meeting AC produced in e ; 
then the circle Aed is a secondary Tucker-circle. Here the point / 
coincides with A, and the angles of the triangle Aed or fed are d^O^ 
e ssA, f = B, Also, if the other points where this circle meets the 
lines BGt GAy AB he denoted by cT, e\fy then 0' coincides with A^ 
and the angles of the triangle d^ef are cf = ^ — 0, e'= 180°— (-4— B), 
/•= G--Bj supposing A>G>B, If the circle were an ordinary 
Tucker-circle, we could have d = G^ e=^ A^ f^B^VLS before, but for 
the triangle d'e'f the angles would be (T = B, e' ^^^ G^ f ss A. 

In the case of the secondary circle in question, the equation of the 
double-contact inscribed conic is 



X %/a sin G sin (G—A) = 0, 
whereas for an ordinary Tucker-circle it would be 

S-/asin0 8in((7-h^) =0. 
It may be remarked that two of the foci of the curves 

S ^/o sin B sin (B^A) = 
and 2 •a sinOsin(0-u4) = 0, 

viz.. the points (5^1^=^. miO=B), sJn(A-g)^ 
'^ \ %\nB sinO sinu^ / 

^^ r wa{0-A) 8in(^-Jg) sin {B^G) \ 

\ sinO ' sin-4 ' sinB /' 

lie on the circle S ( W - a*) 6ca!+3aVc«-2a* = 0, 
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whioh touches the Brocard circle at the centre of the ciroamcircle 
(ABC). The first-mentioned circle is the inverse with respect to 
(ABO) of the line joining the Brocard points, since the expression 
S (5V-a*) hex is transformed into a*+5*+c«-3aVc«-S (6V-a*) bcx 
hj writing therein 2oobA^x, 2 cos B^y, 2 cos (7— « for x^ y^ «• 

Section 3. 

I here notice briefly some additional properties connected with the 
above pair of secondary systems of similar in-triangles, and the 
double-contact conies of the oircumcircles. 

1. U d^ B^e = Oj fss A, the sides de^ ef, fd of the in-triangle def 
are parallel respectively to lines AP, BP^ OP, which meet in a point 
P on the circumcirole ABO. See Fig. 1. 




Fio. 1. 



2. In like manner, when d=s 0, e == A, f sz B, the sides de, ef, fd 
are parallel to lines BP^ OP^ AP, which also meet in P on the circam- 
oirole. See Fig. 2. 

P. 




Fio. 2. 



123 Mr. John Griffiths on [Nov. 10, 

3. If Oi, 5i, di ; a,, &I, e, denote the semi-axes and ecoeniricities of 
the above double-contact conies, and w be the Brocard angle of the 
triangle ABG, then 

2 s T>« sin'ca 
a ^a^s=z ic - — , 

1— 4sin'i# 

where B = radius of circle ABC, 

^ji _ L« _ Apt sinful sin (B—O) sin (0—A) sin (u^— B) 
*""*'" (1-4 sin« «)• sin^sinJ^sinC ' 



2 



2_, _ 1 _ « «. 4 sin* toi sin (B — C) sin ((7—^4) sin (^4— J5) 
* ' 1— 48in'w sin ^ sin J? sin (7 

or ai = aj, 6? + 65=0, ej+ej = 2. 

It thus follows that one of the conies is an ellipse and the other a 
hyperbola. 

4. If a triangle A'B'(T be inscribed in the circumcircle ABG^ and 
circumscribed to the Brocard ellipRe, it is known that A'B^(T has the 
same Brocard angle cu and the same Brocard points as ABC. Hence, 
by means of the formuleD for the secondary double-contact conies, 
given above, I have deduced the following theorem, viz. : — 

One focus of each of the secondary double-contact conies corre- 
sponding to a triangle AB'C — as defined above — remains fixed if the 
triangle of reference ABC be fixed, and the other two foci lie respec- 
tively on one of two fixed circles which have a common radius 
2B sin (If, and whose centres coincide with the fixed Brocard points 
of ABC, 

5. If -4 = -=-, J5 = -=- , and (7 = -=• , one of the secondary double- 
contact conies is a circle, and the other an equilateral hyperbola. In 
this case one of the secondary Tucker systems consists of a system of 
concentric circles. 



6. The inverse of the Brocard points of a triangle ABG^ with re- 
spect to the circle ABG^ are the Brocard points of a triangle similar 
and similarly placed to ABG^ the centre of similitude being the centre 
of the circle ABG, If B\ B denote the radii of the circumcircles 
of these two triangles, then 



S' = E.r yi-4sin»«. 



189?.] . Secondary Tueker-Oirclea. 129 

[The following is added in answer to qnesfcions suggested by one 
of the referees, viz. : What is the centre of similitude of a given tri- 
angle ABO^ and an in-triangle inversely similar to it ; and what is 
the loons of this point as the latter triangle moves P 

So far as I have studied the problem, I have arrived at the follow- 
ing results with regard to centre of similitude {8^ say) of ABG^ and 
an inversely similar escribed triangle defy where d=i B, e = 0^ f ^^ A. 
See Fig. 1. 

1* The point 8 is given by the trilinear equations 

(1+^,) aa = (1+^,) 6/3 = (1+^) cy, 
where Z^, ^, k^ are connected by the relations 

A^+Aij+Aij+l = and 2a'^ = 0. 

2. The locus of S is the circumscribed conic represented by 

2 jSy sin C cos B =s 0, or ^yz sin cos B = 0. 

This ourf e passes through the point 

sin C sin A sin B 

* — ■ /r» — Ti » y = ■ / J — s; » « = 



sin(C-^)' ^ sin(^-JB)' 8in(J5-0)' 

i,e.f through the isogonal conjugate with respect to the triangle ABO 
of the follo¥nng point, viz., the inverse with regard to the circum- 
oiroloilBO of the negative Brocard point of ABC. The point in 
qnestion is a focus of one of the double-contact conies discussed in the 
note* 

3. The point P, on the oircumcircle ABO, in which the lines AP^ 
BP^ OPf parallel to sides de, ef, fd, meet, is given by 

where A^, Xs,, h^ are subject to the same relations as before, viz., 

1-1-2*, =0 and Sa'*, = 0. 

It thns appears that there is a correspondence between P and the 
centre of similitude 8^ which is expressed by the equations 

4. Again, the referee suggests the following question : — Ii^t A.BQ 
be a given triangle, A'BG' an inversely aimW^T e^mV^^ VrfiKaj^^. 
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Then, as A' BO* moves, its centre of similitnde (IT, say) is the inyevBeof 
a Brocard point of ABO. What relation has IT* to A'VO ? 

II U he taken to he the inverse, with respect to the oirciimcircle 
ABO, of the positive Brocard point of ABO, I have found that the 
isogonal coordiDates of 17, with reference to AVO, are 



X = 



sin (7 



sinil' 



sinB' 



sin(C'-il')' ^ sin (.1 -BO* * sin(B'-(r)' 

It follows, then, that JJ is the isogonal conjugate, with reference to 
ABG, of the following point, viz., the inverse, with respect to 'the 
circnmcircle A'SC, of the negative Brocard point of A'BC 

The position of TI with reference to A'BC may he determined 
hy considering the angles subtended at it hy the sides B>0\ 0'A\ A'B', 
These are C, v—A\ B; C, A\ w—R; ir— CT, A\ J?, according as 
A\ ff or 0' is the least angle. 

These results have been deduced by means of the following 
theorem, viz. : If the angles subtended by the sides BO, OA, AB of a 
triangle ABO, at a point O situated outside AlBG, be ^-r^, ^i^^; 
0, ir— ^, ^; or 0, ^, ir— t//, the isogonal coordinates of will he 



X = 



sind 



8in0 



Bin^e-A)' ^ sin (9- J?)' 



sinifr 



sin(^-C) 



Similarly, if ir— 0, ir — ^, ir— ^ denote the angles in question for an 
internal point O, then the isogonal coordinates of with reference 
to ABO will be 



X = 



sin 6 



sin0 



8in(d+^)' ^ sin(^+^)' 



and z = 



__ sin\^ 



sin (iH- 0) 



In all cases the angles 6, ^, ^ are the angles of the pedal triangle, 
with respect to ABO, of the following point, viz., the isogonal conju- 
gate of with reference to ABO. 

For example, the angles suhtended at the centre of the circumoirole 
of an acute-angled triangle ABO hy the sides BO, OA, AB are 2^1, 
2B, 20, so that = ir—2A, ^ = w2B, ^ = ir - 20 are the angles 
of the pedal triangle of the orthocentre of ABO. The centre of the 
circumcircle and the orthocentre are, of course, isogonal conjugates. J 
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,0n a. Oroup. of .Triangles Inscribed in a Given Triangle ABO, 
whose sides are Parallel to Connectors of any Foint P with 
AiB, 0. By E. Tuckbe, M.A. Eeceived September, 1892. 
Read November 10th, 1892. Revised February, 1898. 

1. Let BEF be one of the in-triangles, having its sides BE, EF 
FD respectively parallel to BP, OP^ AP, and snppose 

BB=^paj GB=iqa, jp-f-g^^l. 

11 the trilinear coordinates of P are A, /i, y, the equations to 
BF, BE are 

= 0, 



a 




n 




7 


qc pb 


7 -f 


-/.O 




y 


\b c\ 


c a 




a 61 


a y 


qc pb 


-X 




-X V 




y 


b c 




c a 




a b 



= 0; 



«.e. 



aa (bpfji—cqy) -^-pbfiu — qcyu = 0, 

a (ci'+j9aX)-|-j96/3A— gcyX = 0. 

For shortness, write 

u = bfx-^-cy, V = cy + aX^ w = aX-^-bfi, 

u+«+ti; = 22i, aXu-^-bfiv-k-cyw = 22|. 

From the above equations, after reduction, we obtain the equation 
to JSrjPtobe 

— aa(cv+jpaX)(cJv— 6p/i)-|-|?6/Jt* (cv+jpaX)+ac5Xy (c^v— 6p/i) = 0, 

and this is parallel to a/i— /3\ = 0, 

i.e«i OP ; therefore 



cay\ bfAV 2| 
K 2 
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Writing for jp, q their values in the above eqnationB, we get the 
equations to BE, EF, FD to be 

wtoa + ahX^yfi — bX/jivy = ^ 

—Cfivica-^XwuP -^hcfJi^Xy = r (i)« 

cay^fia— avkufi + fiuvy ^0 J 

2. In a similar manner we find the equations to X^'JST, JETJ^, F'l/^ 
the sides of the other in-triang1e, to be 

ahfi^va -I- ywu0 — aXfiuy = ' 

— 6^vra-f-6cv'A/5-fXtitry = ' (ii.). 

fivwa — cvkwfi + caX^fiy = . 

3. From (i.), (ii.)» ^® can writ© the coordinates of the angular 
points 



D, 0, /Lcv, avX 

E, hXfi, 0, yw 

F, Xu, Cfiy, 



D\ 0, oXfi, vu? 

^', Xuy 0, fc/iV 

2^, cvX, fir, 



, (modulus 2,) ...(iii.)* 



4. If Xr, If, ^, are the orthogonal projections of P on BO, OA, AB^ 
we have 



, (modulus 2i) ...(iv.)« 



Lj 0, fi+XcosO, XcosB-hF 

If, ficosC+X, 0, v-hfico8-4 

^, X+vcosJB, f cos -4 -I- /I, 

The equation to the circle LMN is 
2A 2 (a/iv) S (a/3y) = 2(aa)2 {X6c. f+M cos-4.f4 + voos-4.a}...(v.). 

5. From (iii.)f w© obtain 

DB' =^BIf^BB = a {cvw-^cayX)!!,^ = ahcfxyj^^ = ^^ (vi.), 

FF =s D'JE? = abcXn/i^, 

and i>^=:a6c{S(XV')+2V(^cos-4+/icos5— voos(7)}VS,. 

Hence the perimeter of the hexagon 

BVEFTFr = 2aht S (A/i)/2,. 

When P is the in-centre, this hexagon is equilateral, each side 
= a6c/S {ah). Gf. Educational Times, October, 1892, Quest. 11706. 
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6. From (i.) and (ii.)^ we see that BE^ UF' intersect in 

/3 y avw jn / " \ 

•^ = -^ = - , ', I.e., on -aP (▼»•)! 

fi y oc\fiv 

and EF^ E'F' in a^ (say), given by 

hfi ^ cy hcfiya 



henoe ^o,, B\^ Oo^y where &i, e^, are analogous points to a,, oointerseot 

' ' *' aAi\u = 6/5/t; = cy/w (viii.). 

. If P is the orthocentre, V is the circnmcentre ; 

„ circnmcentre, „ nine-point centre; 

„ symmedian point, „ isotomio of the inverse of 

the centre of the Brocard 
ellipse ; 

and if P' is the symmedian point, then P is the point 

a'a sec A = 6'/3 sec B = c*y sec G, 

If P ijB the centroid, P' evidently coincides with P. In the case of 
P being one of the cosiDO-orthocentres (see Messenger of MathemaHes, 
No. 199, p. 100), P* is on <r,G, or on <r,G. 

1. The equation to PP* is 

aa (6/1— cr) -}-... + ... = (i*0> 

which evidently passes through the centroid ((7), and, further, 

divides PP' so that 

PQ = 2FG. 

8. The equations to BE\ OF are 

• • - ■ ' 

a/\u = y/hfiy, a/\u = i^/cy/x ; 
hence they intersect on the median through A (x.). 

9. Again, the equations to BE, GF' are 

albfik = y/vtr, ajcvX = fijiiv ; 

hence, if these intersect in a,, GF, AJf in 6,, AB, BE" in C|, then 
Ac^, jB6„ (7c, cointersect in Pj, given by 

a/a\'t* = j3/6/i'i? = y/cv't(; (xi.)i 

which is a point on PP'. 
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10. If a\ b\ tf eare the lengths of the sides of LMNf ire have 

a* = /i'+v'+2/ivcoB4i 
5'« = i^+V+2vXcos5, 
c* =X'+A*"+2X/xco8a. 

Now BD = ca'Xv/S,, BF «= coXu/S, ; 

hence DJ?* = a'6VX' (a*' +f^ + 2^v cos -4)/2j, 

and therefore- DJ?* «= afecXa'/S, = IX^'j 

JD^ = afcc^y/S, = JET^ V (xu.). 

EF^ahevc/li^ = IT^J 

The triangle DO^ = A . aVX/jfv/%\ ; 

hence 

triangle LEF = A J i _ «^ (V)' t;+&A^ (cQ'ti^-f-cv (aX)« ti ) 

= AaftcX/iFSi/Sl = AiyET (xiiL). 

11. The equations to DE\ UF respectively are 

bu*vva-{-av\^u3^\fAUvy = 0") ^ • * 

[ («▼.); 

cv^fiwa—yXumfi-^dK^fxuy = J 

these intersect in P^, i.e., 

a/Xu = (i/fiv = y/vtr, (modulus 22j). 

This point is obviously the centre of perspective of the pair of tri- 
angles, and also the centre of the conic through their six vertices. 

If P is the circumcentre, P" is the point a cos A cos (B—0)^ ,.,, ... ; 

orthooenti*e, „ symmedian point ; 

symmedian point, „ centre of the Brocard ellipse ; 

oentroid, „ centroid ; 

in-centre, „ point 6 -He, c -Ha, a +6. 

12. The equations to PP^' and P^P' respectively are 
and (uivto 



>> 



»» 



19 



«> 



:va (6/4— cv) + ... + ...= 01 . . 

vw (6fi— cv) + ... + ...= J 
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13. If g, g' are the oentroids of BEF^ IfBF^ their coordinates 
determined bj 



and 



\ (cy+t*), fi (aX+t?), V (6fi+ti?) 



, (modulus 3Ss)...(xvi.); 



hence P'' is the mid-point of gg^ ; it is also the oentroid of the hexagon, 
and is further the centre of the in-ellipse, teaching at the points 
where AP^ BP, OP meet the sides. 

14. The conic abont the hexagon has for its equation 



Xl:<) = 



{'- 



t\t 



\\*t*/ ahcXfiy I vw ) 

This is a circle when P is the orthocentre, and P" therefore the 
symmedian point ; in fact, the in-triangles are then the " cosine "- 
triangles, and the circle the '^ cosine "-circle. We hence obtain the 
equation to this circle under the form 

S (hccoBA.a*) = S (6c+a' cos B cos G) /8y. 

15. The D-symmedian line of DEF cuts EF in 

Xfji*uh'^ + XVa", c/*V6'*, yX*wa'* ; 

hence its equation is 

ya [cafjfyh'^-X.vwa'^] -okA/? (/tft»6'» + 6W) +/*yt7 (fiul/* + h\*a'*) = ; 

and hence to that through E is 

yaw (Kt;c''+C|U»6'»)+A/3 (aftv'Xc''— /luwt'') -6X/iy (KVc'^+CfiV) = 0. 

From these two equations we get the symmedian point of DEF to 
be given by 

yg X^ fiy 



and of ir J^'P' by 



A^a — _ 



yuc 



-F^x^ 



• •• ^^ ••• 



(xviii.). 



16. To find the orthocentre of BEF, we note that the perpendicular 
from B on EF is also perpendicular to GP ; therefore its equation is 

(y\w — /i' cos Bv + ^V* 008 -4) a + (/i -f X cos 0) ay\(i 

— (/i+XoosO)|it?y = 0; 
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and to the perpendicalar from ^ on PD is 

— (v+fi cos A) vwa-^(K^u — v*coaGw'\'yhfi* cos B) 

' + (v + fi COS A) hXfiy = 0, 
whence, after redactions, the coordinates of the orthocentre (JS|) are 
a ^ (fA+\ cos G) [ A^i -i- rX cos A +fiv cos J?— i'* cos O] 
/3^ C^'+M 008-4) [/If— X'cos-^+X/ioosB+yXcos (/] 
y^ (X + KCos-S) [vX+A/icos-4— /i'cosj5+/ivcos(7] 

(modnlns ^IPjuvw) (xiz.). 

In like manner, the coordinates of orthocentre (j5,) of UITF are 
a = (v+Xco8j5)[i'X+X/iOos-4+/ii'COS 0— fi*cosj5] 



/3= ... 



y = 



...(xx.), 



with the same modnlns as before. From these values we find P^ to 
be the mid-point of H^H^. 

17. The perpendicttlar from P" on EF (multiplied by EF) 

whence we obtain (xiii.) in another way. 

18. If 2?i, jpj, pg ; p{, p'ly pi are the perpendiculars from P on EFj 
FDy BE, and EF, F^I/, D'E* respectively, we have 

19. The equation to the circle DEF is 

Sj.Sj.S (a/3y) = 2 (aa) 2 [fJtycw (oXbV — a'vv + cwr) a] ^ 

and to D'E'F is [ ... (^oi.). 

Sj.Sj.S (a/Jy) = 2 (aa) 2 [/iy6t?(oXc'fi— a^Vw^ + ^mw) a}-' 



20. If e, /, are the mid-points of D'F, J)E respectively, they are 

given by 

cvX, fjt(ak+v),. vw ; />/iX, /iv, v(aX-hu7); 
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whence Be\ Cf intersect in 

hcX cv 



—-, i.e., on AP' 
bw 



(xxii.). 



21. The circles ODE, AEF, BDF have for their equatiojQS 

S (oj3y) = S (a€iXbytoa+a*\yfi) fl^ (a) ^ 

5 (a/3y) = S (aa)(cXti/3+6VXy)/S„ (6) ■ (xxiii.). 

5 (a/3y) :=z:S,(aa) (a/iry + cV/ia) / S„ (c) , 

The radical axes of (a) and (b), and of (h) and (c) are 

brwa-h^ (a^y^cu)0—V\fjiy = 0, 

— c^/iva+cXti/3+fi(6'X— or) y = ; 

hence the radical centre of the three circles is 

bva /J^2ab\y cos A + hfiv + y* (c^—a*)'^ =... = ... . 

Whence, if P is the orthocentre, the radical centre is the negative 
Brocard point,- -and- if P is this Brocard poiut, then the circles pass 
through the circnmcentre. 

In like manner, the circle 01/ W has its equation 

S (a/3y) = S (aa) {b^fjiya + aw/3) / S„ 

and the radical centre of the three analogous circles is 

CfM /^2ca\fJi COB A +cno^fA^ (o*— 6')] = ... = .... 

Whence, if P is the orthocentre, then the radical centre is the positive 
Brocard point*, und if P is this point, then the three circles pass 
through the circnmcentre. 

22. The radical axis of ODE, BB'F is 

\a=,i/J; 

therefore this' radical axes of these and the analogous circles meet in 

u\ = /3/* = yv. 
f .e., in the inverse of P. 

23. Since the sides of BEF are parallel to AP, BP, OP, we have 

cotD=: (fji y — X^ C08 A -^-XfJi con B-^y\coa 0)/XD'\ 

pot ^ = (•'X -h \;« cos -4— ft' cos B-\-fiv cos 0)/fJtD V ...(xxiv.), 

cot F = (\f4 -h y\ cos A.^fiy cos B— y* cos 0)1 yB j 
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where D^XsinA+fABinB+vainO; 

)ience cot (Brocaord angle) == S (XV) + X/ivS (X cos A)f\fjLyD. 

The same resnlt, of course, holds for IXET^. Compare (zziv.) 
with (xiz.)* 

Again, DB . DF : AP.BP= 2Aa6V*Si : X i 

therefore DE.EF.FD : AP.BP.GP = 2Aa6cX|iirSi>/2ASi ; Sj. 

If p is the circnm-radins of DBF (Ai), then, since 

DE.EF.FD=:4pH^, 
we have AP . BP. OP = pl^\ by (xiii.). 

[24. The parallels to AB,BG, GA through A B, F respectively, are 

a'vXa -f otvXjS— 6^t7y = ' 

—evwa + b^X/Jifi + hcXfAy = - (^^^^0* 

ca^i'a — oXti/J-f c*fiyy = 0, 

These cointersect in Q, (&X/i, c/ii", ay\) •••..(xxvi.). 

In like manner, the parallel through D^ to GA is 

a'X/ia — ci'WjS + caX/iy = ; 

and this and the analogous lines for E\ F* intersect in Q\ 

(^cy\, oX/i, &/iy) • ••..(xzyii.). 

QQl passes through P^, and is bisected by it. 



25. The equations to BF', ED' are 



afjiva-^cayXfi-^CfJtvy = 
aywa -h bywfi — o6X^y 



::} 



(xxyiii.)* 



which intersect in /?//*« = y/vw, i.e., on AP\ 



26. We collect a few results of interest. 



DB, B^K intersect on GP" ; 
OF, BE' „ AQ', 



DF, E'r on GP ; 
OF, j5Jg? on ^P, (§ 9) ; 



DJB, l/F 



n 



AP. 



1892,] Triangles Inscribed in a Given Triangle. 



139 



OF^, FP intersect DEinWao that 

JDW : WE = Eir : EO^ 
and OF^ meets AB in L\ so that 

AL' : BV = u: v. 
Again, FP" cuts DE in B, DE : E^ 

(7P cuts FD in E', 

PP' cuts FD in E", 

j5P cuts DF in Ej, 

and BE cuts DP in £,, 



BR '.SF 
DR' : E"F 
DB^ : EiF 
BB^ : E,P 



= V 






cv : u;; 
oX : u; 
aX(fi : wu. 



27. If (tti, /J„ yO, (a,, /3„ y,), (a„ /3„ y,), (a^, /J4, yj are (for the 
moment) the coordinates of P, P', P', (7, then 

hence, if (1, 2) are inverse points, so also are (3, 4). 

28. If P, is the isotomic conjugate of P, i.e. (ftv/a*, vX/6*, A/i/<^)> 
then P,P is parallel to FF\ and P''(? = \P'Fr 

29. EQ: FQ: BQ = fjLy :y\:XfjL = rQ' : I/Q' : .ETQ' ; 

hence, if P is the in-centre of ABO, Q, Qf are the circumcentres of 
DBF, VFtF* respectively. 

30. Lines through A, B, parallel to BP, CP, AP are given by 

hyfi+vy =0^ 

cky+wa = r (xxiz.); 

afia-hufi = Oj 

these intersect in <»', h\ c\ given by 

(6cXv, vw, —6 vie;), (— cXt*, ca/iX, tm*), (t*t?, '^afiv, ahfJiy), 

and P' is the cenfcre of perspective of ABC, a'Vc\ Similarly the 
parallel through A to CP is given by 

wfi'\'CfJLy = 0, 

and the three corresponding lines intersect in a'\ h", c'^f i.e. 

(wu, cafjLy, — awr), (— 6Xtt, uv, obvX), (bcX|i^ — t\fcJ«^ twr^% 
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31. The (nrole ADiy has for its eqaation 



32. We now proceed to examine a few cases of envelopes of some 
of the prominent lines in the figare for different loci of P. 



iM 



l£ 



oi 



Let P lie on the line pX+qfi-hry =^ 

From (i.), the equation to DE is 

KVti^ + ahX^yft — 6X/it;y = 0. 



(A). 



Eliminating /i between this equation and (A), we have 
•^ [— 6cra] +V'A. [(wig— 6cp— o6r) a-hhcry^ 
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Comparing this with the cubic in Salmon's Higher Plane Curves 
(1873, p. 66), and accentuating the letters in the text-book, we have 

a' = — bcra, 

36' = (caq—hcp^abr) a + bcry, 
3c' = (a'j— a6p) a-hqabp+^bep + abr) y, 

d! =: abpy. 

Then the equation of the envelope of DE is found by putting the 
above valnes in 

a'«(i'*+4a'c^-f 46V- 6a'6Vd'-36'»c'« = 0. 
This shows that the envelope is in general a qnartic curve. 

33. If the locus of P is a straight line passing through an angular 
point, we have three cases to consider. 

(1) r = : the envelope reduces to 

46'i' = 3(/*, 
i,e. 4iabcp (aq — 6p) ay = [ a (aq — bp) a + qahfi + 6cpy ] *. 

This is a parabola touching AB and BC, and having 

a {aq - bp) a-j-abqfi + bcpy = 
for the chord of contact. 

(2) p = : the envelope is 4aV = 36", 

%.e, 4 (— a6cra)(a5a + 6gii3 + 6ry) = [(cci^— o6r) a + 6cry]*, 

i,e, the parabola 

^aa (cg+6r) + 6cry]*-f 4a6*C5ra/3 = 0. 

(3) g = : in this case 

a' = — bcra, , 

36' = — 6 (cp + ar) a -f 6cry , 
3c' = — abpa + 6 (cp-f ar) y, 

d! = o6py. 

34. Let P lie on the conic 

jj/iv + gyX+rXfJi =0 V^- 



142 Mr. R. Tucker on a Oraup of [Nbv. 10, 

Taking the same line (DE) as before, we have to eliminaie ft (say) 
between (i.) and (B). The result is 

•^ [c (op— 65) a] ^I'X ^{car-^d^p—abq) a-j-abpfi+hcqy^ 

+X* [aVa-Kair/J + a&gry] = 0. 
The envelope therefore is 

^aa (ap — hq+or)+abp(i'\-hcqyY = 4caa(ap— 6g)(oro+6ri34-6gy), 

t.6«, if \' =:: ap — hq—cr, 

{(ia\' — a&pjS — hcqyy -h 4a&a/3 (op — 5^ . op — cr) =s 0, 

Hence a = 0, j3 =;0 are tangents to the conic, and 

coX'— a6pj3— 6cgy = 
the chord of contact. 

85, If op = 6gr = cr, and the conic (B) therefore the minirnxun 
oironm-ellipse, the lines DE^ &c. become the line at infinity. 

86. If (B) is the circumcircle, then the envelope is the parabola 
43*0' cos' Aa* + a*/? -h 6 Vy* + 4iah€f cos Ay a + 2a'2>c/5y 

4-4ca (6c— a* cos <4) a/J = 0. 
This equation can be written under the form 

(2accos-4a— a'^ + 6cy)'+4a6c/3 (ay+ca) = 0; 
hence /3 = 0, oy+ca = 

are tangents, and 2ac cos ^a — a'/3 + 6cy = 
represents the chord of contact. 

* 

[37. The equation to DE* is 

hfA^yva+a\^yufi—\fAuvy = (0). 

If the locus of P is pX+jfi+rv = 0, 

eliminating v between these two equations, we get 

A** [^^^] +f«'X [26cpga— c'g'y— aftjra-hftcgry] 
+ /**X* [ hcp*a + ca^/3 - 2pgc*y — r {pafea + qabfi — (cog + 6cp) y } — r*a6y ] 
+/iX* [2capg/3— c*pV— a2wy/J— copry] -f X* [cap*/?] = 0. 

If we take p = 0, or 9 = 0, this equation reduces to a quadratic, 
and the envelope can be .readily found. 
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88. The parabola tlirough DFACia 

the axis being parallel to the median throogh B^ 

39. If P moves in the straight line 

pa+qfi-hry = (L), 

then P* moves in the parallel straight line 

aa (—j»Z)c-|-5'ca+ra6) + ..• + ... = 0. 

Hence, if P moves along a side of the triangle ABC^ P* moves along a 
parallel which bisects the perpendicular from the opposite angle on 
to that side. And, if P moves on the conic 

pliy-i-qya+rali = 0, 
then P' moves on the conic 

SaV (-pa + gb+rc) = 2abc% {pfiy) (D). 

If the primitive loons is the oircnmcirole, then (D) becomes 

S (aa* cos -4) = S (a/3y), 
i.e. the nine-point circle. 

If it is the minimum circnm-ellipse, then the locns of P' is the maxi- 
mum in-ellipse. 

. 40. If the locus of P is (L), then the loci of Q, Q' are respectively 

brfiy-^cpya-^-aqaP = 

and cg/Jy+arya + 5pa/J = 0. 

The discussion of these and similar results we leave to the reader.] 
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Thursday. February 9th, 1898. 
A. B. KEMPE, Esq., F.R.S., President, in the Chair. 

The following papers were read : — 

The Harmonics of a Ring : Mr. W. D. Niven. 
The Group of Thirty Cnbes composed by Six differently 
colonred Squares : Major MaoMahon. 

The following presents were made to the Library :-— 

^'Beiblatter zu den Annalen der Physik und Chemie,'* Band xn., Sttlok 12; 
Band xvu., Stiick 1. 

*< Memoirs and Proceedings of the Manchester Literary and Fhilosophioal 
Soaety/' Vol. vi., 4th Series. — ** James Prescott Jonle," by Osborne Beynolda. 
• ** Proceedings- of the Royal Society," Vol. liIj No. 317. 

"Proceedings of the Royal Irish Academy," Vol. ii., No. 3, 3rd Series; 
December, 1892. 

Camithers, G. T.— '< The Cause of Ghravity," Svo ; Inyemess, 1892. 

** Memoirs of the Mathematical Section of the Russian Society of Natoralists," 
Vol. xiv. ; Odessa, 1892. 

** The Nautical Almanac for 1896.'* 

** Nyt Tidsskrift for Mathematik," A. 2i*> Aargang, Nos. 7, 8 ; Copenhagen. 

'* Nyt Tidsskrift for Mathematik," B. 3^® Aargang, No. 4 ; Copenhagen. 

** Bulletin of the New York Mathematical Society," Vol. n., No. 4. 

** Bulletin des Sciences Math^matiques," 2"^ Sdrie, Tome xn.; December, 1892. 

*< Transactions of the Canadian Institute," Vol. in., Parti., No. 6; Toronto, 
December, 1892. 

** Rendiconti del Circolo Matematioo di Palermo," TomoTi., Fasc. 6 ; November- 
December, 1892. 

*<Atti deUa Reale Accademia dei lincei — Rendiconti," Vol. i., Fasc. 12, 
2^ Semestre e Indice ; Roma, 1892. 

'* Atti della Reale Accademia dei Lincei — Memorie," Vol. ti. ; Roma, 1890. 

<< Educational Times," February, 1893. 

*< Annali di Matematica," Tomo xx., Fasc. 4 ; Milano, 1893. 

*' Journal fiir die reine und angewandte Mathematik," Band cxi.. Heft 1 ; 
Berlin. 

'* Rendiconto dell' Accademia delle Sdenze Fisiche e Matematiche," Serie 2, 
Vol. VI., Fasc. 7-12; Napoli, 1892. 

« Indian Engineering," Vol. xn., Nos. 26, 27 ; Vol. xni., Nos. 1, 2. 

« Washington Naval Observations for 1888," Washington, 1892. 

** On Coaxal Systems of Circles," by R. Lachlan, M.A. (extracted from Quarterly 
Journal ofFure and Applied Mathemaiict, No. 102, 1892). From the author. 
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On the Thirty Cubes that can be constructed with Six differently 
Coloured Squares. By Major P. A. MacMahon, B.A., F.R.S. 
Read February 9th, 1893. Received March 21st, 1893. 

1. It has been long known that the number of rotations which 
bring a regular solid into coincidence with itself is equal to twice 
the nnmber of its edges. If, then, a polyhedron possess F faces, and 
E edges, it is seen that 

El 
2E 

different polyhedra may be made by numbering or colouring the faces 
differently. Thus 

Faces. Edges. Number. 
Tetrahedron 4 6 2 

Cube 6 12 30 

Octahedron 8 12 1680 

12' 
Dodecahedron 12 30 7—^ 

60 

20' 
Icosahedron 20 30 -— ^ 

dO 

2. Coming now to the case of the cube, observe that we have found 
that thirty different cubes may be obtained by numbering the faces 
with the numbers 1, 2, 3, 4, 5, 6. 

Choosing from these a particular cube, say 

3 

2 14 

o 

where it is to be understood that 6 is on the face opposite to the 
face 1 (the face 1 being uppermost), and the remaining numbers are 
on the remaining (vertical) faces in the circular order shown, observe 
that this cube remains unaltered for a group of 

^ = 24 substitutions, 

and that a priori the order of the group is equal to the number of 
VOL. XXIV. — NO. 459. L 
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1; (2543); 


(24) (35) 


(23)(45)(16) 


(2345) ; 


, (24) (16) 


(25)(34)(16) 


(3156); 


; (35)(16) 


(24)(36)(16) 


(3651) ; 




(24)(13)(56) 


(2146) ; 




(26)(35)(14) 


(2641) 




(21)(35)(46) 



rotations of the cabe. The group is 

(263) (154) 

(215) (463) 

(213) (546) 

(265) (413) 

(256) (143) 

(236) (145) 

(231) (456) 

(251)(436) 

and it is singly ti*ansitive and imprimitive. It is farther holohedri* 
call J isomorphoDs with the group of twenty-four permutations of the 
four diagonals of the cube. 

Exchanging the numbers upon any two opposite faces of the cube 
we obtain a different cube, which remains unaltered by the same 
substitutions, and which therefore belongs to the same group as the 
former cube. These two cubes, whose, pairs of opposite faces are 
marked with the same numbers, which belong to the same group of 
substitutions, it is convenient to designate " associated cubes." 

The thirty cubes arc thus separated into fifteen pairs of associated 
cubes. . . 



Denote the cubes as follows : — 



' 3 
2 14 
5 



A' 



B 



O 



3 

1 24 
5 

1 

2 34 

O 

3 

24 1 

o 



D' 



5 

2 14 

3 

o 

1 24 
3 



B 



3 
2 1 5 

4 



B' 



E 



G' 



r 



M 



3 
2 54 

1 



M' 



5 

234 

1 

5 

241 

3 

1 

254 

3 



H 



3 

1 25 
4 

1 
235 

4 



E' 



K 



4 

215 

3 

4 

125 

3 

4 

235 

1 



G 



4 

2 13 
5 



0' 



F 



K 



3 

245 
1 



K' 



1 

2 4 5 
3 



A N 



3 

251 
4 



A^ 



Tf 



4 

25 1 

3 







4 

I 23 

5 

' 4 
23 1 
5 

' 1 
243 
5 

4 

253 
1 



r 



r 



r 



5 

2 1 3 

4 

5 

123 

4 

5 
231 

4 

5 

243 

1 



0' 



1 

253 
4 



where A^ A' are an associated pair, and so on. 
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The two cubes A, A' have the opposites 

1-6 
2-4 
3-5; 

rejecting all the cubes which have any pair of these opposites, we 
are left with the following sixteen, viz. : — 

E, F, H, I, K, L, N, 0, 

E\ r, W, r, K\ L\ N\ 0' ; 

these sixteen may be further divided into two sets, of eight cubes 
each, which possess a very remarkable and elegant property. 

We have : First set K L F* E' E' 0' I N, 

Second set F E K' L' T N' E 0. 

In regard to the first set, 1 say that they are connected with the cube 
A in the following manner : — 

It is possible to form the eight cubes of the set into a single cube 
in such wise that contiguous faces of the cubes are similarly num- 
bered, and also so that the resulting large cube has four identical 
numbers exhibited on each face, and from its numbering is iden- 
tifiable with the cube A, 

There are two, and only two solutions, which I exhibit by writing 
first the lower layer of cubes and beneath it the top layer. 

First Solution. 
Lower layer. 



K r 




3 

2 4 5 

1 


3 
5 2 4 

1 


L E' 


or 


1 
2 4 3 

5 


1 

3 2 4 

5 


E' I 


Upper lay 


er. 

3 

2 1 5 

6 


3 

5 14 

6 


0' N 


or 

l2 


6 

2 13 

5 


6 

3 1 4 

5 
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Second Solution. 
Lower Layer, 



I w 



or 



3 

2 5 1 

4 

4 

2 3 1 

5 



3 

15 4 

2 

2 

1 3 4 

5 



Upper layer. 



B" L 

r K 



or 



3 

2 1 6 
4 

4 

2 16 

5 



3 

6 14 

2 

2 

6 14 
5 



The second set of eight cabes is similarly connected with the 
. cube A\ 

For the examination of this property it is convenient to make a 
few simple definitions. 

1 speak of the cube A as containing each of the eight cubes 

K, L, F, E\ JT, 0\ I N. 




I call the cubes K and N (see figure) diagonally opposite with 
respect to the cube A. So also the pairs L, I; F'^ 0' \ E\ R' are 
diagonally opposite with respect to the same cube. 

The cubes L^W^ H* 1 speak of as being adjacent to K with respect 
to A ; and of the cubes E\ J, 0' as being diametrically opposite to K 
with respect to A. 

It will be evident, as regards the location of the cubes, that in the 
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example given the second solntion is derivable from the first by 
interchanging the cnbes in each diagonally opposite pair. 

Associated with a cube having numbered faces is an octahedron 
having numbered summits, formed by joining the middle point of 
each face with the middle points of the four faces which have with 
it one edge in common. 

Thus the cube A yields the octahedron 




which may be supposed on a horizontal plane with the diagonal 
16 vertical. We have eight octahedral faces having a one-to-one 
correspondence with the eight summits of the cube. The face 514 
corresponds to that summit of the cube which is the point of inter- 
section of the faces numbered 5, 1, 4 ; the opposite face 236 of the 
octahedron corresponds to the cifbe summit determined by the inter- 
section of the faces 2, 3, 6, which is diagonally opposite to the former 
summit. The latter summit is the cube-summit opposite to the 
face 514 of the octahedron. 

Denote the eight summits of the cube A as below. 



023; 



03^ ) 
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The problem is to properly place the eight octahedra contained 
by the octahedron A at the eight summits of this cube. 

For the sammit (*236), take the octahedral face 145, which corre- 
sponds with the diagonally opposite summit 145, and, regarding the 
octahedron from an external point, perform the connter-clock-wise 
substitution (514). The resulting octahedron is to be placed without 
rotation at the cube summit 236. Similarly, for the sammit 346, 
we perform the clock- wise substitution (512), and place the resulting 
octahedron without rotation at the summit 346. Proceeding in this 
way, employing the counter-clock- wise substitution in the cases of 
those summits which are diametrically opposite to that summit first 
considered, and clock-wise substitutions for the remaining summits, 
we obtain the following result : — 

Lower layer. 
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Upper layer. 





ivhicb constitntes a solntion of the problem, and may be ideDtified 
witb the first solntion above given. This solution not only selects 
the proper eight cnbes, bat places them in their right places and with 
their right rotations. 

The second solntion is obtained by merely employing counter-clock- 
wise rotations of octahedral faces where clock-wise rotations are 
employed in the first solution, and vice versa. 

The corresponding substitutions are 

Lower layer. Upper layer, 

(145), (125), (645) = (123)S (625) = (143)', 

(143), (123), (643) = (125)', (623) = (145)'. 

If a particular cube of the eight be obtained from the containing 
cube by a circular substitution of the third order, the diagonally 
opposite cube is obtained by the square of the same substitution. 

The condition that a cube Y may be contained by a cube X is 
clearly that, on replacing them by octahedT^, Wv^ ^ o^\»'a5ci^^<sv:k.Tw^ 
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be obtainable from the X octahedron by a circalar substitution 
performed upon the summits which determine a triangnlar face. In 
other words," if the Y cube is obtainable from the X cube by a circular 
substitution performed upon the faces which determine a cube 
summit, the cube X contains the cube Y. 

Hence follows the reciprocal relation between the cubes, and we 
may say that if a cube X contain the cube Y, then also the cube Y 
contains the cube X* 

Before proceeding further, it will be convenient to present the 
whole of the thirty sets of eight cubes. 



A coniB,inB KLrE'H'O'IN, 



A' contains FEKXTN'HO, 



B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

L 

M 

N 





» 



>i 



»> 



»» 



>> 



11 



j> 



»> 



»t 



11 



>» 



>» 



»» 



>» 



MO'FD'&Lrj, 

H'GB'EKWJN', 

LKC'B'QMTN', 

O'MCA'HKir, 

O WA'B L J'N, 

CB'O'NFE'DJ, 

C'A'LJFM'EN, 

B'AED'K'MLO, 

B C E'F'H G M, 

GTACENDOy 

N'M'BAIFHD, 

JUDEIC'KB, 

AC'D'FGL'HK, 

A'B'JKffE'IF, 



B' 
G' 

jy 

E' 

r 

& 

b: 

T 

r 

K' 
L' 
M' 

N' 
0' 



>» 



ft 



»> 



i» 



It 



>» 



»> 



»» 



If 



>f 



)f 



ff 



ff 



ff 



F'D M'O ITG L\ 

DE'HG'XNK'M, 

CBL'K'ING'M', 

CAOMTJETK', 

AB'G'HJITL'O', 

ON'CBB'XFK, 

L'rCAE'N'FM, 

E'BBAL'&KM\ 

EFB'ffG'M'H'0\ 

A'G'GIB'O'E'N'y 

B'A'NMH'B'rr, 

B'E'J'LEB'rC, 

BrA'CWK'ffL, 

j'K'A B rrG E. 



In the cube 0\ J' and E, K' and G, A and F\ B and I' are 
diagonally opposite, respectively, and so on ; in every case letters 
symmetrically placed with regard to the extremities of the row of 
eight letters denote diagonally opposite cubes. 

In any set of cubes, any cube contains the cube diagonally opposite 
to it, bat no other cube of the set. For the cube in question can be 
seen, by inspection of the substitutions by which the cubes of the 
set are derived from the containing cube, to be the only cube of the 

* Obviously, also, if a cube X contain a cube T, the cube associated with X con- 
tains the cube associated with Y. 
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set derivable, by a rotation of an octahedral face, from the selected 
cube. 

Suppose cabes X and Y a diagonally opposite pair with respect to 
Zy and the cube X to be derived by a circular substitution (abc) 
from Z, Then the substitutions from Z are respectively 

X Y Z 

(abc) (abcy 1, 

and, performing the substitution (abc), we get 

X Y Z 
(abcy 1 (abc), 

and, again performing the substitution (abc), 

X Y Z 
1 (abc) (abc)*, 

results which establish that Z and X are a diagonally opposite pair 
with respect to Y, and further that Y and Z are a diagonally opposite 
pair with respect to X. 

Ex, gr., from the above table, we see that 

tT and E are diagonally opposite with regard to ffj 

O'andJ' „ „ E, 

E and 0' „ „ T. 

This law of reciprocity includes, of course, that previously established. 

If, in any set of eight cubes, the cubes W, X, Y be diametrically 
opposite to Z, it can be shown that the cube which is associated with 
Zy viz., Z', contains the three cubes W, X, Y, This is obvious on 
examination of any set of eight cubes as represented by octahedra. 
Transforming Z to Z\ it is found that Z can be transformed into TF", 
X, or Y, by a circular substitution of the third order performed upon 
some three summits which determine a face of the octahedron. 

Each set of eight cubes may be separated into two tetrads of cubes, 
the cubes in each tetrad being diametrically opposite. 

The property of a tetrad is that the cube associated with any cube 
of the tetrad contains the three other cubes of the tetrad. 

Altogether there are sixty tetrads. 

Any tetrad of cubes, together with the cube which contains them, 
farther constitute a pentad of cubes, which it is interesting to 
examine. 
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The cabe A contains the tetrad K^ JST, (X, I. 
The pentad is therefore 

A, K, K, a, I. 

It can be shown that, from the five cubes 

A, K, E, 0, I, 

and their associates A\ K\ E\ 0\ T, 

there can be formed altogether ten pentads. Since 

A contains K, E\ 0\ I, 

A, K' both contain E\ 0\ I, 

by the previous proposition. 

Therefore K contains A\ E\ 0\ I, 

giving the pentad K^ A\ E\ 0\ I; and so on. 
The ten pentads are 



^; 


K, W, 0\ I, 


K. 


A, E, 0, r, 


E'- 


; AK', 0, r, 


0'\ 


! A, K\ E, r. 


I; 


A, K', E, 0, 


A' 


; A', E, 0, r. 


K' 


; A', E\ 0', I, 


E 


; A', K, 0\ 7, 





; A\ E, E', I, 


r 


; A', IT, E', 0. 


A 


; K, E', 0\ I, 



The pentad 

shows that the cubes 

A^ K' each contain the three cubes E\ 0\ J, 

and that the cubes 

E\ 0\ I each contain the two cubes A, K' -, 

and, from the above ten pentads, we find that there are twenty pairs 
of cubes which contain three cabes in common, and twenty triads of 
cubes which contain two cubes in common. 
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There 


are 


fifty 


other pentads, viz^, 


ten each 


derived 


from 


the 


pcutfkaS 






^, 


; L, r. 


H' 


. N, 














B, 


; M, B', 


L, 


r. 














B; 


0\ F, 


0', 


J, 














C; 


W, E, 


M', 


J, 














G; 


0,D', 


K, 


N-. 









Altogether there are 120 pairs of cubes which contain three cubes 
-common to each pair, and 120 triads of cubes, the cubes of each triad 
-containing two cubes in common. 



Thursday, March 9th, 1893. 
A. B. BASSET, Esq., F.R.S., Vice-President, in the Chair. 

The following gentlemen were elected members : — F. W. Dyson, 
^.A., Fellow of Trinity College, Cambridge ; Jl P. Johnston, M.A. 
Dub., B.A. Cambridge; T. R. Lee, B.A., late Scholar of Pembroke 
-College, Cambridge ; and J. E. A. Steggall, M.A., Professor of 
Mathematics in University College, Dundee. 

Mr. T. J. Dewar exhibited twenty stereographs of the Regular 
•Solids, which were examined with the aid of a stereoscope. He was 
shown the diagrams furnished by the late Prof. Clerk-Maxwell to the 
second volome of the Proceedings. 

The following communications were made : — 

Note on the Stability of a Thin Rod loaded vertically : Mr. Love. 
On Complex Primes formed with the Fifth Roots of Unity : 

Prof. Tanner. 
On a Threefold Symmetry in the Elements of Heine*8 Series : 

Prof. L. J. Rogers. 
The Dioptrics of Gratings : Dr. J. Larmor. 

The following presents were received : — 

A Cabinet Likeness of Mr. Rhodes, presented by Mr. Rhodes. 

** Beiblatter zu den Annalen der Physik und Chemie,** Band xrii., Stiick 2. 
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<' Jotxraal of the Inttitate of Actuaries/' Vol. xxx., Pt. 4, No. 168. 

** Proceedings of the Ro3^ Society," Vol. lu., No. 318. 

*' Mathematical Questions and Solutions," edited by W. J. G. Biiller, Vol. lyiiu 

" Mittheilungen der Mathematischen G^esellschaft in Hamburg,*' Band ni., 
Heft 3 ; 1893. 

** Archives N^rlandaises des Sciences Ezactes et Natnrelles," Tome xxti.^ 
Livraisons 4, 5. 

'* Report of the Superintendent of the U. S. Naval Observatory " for the year 
ending 1892, June 30. 

'' Jahrbuch iiber die Fortachritte der Mathematik," Band xxii., Jahrgang^ 
1890, Heft 1. 

** Nieuw Archief voor Wiskunde," Deel xx., Stilk 1 ; Amsterdam, 1893. 

" Bulletin de la Soci^t^ Math^matique de France," Tome xx., Nos. 7 and 8. 

** Bulletin of the New York Mathematical Society," Vol. ii., No. 6. 

** Levensbericht van F. J. van den Berg en Lijst Zijner Geschriften," door 
D. B. de Haan ; Amsterdam, 1893. 

'* Bulletin des Sciences Math^matiques," Tome xvii. ; January, 1893. 

"Atti della Rdale Aocademia dei Lincei — ^Rendiconti," 5^ Serie, Vol. n., 
Faac. 1, 2, Sem. 1 ; Roma, 1893. 

*' Annales de la Faculte des Sciences de Toulouse," Tome vi., Pt. 4 ; 1892. 

^'Rendiconto dell' Accademia delle Scienze Fisiche e Matematiche," Serie 2^ 
Vol. VI., Fasc. 1 ; Napoli, 1893. 

*' Educational Times," March, 1893. 

'' Journal fur die reine und angewandte Mathematik," Bd. cxi.. Heft 2. 

'* Transactions of the Royal Irish Academy," Vol. xxx.. Parts 3 and 4. 

*' Indian Engineering," Vol. xin., Nos. 3, 4, 6, and Index to Vol. xn., Pt. 2. 



Note on the Stability of a Thin Elastic Rod. By A. B. H. Love. 

Read March 9th, 1893. 

1. The stability of a thin rod or colamn, vertical when unstrained^ 
and loaded at its upper end, was first investigated by Enler in 1757. 
He showed that when the load exceeds a certain limit, the rod will 
be beut under its own weight, and he found the limiting load under 
which the central line of the rod can take up a form differing very 
little from the straight form, and crossing its initial position a given 
number of times. When the load is greater than that needed to 
produce Qexnre, and less than that needed to make the central line 
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cross its initial position anywhere except at ends of the rod, the 
•central Udo will take up a form of finite carvatnre which must be one 
of the curves of the Elastica family, and the like conclusion will hold 
good for all loads which are not precisely those under which the rod 
<san.remain indefinitely close to its unstrained position, and indefinitely 
little bent. This was pointed out by Lamarle in 1846, but 1 am not 
acquainted with any general investigation of the stability of the elas- 
tica, nor in particular of those forms of it which are ind^nitely nearly 
straight, and have a given number of inflexions. In the present note 
I propose to treat the case where the lower end of the rod is fixed in 
position, and the tangent to the central line there is vertical, while 
the upper end is loaded, reserving the other cases of the problem of 
the stability of the elastica for another occasion. 



2. The equation determining the form of the elastic central line of 
a naturally straight rod, which is bent in a principal plane by forces 
and couples applied at its ends alone, can be written down at once, by 
KirchhofiTs theorem of the Kinetic Analogue^ in the form 

JB^-|-JBsin0 = O, 
els' 

where B is the flexural rigidity for bending in the plane in question, 
R the force applied at either end, s the length of the arc measured 
from a fixed point, and ^ the angle the tangent to the elastic central 
line at any point makes with the line of action of B. 

We have to consider in particular the case where the rod is held 
bent by force applied at an end without couple. In this case the 
flexural couple — JB d(f*/ds can vanish, and we can write down a first 
integral of the above equation in the form 

isf^y = B(co3<t^-cosa) (1), 

where a is the angle which the tangent to the elastic central line at 
the end where R is applied makes with the line of action of B. 

Taking now the end at which R is applied as origin, and the line 
of action of R as axis of x, the form can be expressed completely in 
terms of elliptic functions of an argument t«, and a modulus k, given 

by 

u = $^{B/B), fc = 8in^a <>?^. 
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With these specifioations, we have 

X = ^J^ {Esm(u-\-K)-EBmK} 






y = -^2kJ^on(u'\'K) 



(3), 



where 



^am 



u = I dn' udu, 



and K is the real quarter period of the elliptic f anctions. 
This is the form given by Hess, Math, Ann,, xxv., 1885. 

The points in which the cnrve cuts the line of action of B are 
inflexions on the carve. 

The parts of the curve between any two consecative inflexions are 
exactly equal and similar, and successive pai-ts of this kind lie on 
opposite sides of the line of action of 22. These parts will be called 
hays. 

The tangent at the middle point of any bay is parallel to the line 
of action of B. 

The length of the arc of any bay is 2K^/{B/B), and the distance 
between consecutive inflexions is 2 (2E — K) y/(B/B),* This distance 
vanishes when a ^ 129*3° approximately. For greater values of a 
the force appears to act as a tension pulling out the rod, while for 
less valaes it acts as a thrust. When a has the value above stated 
the curve fonns a figure of eight, or a part of such a figure, or several 
such parts lying one over another. 

The figures are well known. They may be inspected in Thomson 
and Tait*s Natural Philosophy, Part ii., p. 148. 

3. I consider now the special case where the rod is built-in 
vertically at one extremity, and a weight B is attached at the other 
extremity, the weight being sufficiently great to produce flexure. 
The curve may (if B is great enough) form a single half bay of an 
elastica, or an odd integral number of half bays; in other words, there 
may be one or more (n-fl) inflexions. Since the length of a half 
bay is Ky/^BjB), and since K is never less than \n, the length of the 
rod must exceed \ir y/{B/B). In order that a form with (»-|-l) in- 
flexions may be possible, the length of the rod must exceed 
i (2n-h 1) n y/(BJB), If the rod is of length iir^(B/B), the form of 



* Here, and in what follows, £ is written for E am K. 
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its elastic central line is a curve of sines of indefinitely small ampli- 
tade, and the built-in end is at a middle point of one wave between 
two inflexions, while the loaded end is at the next inflexion. If the 
rod is of length Z, such that 

firy(2?/jK) > I > iirv/(B/jB), 

the curve of the elastic central line is a single half bay of one curve 
of the elastica family. When I ^ ^iry/{B/B), two forms are possible. 
One is a single half bay of a carve of the elastica family, and the 
other consists of three quarters of a complete wave of a curve of sines 
of indefinitely small amplitude, starting at a point midway between 
two inflexions, and ending at the next inflexion bnt one. When 

^T^{B/B) >l > firv/(B/i2), 

two forms are possible, of which one is a single half bay, and the 
other three half bays of two different carves of the elastica family. 
More generally, when 

Z = i(2n-hl)7ry(JB/iiJ), 

n-hl forms are possible, of which n are curves of the elastica family, 
having respectively 1, 2, ... n inflexions, and forming respectively 
1, 8, ... 2)»~1 half bays, and the remaining one is a curve of sines of 
indefinitely small amplitade having n + l inflexions. Also when 

(2n-h3) Wy/(B/B) >l>^ (2n-|-l) ir^iBjB), 

n + 1 forms are possible, which respectively consist of 1, 3, ... 2n-|-l 
half bays of different carves of the elastica family. 

4. To investigate the stability of the different forms it is necessary 
to form an expression for the potential energy in any configaration 
of equilibrium, and to compare the values of this expression in 
different configurations of equilibrium. The potential energy depends 
partly on the position of the weight R above or below the point of 
support, and partly on the curvature of the elastic central line of 
the rod. 

In any configuration of equilibriuni let h be the height of the loaded 
end above the point of support ; then we may take the potential 
energy due to the raised weight to be Rh. Also the potential energy 
of strain in the bent rod is 

\B 1 (^Y^- = I^ f (cos ^-cos a) ds 

= R (^ — ?cosa). 
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since, in the notation of § 2, 

dx/ds = cos ^, 

and h is the extreme valae of x. Hence the total potential energy 
of the system in any configuration is 

E(2^-Zco8a) : (4). 

Since the height of the next iaflexion above the point of support is 
always obtained from the valae of x in equations (3), by putting 
u = KyWe find that, when there are 2r+l half bays, 

A=(2r + l)^'| (2E-K) (5), 

where E is written for E am K, 

5. We shall now show* that, whenever more than one form is 
possible with the same length and load, the energy in the configura- 
tion with a given number of inflexions is greater than that in any 
configuration with a smaller number of inflexions. 

In the form with r-\-l inflexions, forming 2r-|-l half bays, let k^ be 
the modulus, and E^, K^, a^ thvi quantities that correspond to E, Ky a; 
and in the form with 5-fl inflexions, forming 25-1-1 half bays, let 
k^, E^y Kj, a, be corresponding quantities. 

The condition that the length is the same is 

(2r-hl)Xi = (2s-hl)K,. 

The energy in the form with r+1 inflexions is less or greater than 
that in the form with s-^l inflexions according as 

(2r-|-l)(4jE;-2^i-JSriCosai) < (25-1-1) (4^, -2^,-2^5 cos a,), 
i.e., as (2r-hlK4JS,-3K,-h2KX) > (28-^l){4>E,-SK,-h2K,ki)> 



».6.« as 



(2r+l) ^ik?(^K, + lc,^)+2K,k\j 

< (2*+l) [4*," (^+hlf) +2K,k]], 

* In the course of the work we use the equations 

if.*^(ir.*f)andl(**'=f).*r. 

for which see Cay ley's Elliptic Functions , Ch. iii. 
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♦.«., as (2r+l) k?(^K,+2k,^'j < (2«+l) ^^ (^K,+2k,^), 

-- '■(•+tS')<>*:'{i-t'§)- 
"»- l{'i'-ff)|=-f^(f)' 

"which is always negative ; so that the energy in the form with r-fl 
inflexions is less or greater than that in the form with 8 + 1 inflexions 
according as 

ve., according as r ^ «. 

This conclusion is very remarkable. It shows that when any 
number n of difPerent forms are possible, the energy in any form in- 
creases with the number of inflexions in which the curve is cut by 
the line of action of the load, so that the forms with more than one 
half bay are all unstable. If we regard the different equilibriam 
coufigurations as forming a series, beginning with the configuration 
in a single half bay and passing to the configurations with 
3, 5, ... 2n + l half bays, then in each configuration in the series the 
system has less potential energy than in the one next above it, and 
more than in the one next below it. It will therefore, if disturbed 
from any configuration but the one with a single half bay, tend ulti- 
mately to pass into the latter configuration. 

In particular all the forms which are indefinitely nearly straight, 
which correspond to loads given by the formula 

B = i(2n+l)'B.y, 

are unstable except that for which n = 1, and the rod under such a 
load tends to take up a form in which the load hangs below the point 
of support, and the central line meets the line of action of the load 
at the loaded end only. 
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A Oeottietrical Noie. By R. TncKlB, M.A. 
Bead December 8th, 1892. 

1. It ABO is a triangle, there is one in-triangle wfaiclt has it» 
aides parallel, and one in-triangle whiDh has its sides antiparallel, to 
the sides of ABC, and these triangles have a common circnmoirclor 
viz., the nine-point circle ot ABC. 

Again, there are two iu-triangles which have their aides respeo> 
tivelj positive and negative obliqae iaoscelians, and these triangles 
have a common cironmcircle, viz., the aine-triple-angle circle. 

2. It is the object of the following note to consider aome properties 
of the six in-tnangles, cirtamsoribed in pairs by three circles, which 
have their aides one a parallel, one an antiparallel, and the remaining- 
one a positive or negative isoscelian. 

3. In the figure, BF ia parallel to BO, ED antiparallel to AB with 
respect to C, and DF a positive isoscelian to LB. 




The triangle DEF is evident); similar to ABC, and, if its aides a 
i', 6', c, we have 

b _ b' _DE 
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therefore 



AE 
GE 



a'» 



t.0., BE is the symxnedian through B, 



4« Now, because 



EF_AE 
a b 



a' + (?' 



therefore modnlns of similarity is 

ac/(a*-\'C^) = ac/b, say. 

Hence a=a^c/bj^ = DF, 

V = abcl\ = BE, 
c=ac^/bj^ =EF. 



Again, 



BB = 2a"c cos B/b^ '] 
OE = a^b/b, 
AF = if lb. 



GB-ah^lb,\ 
AE = b(?lb, 
BF = ca^lby^ J 



(1). 



5. The trilinear coordinates are for 

D, (0, 6, 2aoo8B)*| 

E, (a, 0, c) 

F, (ab,<^, 0) 



mod. = bi 



(2). 



6. Now let ns consider the triangle UE'F', in which JBTIX is parallel 
to AB, E'F' the antiparallel to BO with respect to A, and iXi^ a nega- 
tive isoscelian to LB, 

Then we can show, as before, that B'E'F' is similar to ABO, that 
BE' is the sjmmedian through B, i,e., E and JT coincide, and that 
the modulus of similarity is ac/&i, as before. 

Hence EB' = a\ EF'^b\ rB' ^ c ^ 



and 






BD' = ac»/6„ 



CD' = o'/^i. 

BF =2a(^coaB/b 



} 



7. Now 
and 



BB.BB' = 2c»a» cos B/6J = BF. BF\ 
OB,CB':=zaV/b] = CE*; 



therefore the two triangles have a common circumcircle whicli 
touches AO eA> E. 

m2 
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It follows therefore that there are two other circles circa inscribed 
to pairs of triangles, similar to ABG, and which have contact respec- 
tively with BOj AB, at the points where they are cut by the sym- 
medians through -4, 0. 



8. The trilinear coordinates are for 



ly, 


(0, a', be) 


£-, 


(a, 0, c) 


F, 


(2c COS B, b, 



mod. = &|. 



(3). 



0)J 

9. From (2), (3), we get the equations to DF\ B'E, viz., 

a6a~2cacos Bp-^hcy = 0, 
ccuL-j-hcp'-a^y = ; 

these intersect on c/3 = 5y, 

t.e., on the symmedian through A, in p^ say. 

In like manner, DF' and EF can be shown to intersect on the 
symmedian through (7, in r, say ; hence the triangle Fp^r^ is in per- 
spective with ABO, and has K for the centre of perspective, and for 
its symmedian point. It follows, then, that the circles we are con- 
sideling are Tucker circles (c/. Milne's Companion, p. 136). 

10. The equation to the circle DEF is 

(a^'hc'y:^, (aPy) = (Saa>.{6c»a-|-2c'a« cos Bfi-j-a^by] (4). 

If 0) be the centre of this circle, aod f>] [= JBca/&j] its radios, then 
the coordinates of O, are 

f>, cos (-4 — B) , f>„ f>, cos (j5— 0) ; 

this evidently lies on the li^o 

S[6c(6*-c*)a] =0; 

t.e., on the circum-Brocardal axis, as it should do, by § 9. 

In like manner, 0,, Oi, the other centres, are 

0„ cos (C-^), cos (^—0), 1 ; 
0„ 1, cos(4-J?), cos (0-4). 



1892.] Mr. R. Tucker on a Oeomefrical Note. 165 

11. The coordinates of the *' nine-point centre " of ABC are 
given by 

COB (B—0), COB (0— -4), COB (il— B), 

and therefore its inverse point by 

l/co8(B-0), l/cos(0-il), 1/cob(-4-5); 

hence B^O^ and this inverse point are collinear. Similar results hold 
for Os, Oi\ hence we may see that AO^^ BO^, CO^ cointersect in the 
inverse of the nine-point centre. 

12. The equation to the Brocard elh'pse is 

S (6Va«) = 2ahc 2 (a/3y), 

and from § 9 we know that the circle DEF has double contact with 
the ellipse, viz., at £ and at b'\ given by 

a(a«-6«)«, ft(c«-a7, c(6>-c')«. 

Similarly c" is aic^-^ay, h(V-(f)\ c(a«-6«)'; 

and a", a(6«-c«)', 6 (a'-6»)», c{c*-a*)\ 

13. The equation to Eh'\ which is, of course, parallel to the join 
of the Brocard points, because this last is the major axis of the 
ellipse, is 

hca ((f''a^)-hcafi (c«+a'-26')-a6y ((^-a*) = 0. 

A slight consideration of the figure shows that the triangle a"V'c' is 
congruent to the triangle formed .by joining the feet of the sym- 
medians of ABO, 

Further, Aa'\ Bh'\ Oc" cointersect in 

a/(b*^cy, 6/(c'-a')», c/(a'-6')'. 

14. The equations to the tangents at a\ b'\ c\ are 

hca cafi -L-g^^O .(B) 

^. + #^ + -?^, =0 (C). 

c^—a^ 6'— <r a'— o' 
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These tangents intersect two and two in 

a/((f-a% 6/(6'-c'), c/(a'-6«) (A, B) ; 

al{V^(?). b/{a?-V), c/(c«-a«) (B,C); 

a/(a*''b'), 6/(c»-a»), c/(6«-c') (C, A). 

15. Since the equations to DF, B'F are 

2<f cos Ba-2ab cos Bfi + h^ = 0, 

6'a - 26c cos Bfi + 2a» cos By = 0, 

it follows that the join of B to their intersection, and the like joins 
for the other angles, cointersect in 

a/(6'-cO, b/(c^-a% c/(a^'-b*). 

16. The figure shows that D'F is antiparallel to AG with reference 
to B ; hence the circle DEF circumscribes an in-triangle with two 
sides EFj ED\ parallel to BO^ AB, and the third side the anti- 
parallel D'F, 



The Dioptrics of Gratings. By J, Labmoe, F.R.S. 

Read March 9th, 1893. 



When a beam of light falls upon a ruled or striated surface, a 
considerable portion of it is inevitably scattered and lost by the 
inequalities of the surface ; and the residue is reflected or refracted 
in the ordinary manner. But when the striation varies from point 
to point in a continuous and fairly uniform way, there is sifted out 
from the incident beam, in addition to the debris of scattered light, a 
series of regular secondary beams, which are propagated onwards in 
directions inclined to that of the principal one. 

Xhe origin of such a diffracted beam, by the union of the diffracted 
parts, from the different striae which arrive at its front in the same 
phase, was fully explained by Thomas Young, as also was the very 
perfect separation of the different chromatic constituents of a regular 
compound beam by a good grating of this kind. In the few pregnant 
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fientences in whioli Young pointed ont the reason of these phenomena,* 
he, in fact, made the way perfectly clear for that extension of their 
range which was afterwards worked ont experimentally by 
Frannhofer, and which has more recently led to the development of 
the optical grating as the chief instrument of spectral analysis.** 

The discussion of the action of snch gratings, so far as it is usually 
required for practical purposes, is a simple and well-known matter. 
But there are questions of some importance, such as the effect of 
want of perpendicularity of the lines of the grating to the plane of 
incidence of the light, which are more readily attacked by means of a 
general theory ; while it may also be of interest to formally include 
general diffracted beams within the domain of dioptrical analysis, and 
•exhibit the rules by which the position of their focal liaes, when 
narrow, and the determination of their caustic surfaces in other cases, 
is to be accomplished. 

The fundamental physical principle is that the existence of a con- 
tinuous wave-front requires either (i) that the optical path measured 
up to it of the rays which co^^e from all the striae shall be the same, 
or (ii) that for successive striae ft shall differ by the index multiplied 
by a multiple of a wave-length of the diffracted beam, say by nfi^ 
{= n^u^Xi) for the diffracted beam of the nth order. Thus, if m be 
the number of striations between a selected point on the grating and 
any origin of reference, the difference of paths for the corresponding 
rays will be mnfiK. This expression will be a function of the co- 
ordinates of the point on the grating ; and to obtain the Hamiltonian 
characteristic function of the diffracted beam we have simply to add 
this function to the characteristic of the unbroken incident beam. 

Let us take the equation of the surface of the grating to be, up to 
the second order, 

and let the lines of the grating be parallel to the axes of 17, so that 

where the coefficients a', ^', v represent the effect of any continuous 
change in the breadths of the striae that may exist. Suppose the 
•characteristic function of an incident beam in the medium of index /i 
to be 

+ F,,,f,H-(?,^,£, + J/,£, ,,+ ...}; 



• Fhil. Tratu., 1801. 
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while the characteristic function of the nth diffracted be^m in th& 
medium of index /i, is given by the similar expression with suffix 2, 
the valao of X, above also belonging to this medium ; the case of 
reflexion is obtained by making //, = — f«i. 

At the surface of the grating we must have 

Vi—Vi = nrnjuX. 

Hence, considering first the terms of the first degree, we have 

As these relations are linear, they express that the projection of the 
incident ray on a normal plabe parallel to the lines of striation ia 
bent according to the ordinary law of refraction ; while its projection 
on the normal plane at right angles to these lines is bent in the same- 
manner as an actual ray in this direction would be diffracted, the 
angles of incidence and diffraction being connected by the relation 

/I, sin ^j—fCi sin ipi = Zr, 

where L/n is the value of /uX divided by the width of a striation at 
the origin. 

The direction of the diffracted beam being thus determined, it 
remains to find its focal lines. This is done by equating the terms of 
the second order at the diffracting surface ; the equation of the 
surface must be used to eliminate (, and then the two sides of the 
equation of condition must agree identically. There results 

(^,^,-f n,a)-(^iili-|-nia) = a, 

the other coefficients only entering in the third order. 

These remaining coefficients are, however, determined by the 
characteristic equation 



(f )■* (S)'^ (f )' = '"• 
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whioli requires 



(z+ii{+jffi|+(?o'+(...)'+(...)' = i; 



and this is satisfied up to the first degree of small quantities, provided 

-4ZH-irm+Gn = 0, 

Hl^-Bm+Fn = 0, 

Ql+Fm-\-Gn =0. 

These equations determine (?, F^ in terms of A, B, ET. 

Now the distances of the focal lines of the beam are the radii of' 
principal curvature, at the origin, of the sarface F = 0. These radii 
are equal to the squares of the semi-axes of the central section of the 
snr&ce 

by the plane Z, m, n ; therefore thej are determined by making 
^sf'+fy'+C^A maximum or minimum, subject to the condition 

U+mji+ni^zO. 

And the analysis may be completed for any special case by means of 
well-known formnlsB in Geometry of Three Dimensions. 

A manageable case arises when the incident and diffracted rays are 
in the same plane, which is therefore normal to the striations. We 
may now refer each of the beams to its own principal axes. Thus 

^i = /*i {«i+i^i^+i-Sit^!+HiaHyiH- — }. 

and we will gain symmetry by altering the equation of the difEracting- 
surface to 

Change of coordinates is effected by equations of the type 

X = (cos^— 4^sin^, 
z = (sin^+^cos^, 

y = >?. 
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On eliminating ( as before, and so identifying at the snrface the two 
sides of the equation of condition, we have 

/I, sin ^,— /xx sin ip^ = L^, 

fl^A^ cos' ^, — /ij-^i cos* ^1 =: a, + (ft, OOS^, — fJL^ COS ^i) a, 

A'j-Sf -hx^x = A+ (/*iCos 0,-/ii cos ^i) ^, 

AijJff, COS ^2 — ftiJffi COS ^, = V,+ (/I, COS ^j— f»i COS ^i) V. 

Id both the general problem and this more special case, it is to be 
observed that, if a\ (d\ v' are null, t.e., if the striations are symmetrical 
with respect to the origin, the focal lines are determined by exactly 
the same formulas as would apply to simple refraction at the surface, 
the different direction of the diffracted ray being allowed for. In 
the case of Rowland's spherical gratings, this result is well known, 
and is made use of in the instrumental arrangements. The aberra- 
tion would be expressed by terms of the third degree. 

When the incidence is direct, the circumstances of the diffracted 
beam will be correctly represented by imagining it to be refracted at 
an ideal surface situated at each point a distance innfcX/(/L4— /ii) 
in front of the real one. Bat this rule must be modified when* the 
incidence is oblique. The ideal surface would then vary with the 
angle of incidence, the distance being now mnfiX/(/i2Cos^,— ^u^cos^,); 
for the interposition of a thickness t of medium of index ;u, retards 
the ray by an amount that corresponds to a length 

(/I, cos ^j— /ii cos ^j) t/fl^ 

in the medium of index /i^. The direction of the diffracted ray will 
be determined by the rule given above ; and, once that direction 
is found, the form of the diffracted beam will be given, when the 
striation is symmetrical, by the formules which belong to ordinary 
refraction at the surface of the grating. 

Another case of some theoretical interest arises when the lines of 
the grating are closed curves drawn round its centre. If we take 

that is, if we make L null in the above analysis, these lines will be, 
in the neighbourhood of the vertex, the system of similar concentric 
conies nmfiX = constant, the successive rings enclosed between them 
being now of equal area. The result indicated by the formulsB is that 
^Iie di£hncted beam follows the same direction as the principal 
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refracted beam, but the equations whicli give its elements differ 
hy the terms a', fif, v' on their right-hand sides. If the incidence is 
direct, the grating by itself acts in the same manner as a thin astig- 
matic lens, whose thickness t is given by 

if it is obliqne at an angle ^j, the law of thickness of the equivalent 

lens 18 

(;u, cos ^,— f»i COS ^i) t = nmfiX, 



On a Three-fold Symmetry in the Elements of Heine's Series, By 
L. J. HoGEBS. Eeceived March 8th, 1893. Bead March 
9th, 1893. 

In Heine's Kugelfunctionen, Vol. i., Appendix to Chap. 2, it ia 
proved that the series 

(l^a)(l-6) (l_a)(l_a^)(l-fc)(1^6^) 
^(l-3)(l-c) ^ (l-g)(l-^)(l-c)(l-(^) ^••• 

= n a-a^f)a-hf) r^ ^1 (J) 

n-0 (l-«2")(l-cg'*) y Lj » «^' «*» 5» ^J V^;» 

which, by the symmetry between a and 6, and by reapplication of the 
«ame formula, leads to other equivalent forms all consisting of infinite 
products multiplied by a single series of the form 

^ [a, b, c, q, x} ; 
forexample, U (i_,^.)(i,^n) 4^' V> ^' ^> ^^ T J ^^^^ 

n.o (1— ajg ) La 6 c A * 
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then the equations become 

The last of these expressious shows that 

<!> [;ue-^ Fe-^ /i^, g, Xe^]n(l-.Xe*'g») 



n-O 



is a rational function of 6 ; while the equality of the first and second 
expressions shows that 

^f/ie-^ ve"**, /iv, g, Xe**] 5(1— Xc'*g*)(l— ^vg*) 

= ^ ^Xe■^ ve-^ Xv, g, /le-^l fi (l-^**g*)(l-Xv9») 

Now the right side of this equation may be obtained from the left by 
interchanging X and /i, while the left side is already known to be 
symmetrical in fi and v. 

Hence the whole transformation formula for Heinean series is 
expressed concisely as follows : — 

If \p (X, fi, V, g, 6) denote the product 



^ [/ie-^ ve-^ ,iv, g, X^^J nCl-Xe^g-Xl-Aivg-) 



M-O 



(4)r 



^Aen «f/ (X, fi, V, g, 6) is a rational function of ^, an(2 is symmetrical in 
X, ^, V. 

It remains now to show how this function may be expanded 
sj^mmetricsdlym 
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Heine has already proved that 

^ [a> 6g, eg, g, »] -^ [a, 6, c, g, »] = I^^Zc)nI^) ^ ^^^^ ^^' ^' ^' *]' 

Now the first function can be obtained f rpm the second by writing 
yq for v, and the third follows by also writing /ig for /i. 

This equation therefore gives rise to the following : — 

^{K /i, ^ q, a)-(l-^v) ^ (X, fjLq, y, g, ^) 

+/iA(l-2vcose + v')./r (X, /ig, vg, g, ^) =0 (5). 



Let 

so that (5) becomes 



^ (A, /i, V, g, 0) 

2Xg- cos ^+A'g*')(l-2/ig* cos ^-hf*W 

x(l~2vg-cos^+vy*), 



(1-2/iCos e+,i») X (X, Ai, v, g, 0)- (1-^v) x (X, /ig, v, g, 0) 

+X/IX (X, ^g, Fg, g, 0) = (6). 

By the principle of symmetry established above, we see that 

(l-2vco80+v') X (K /*, V, g, 0)~(l-AiO X (K /i, vg, g, 0) 

+Xvx(X,/ig, vg,g,0) = 0. 
Eliminating the last function, we have 

X (K f^^^,g,^)-'X(^ f^Q^ y» Q^ ) _ X (X, M, y, g. 0) - X (X, A^, vg, g, 0) 

— > 



each of which fractions, by symmetry, 



X 



(7), 



From these equations we may expand X (X* f^* »"« g^ 0) i& the form 



^+ilifli + ^fl,+ ... 



(8). 



where J?^ is a homogeneous symmetrical function of degree r in X, 
/A, F, and where the ^*s are functions of ^ and g only. 

Let us, for instance, calculate Hr^ or Hr (X, fi, y) say, when it is 
necessary to specify the elements of the function. 
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Then, from (7), we evidently have 

^ /* * 

Let the coefficient of X*fiV, where a-{'fi-\-y ^s ty in ff^, be denoted 

Then equation (9) shows that, if 

a+/3+y = r-l, 

Now l^om this relation we shall be able to evaluate all the 
coefficients in H^, assuming, as we obviously may, that 

^r, 0,0 = !■• 

Thus a,, 0,0 (l—gO = «*-i,i,o (1— g), 

Or-i,i,o(l-2*'"0 = a^-,, 2, 0(1-3') = ar-2.1,1 (1-g), 

ar-2.J,o(l-/'0 = ar-3,3,o(l — g*) = ^r-J, 2, 1 (1-?). 

So, too, from dr-s.s.o we can get ar-4,4,0 and a^.i,i^u while from the 
last we csm get ar.4,s,2* 

Theoretically, then, we can completely determine fl", by direct 
calculation, obtaining a unique solution, so that if by any method we 
obtain a solution, this solution will be what we seek. 

Consider the function 

where n denotes II . 

Galling this function P (X, fr, v), it is easy to see that 

P(X<y,/i,v)~P(X,Ai,y) ^ P(X,M<y,v)~P(X,/^,v) ^ ^j^^ 

X /i 

for all values of k. 

Therefore SOP(X,/m, v) also satisfies (10), where the summation 
extends to an indefinite number of terms, including arbitrary con- 
stants C/i) Gj, .*. A^i, aC| ... . 

In other words, a solution of (7) is given by the series 
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if Hf, denotes the coefficient of h'' in the expansion of P (X, /i, v)^ 
Hence this is the nniqae value of Hr that we were arriving at above. 

To determine Ar we may note that, if X = /i = 0, then 

1 =n(l-2v/cos0 + v«5*") {A+A^i+^B,+ ...}, 
where Hr is now the coefficient of k^ in the expansion of 

that is v7(l-g)(l-g*)... (1-^"); 

therefore 



A+^ + 



A.y^ 



.JJnN-l 



1-^ (l-g)(l-3«) 



^ +... = n(l-2vg"co8^+i'V") 



therefore 

^ = 2co8re+2cos(r-2)0^^=2!;+2cos(r-4)6 llnST . ^ZlS^ ^.... 

1 — Q 1 — Q 1 — a 



(12). 



If r is even, the last term will be independent of 6 ; but if r is odd, 
the last term will contain cos 0, 

Collecting the foregoing results, we see that the most general form 
of Heinean series contains a triple symmetry in its elements, which 
may be stated as follows : — 

^[/ue-^ ve-'*, fjiy, q, Xe**] H (l-Xe-g")(l-fiv2") 

= n ( 1 - 2X9* cos e + X'g*') (1 - 2/ug- cos + /i'g'») ( 1 - 2vq** cos + v Y») 

X {l+^,ffi+^,ir,+ ...} (13), 

where Hr is the coefficient of Af in 

and Ar = (l-<?)(l-3') ... (!-?') 

X {coefficient of k' in n (l-2A2"co8fl+Jf<fr'\- 
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2. Some very iateresting results may be derived from tbis formula 
by patting X = 0. Hr tben becomes the coefficient of 2f in 

Let f» = xe^* and v = a»"^, 

and write A^ (0) for A„ considering the latter a function of 6. 



Then, evidently, Hr = 



^r M a^ 



r\» 



(1-2)(1-3»)...(1-/) 



so that 



nCl-g'g") 



n {l-2ajg*co8(0+^)+«"2^} {l-2ar3*'cos (^-^)-fa^5*'} 

= i+^iiif^^>«+pfqAM«'+ (1). 

Let ar denote Ar (0), so that 

a, = 2, 

1—3 
a,=:2(2 + 3+3«), 

a,= 5+35r+V+33*+g*, 
a, = 2a,..i— (1— g'-^) a^.j ; 

then, putting ^ = 0, we get 



(2). 



Again, if ^ = —- ^ we see that ^ f — j is the coefficient of 

fc'/(i-(?)...(i-/) in n(i+y5'")"S 

and that A^ [-^ ] is therefore 

(-l)'(l-g)(l-3»)...(l-3"-'). 
while -^jr-i ( "^j == '^^ 
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Hence 



(3). 



Again, if = ^, we get 
n(l~fl;V) 



n (I'-xqy a (l-2ajg" cos 2«+a^g'") 



= i+4I«}!,+ _^ti«}l_^+ (4). 



(l-g)(l-3') 



aj^ 



1-3 
which given, as a special case, 

n(l -arV) ^ 1 . _^ 

n(i-*9-)* "^1-^ ■ (i-gKi-g") 

Again, if v = /i^', 

then jS*^ is the coefficient of Itf in the expansion of 

na-k^fXl-kMq'.q'), 
that is. of n (l-A;/.g*"), 



S\ ^^ * * * 



(5). 



which gives 
Hence 



(l-gOCi-g)...!!-?*")* 






n(l-2^g***cos^+/i 



Comparing (G) with § 1 (11), and remembering that 



(6). 



n (i-/.'?"*') 



= 1 — ^ + 



j^ 



A* 



.« \ • • • • f 



we get a linear relation giving A^ (^, q^) explicitly and linearly in 
terms of A^ ($), A^.i ($) ... A^ (6), where Ar (^, g*) denotes the resnlt 
of writing q^ for 5 in A^ (0), 

In the same way, in the general case, if we put 

fi = Xg*, y = \q\ 



we 



» r^g**^-". X^'e-". X', q, \e^] n (1 - \eV)(l -Xy^') 
^ n(l-2X3»"cos»+A*3»") 



~ l-2» (1-3')(1 -</•) 
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while by putting /i = Aii», v = Xw', 

where «' + w + 1 = 0, 

we get 
^ [«Xe-*«, «'Ae-^ X«, g, Xe**] n (1-XeV) (1-^V) 

~ n (1 - 2X»g*' cos 3d + X'g**) 

1-3* (l-g»)(l-g«) 

3. We maj also write x (K f** ^) ^^ another form, according to 
ascending homogeneous functions of /i and y, which, bj the substitution 

^ = xe*\ V = are"**, 

gives a form for x (X, /u, v) in ascending powers of x. 
By the definition of H^ (A.,;u, y), we see that 



Er (X, /i, v) = F, (,1, y) + T-^H.-, (/i, 



l-( 



4- 



Hr-2 (/"»") + •••» 



where H^ (/i, v) stands for H^ (0, /i, f), and is eqaal to 

*'^r(*)/(l-g)(l-3')...(l-3')- 

-f ... 

+ ... 

= ^o+n^^^A-h-.., «ay, 
where the ^'s are functions of X and 6 only. 
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Let v =sO; then the equation becomes 

n (1 - 2Ag» cos -h XV") (1 - 2^2" cos O+fi^^) 



— -©, + ..., 



whence we see that -5r/(l-— 5)(1— 9*) ••• (1~30 w the coefficient of 
Xp' in the expansion of 



n 



l-XA;^' 



n ( 1 - 2X3" cos + \ Y") 1 - 2A;g- COS O-^l^q 



Hence 



^ (X, /i, v) = n (1 - 2^9*» cos 6 + /i'g*") ( 1 - 2^3- cos tf + v'3»") 

where B^/(l — 5)(1 — g') ... (1— g*") is the coefficient of JcT in the 

expansion of 

n (l-.XJtg")/(l-2Vcos« + A?2»''). 

Expanding this product, we see that 

1 — ^ 1 — q 1— gr 



Thursday, April ISih, 1893. 

A. B. KEMPE, Esq., F.R.S., President, in the Chair. 

Mr. T. S. Barrett was elected a member, and Mr. T. R. Lee was 
admitted into the Society. 

The President mentioned that he had obtained permission from the 
Council, for reasons which he stated, to alter the title of his recent 
paper by substituting " Sylvester-Clifford " in the place of '* Clifford '* 
only. 

N 2 
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Toroidal Functions : Mr. A. B. BaFset. 
Note on the Centres of Similitude of a Triangle of GonBtant 
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The Singnlarity i)f tiie Optical Wave-Surface : Mr. J. Larmor. 
On a Problem of Conformal Representation : Prof. W. Burnside. 
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Amsterdam, 1893. 
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"Bulletin of the New York Mathematical Society,'* Vol. ii.. No. 6. 
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"Journal of the College of Science, Japan,*' Vol. v.. Part 3; Tokyo, 1893. 
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Sem. 1 ; Roma, 1893. 

** Annals of Mathematics," Vol. vii., Nos. 2 and 3 ; Virginia, 1893. 

" Acta Mathomatioa," xvi., 4 ; Stockholm, 1893. 

*« Educational Times," April, 1893. 

** Kendiconti dell' Accademia delle Scienze Fisiche e Matematiche," Serie 2, 
Vol. VI., Fasc. 2 ; Vol. vii., Fasc. 3 ; Napoli, 1893. 

♦* Indian Engineering," Vol. xiii., Nos. 7, 8, 9, 10, 11. 

** Catalogue of the Michigan Mining School," 1891-2; Houghton, Michigan. 

Russell (J. W.) — ** Elementary Treatise on Pure Geometry," 8vo ; Oxford, 
1893. 

Lnchlan (R.) — ** Elementary Treatise on Modem Pure Geometry,'* 8vo ; London, 
1893. 

Forsyth (A. R.)— "Theory of Functions,** Imp. 8vo ; Cambridge, 1893. 

** American Journal of Mathematics," Vol. xv.. No. 1; Baltimore, Johns 
Hopkins University, 1893. 

Works by Prof. G. B. Halsted, Austin, Texas, presented by the 
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♦* The Elements of Geometry " ; New York, 1886 ; London, Macmillan, 1893. 
"An Elementary Treatise on Mensuration," fourth edition ; Boston, 1890. 
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"Elemontary Synthetic Geometry " ; New York, 1892. 

*< The Science Absolute of Space, independent of the Truth or Falsity of Euclid's 
Axiom XI. (which never can be established a priori) ; followed by the Geometric 
Quadrature of the Circle in the Cfise of the FalHity of Axiom xi.'* (translation of 
paper by J. Bolyai, with three Appendices ; extract from the Scientia Baecalaureut^ 
Vol. I., June, 1891, No. 4). 

<«The Two-term Prismoidal Formula" (reprint from Scientia Baecalaureui, 
Vol. I., February, 1891, No. 3). 

"Geometrical Researches on the Theory of Parallels," by N. Lobatschewsky 
(translated by G. B. H., and the fourth edition, issued for the Council of the 
Association for the Improvement of Geometrical Teaching, to the members of the 
Association); Austin, Texas, 1892. 

" Number, Discrete and Continuous," preface and first four chapters. 

" Note on the First English Euclid " (from the American Journal ofMathtmatiet, 
Vol. II., 1879). 

From Dr. A. Macfarlane, Professor of Phynics in tho University 
of Texas : — 

"The Fundamental Theorems of Analysis Generalized for Space " (read before 
New York Mathematical Society, May 7th, 1892>. 

" The Imaginary of Algebra ** (a continuation of a paper on the " Principles of 
the Algebra of Physics ") ; Salem, Mass., 1892. 



Note on the Centres of Similitude of a Triangle of Constant Form 
inscribed in a Oiven Triangle. By John Griffiths, M.A. 
Received April 10th, 1893. Read April 13th, 1893. 

1 propose in the following note to discuss the following proposi- 
tions, viz. : — 

(1) A trianprle BEF inscrihod in a given triangle ABO so as to be 
similar to another given one AB'ff belongs to some one of twelve 
systems of similar in-triangles — each system having a centre of 
similitude of its own. 

(2) The centres of similitude of the twelve systems in question 
can be formed into two groups of six points, which lie, respectively, 
on two circles, inverpe to each other with respect to the circumcircle 
ABO. If we use isogonal coordinates, the equations of these circles 

*^ X cosec A +y cosec jB+« cosec = cot w + cot «', 
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and 



^x coseo A = cot w — cot ta\ 



where w and ta are the Brocard angles of ABO and ABO^ respeo-^ 
timely. 

(3) The centre of similitade of any system of similar triangles 
inscrihed ia ABG^ and having a common Brocard angle eqasl to that 
of A'B'CTf will lie on one or other of the above circles. 

(4) As a particular case of the problem, I shall also notice the 
different systems formed by a triangle DEF inscribed in ABO so as 
to be either directly or inversely similar to it. ^ 

Section 1. 

* When three points D, E, F are taken on the sides BO^ CA, AB of a 
triangle ABG^ then the circles OBE^ AEF, BFD will intersect in one 




C\ 



or other of the pair of points whose isogonal coordinates are 

_ pin (F-^-C) 
B'mF 



_8in_rD-M) _^n(E±B) 
^ siuD ' ^ BinE 



z = 



and 



X = 



f^'mCD-A^ 
sinD 



^ siu^ ' ^ sxnF 



• If z, y, £, a, /3, 7 denote respectively the isogoaal and trilinear coordinates of 
a point, then 

* y_ ±^ tia + f>B + ey 

a fi y afiy + bya + cafi* 

where a, b, e are the sides of the triangle of reference ABC, Hence x, y, z Batisfy 
the relation ja (x - yz) - 0, or 2 (^-y^) sin -4 =0, 

it is seen that a circle is represented in this system of coordinates by a linear 

See a note on << Secondary Tucker-Circles/* recently communicated by me. to the 
Society {Proeeedinffs, Vol. xxiy., pp. 121 &c.). 
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where D, E, F denote the angles of the triangle DEF, These two 
points are inverse to each other with respect to the circamcircle ABC 
It follows from this theorem that a triangle BEF inscribed in ABO 
80 as to be similar to A'B'CX^ must belong to some one of the six pairs 
of similar in-triangles whose centres of similitude are the following 
points, viz., 



X = 



sinfD + i4) _9\n{E±B) 



sin B 



y = 



sin^ 



sinfF-fO) 
* = • — ^T" 



, _ 8in(D-.4) _ sin {E-B) _ sin(F-0) 

smD ^ sinii^ smF 



where the angles D, Ej F have the following values : — 



(1) B = A\ E = B\ F= C 
(3) D = ^, ^ = (7, F^A 
(5) D = C, E-A\ F = B' 



(2) B = A\ E 
(4) B = B', E 
(6) B=0\ E 



C\ F=B'; 
A\ F=(X; 
B", F= A\ 



Section 2. 

mce the equations x = ^^ — — — , Ac. 

8inD 

give 1x cosec ^ = 2 cot ^ + 2 cot D, 

it is easily seen that the centres of similitude of the six pairs of 
systems of similar in-triangles considered above must lie on the 
circles 

2^ cosec A = cot w + cot a/ and S x cosec A = cob <•» — cot ut\ 

where cot cii = S cotil, and cot w' = S cot D = S cot A\ 

It is also evident that any point on either of these two circles can 
be considered to be the centre pf similitude of a certain system of 
similar triangles inscribed in ABO which have a Brocard angle equal 
to that of A'B'O'. 

This may be also stated as follows, viz. : The pedal triangle with 
respect to ABO of any point P on the above circles has the same 
Brocard angle as A'B'O*. The point P is, in fact, the centre of simili- 
tude of triangles inscribed in ABO so as 'to be directly similar to the 
pedal of P with respect to ABO. 
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Section 3. Particular Case of the Problem. 

When the triangle A'B'C is similar to ABC, the centres of simili-* 
tude of the six pairs of systems of in-triangles formed bj DEF^ 
similar to ABO, are the points 

(1) (2 cos A, 2 cos ^, 2 cos 0) ; (0, 0, 0). 

(2) (2cosA 5^. ?jIL4); (O, ?ilLf^, ?MJ?=C)\ 
\ smC; BinB/ \ sinC BinB / 

(^\ /flinC; BJnii sinjg X , / sin(jg-il) Bin(0-^) sin (A-0) \ 
^ ^ \amB' BinC BinA/' \ sinJ5 ' sinC ' sin^l / 

,^^ /sin (7 sinC o n\ /sin (B— -4) sin (A^B) ^\ 

(4) (-7^, -7— r, 2 cos (7); { — \ „ % \ . \ 0). 

vsm^ smJ. / \ Bin B buiA I 

{r.\ /Pinj? sin (7 sJn^N / sin(0-^) sin(il-B) sin (B^C) \ 
^ ^ \tiinO' Bin A' BinB/' \ sinO * sin^l * sinB /" 

^^ UiaO' ^^^' sin^r V sinO ' ' sin^ / 

Six of these points lie on the Brocard circle 

Sx cosec ^ = 2 cot w, 

and tho remaining six on the Lemoine line 

2 a? cosec il = 0, 

^hich is the inverse of the circle in qaestion with reupect to the 
cii'cnmcircle ABC. 

The two systems whose centres of similitude are 

8in(B-il) Bin (C-B) Hin(A-O) 



and 



/ 8in(Jg-ii) Bin (C-B) nn{A-U) \ 
\ sin B * sin ' sin A / 

/ sin (G-A) sin f ^ >- B) Bin (B-0) \ 
\ sin ' sin A ' sin j5 / ' 



i.e., the inverses of the Brocard points (— , — , — ), (— , — , -r-J 

\bea/\cao/ 

with respect to the circumcircle ABO, have been already noticed in s 
paper recently communicated by me to the Society. 

In either of these two systems we have s series of in-triangles 
inversely similar to ABO, and this is also the case yrith regard to 
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each of the systems whose centres of similitncle are the points 
(2ooB^, J. |-); (^, 2C08B, A) ; (|, -^, 2cobC); (0,0,0). 

The point (0, 0, 0) mast be regarded as an infinitely distant one 

on the Lemoine line 

%x cosec ^ = 0, 

and, corresponding to eacli of the remainiDg six centres of similitade, 
▼iz. : — 

(2cos^, 2cosJ5, 2cosC), (-^, -, —)» 

\ c a Of 

(c_ a l^\ [^ 8m((7~B) sin(g-C) \ 
U' c' ar \' BinO ' Bini^ )' 

/ sin (O-A) Q pinM~(7) \ / sinfB-^) sinM-B) ^X 
\ sin a * • sin^ /' V sinB ' sin^ ' /' 

the inscribed triangles are directly similar to ABO ; that is to say, 
every one of them may be brought by rotation in its own plane into 
a position wherein its sides are respeotiyely parallel to the corre- 
sponding sides of ABG, 

A few theorems with regard to the systems of similar in- triangles 
whose centres of similitade are the points 

(2cos^. f. f). (A. 2cosB,^), (f A2COS0). 

i.e., the vertices of the second Brocard triangle of ABO, may be 
noticed here. 

As I have already stated, the in-triangles for each of these points 
are directly similar to each other and inversely similar to ABO. 
If we consider the system of in-triangles corresponding to the 

centre of similitade ( --, — , 2 cos ], we have the following results, 

\ b a I 

▼iz. : — 

(1) A reference to the figure will show that if D = J5, ^ = -4, 
and F ^0, the sides DjP, FE, ED are respectively parallel to lines 
AP, BP, OP which meet in a point P on the circumcircle ABO. 

(2) There is no difficulty in finding a geometrical construction for 
the centre of similitude in question. In fact, if O denote the centre 

of the circumcircle ABO, the point f -^, — , 2oos Cj, or say 17, will 
be the intersection of the circle BAG and that which can be drawn 



186 On the Centres of Similitude of a Triangle, ^. [April 18, 

throngh B and C to tonoli AO. If the angle be acute, the co- 
ordinates of ^can be written in the forms 

— sin 6 __ sin sinter 

*""sin(6+^)' ^"'8in(^ + 5)' '""Bin(!^+a)* 

where B = G, f=G, and yp = «•— 20. 

In this case it follows that the angles subtended at U by the aides 
BG, GA, AB are ir-0, ir-(7, and W. 

(3) If D = JB, Ez=:A, and jP = 0, the centre of similitude U of 
the in- triangle D^F (see Fig.) has the following property with 
regard to DEFj viz., the isogonal point of U with reference to the 
triangle DEF has the same relation to DEF as U has to ABO. 

(4s) The centre of similitude of the triangles ABO^ DEF, where 
D = B, E = A, F = G, is a variable point whose locus is the conic 
represented by the trilinear equation 

•y* sin 20 — /3y sin -4 — ya sin J5 -f a/3 sin = 0. 

This curve passes through the vertices A^ B, and the centroid and 
ortbocentre of ABG. It also touches the symmedian lines AK, BK 
of the triangle ABG, 

(5) If paa-\-qh(5-^rcy = represent the axis of similitude of ABGj 
BEFy the envelope of this line seems to be a curve of the third class 
whose equation is 

+ {(a»+i;'-c')(p + 5)-hcV}{p5-r«} =0. 

(6) If D = B, E = A, F:=i 0, the circumcircle DEF has double 
contact with the conic 



2 V sin D . sin D+Ax = 0, 



or y/a sin B + v^)3 sin A -h y/y sin 20 = 0. 

(7) If we take D = B, E^A, F=^ 0, and the other centre of simili- 
tude — say, U' — of the in-triangle DEF to be the intersection of the 

Lcmoine line 

%x cosec A := 
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witli the side AB of the triangle ABO, it will he easily seen that the 
circle D^F passes through two fixed poiots, viz., the vertex C and ZT. 
The system whose centre of similitude is the centre of the circam- 
oircle ABG, does not seem to call for special notice. The foci of its 
donhle contact inscrihed conic are the centre of the circnmcircle and 

• ft a 

orthocentre of ABO. 



On a Problem of Conformal Representation, 
By Prof. W. Buensidb. Read April 13th, 1893. 

1. Introductory. 

The conformal representation of a plane finite polygon, no two of 
whose sides cross each other, on the half of an infinite plane or on a 
circle, is due originally to Schwartz. If Ojir, a,ir, ... a^w are the 
internal angles of the polygon in order, and if to and z are complex 
yariables moving respectively in the plane of the polygon and in the 
infinite half-plane by the functional relation between which the 
conformal representation is given, it is shown first that 



d /, dw\ 



is everywhere finite, continuous, and uniform in the positive half of 
the is-plane, and that it takes real values along the axis of real 
quantities. Hence, by a general theorem, also due to Schwartz, it 
follows that this function can be continued across the real axis, so 
that it takes conjugate imaginary values at conjugate points ; and 
therefore that its value at every point of the z-plane is determined 
by its discontinuities, which all lie on the real axis, and are the 
points of that axis corresponding to the angular points of the 
original polygon. If a^, a,, ... a. are these points, the value of the 
function thus obtained is given by the equation 

d /, dw\ i Or— 1 

dz\ dzJ 1 Z — Qr 

That the quantities a^ a,. &c. are actually determinahle in termn of 
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the lengths of the sides of the poljgon has been proved 'by Herr 
Schlafli (ClreUe*8 Journal^ Vol. LXxyiiiO- 

The formal integral of the above equation is 

The quantity on the right-hand side of this equation is an Abelian 
integitkl, so that, although when the region of variation of g is suitably 
restricted w and z are uniform fa notions of eacb other, there will 
generally be no integral functional relation between w and s for un- 
restricted variation of the latter. 

It may, however, happen in particular cases that the integral is 
capable of being algebraically transformed into an elliptic integral, 
and when this is the case, the conformal representation in question 
will be given by an integral equation of the form 

f[z,piAw+B)]=0, 

where / is a symbol for a rational function. 

ThAs, in the simplest and most familiar case of all, 

z = pw 

gives the conformal representation of a rectangle on a half-plane, the 
absolute invariant of the elliptic function being real and greater 
than unity. 

The number of essentially different cases in which this may happen 
is clearly unlimited, but they are capable of being divided into a 
limited number of well-defined classes, and it is my object to deal 
with this question with such generality as the nature of the subject 
allows. 

2. The General Problem. 

The determination whether in any particular case the integral is 
capable of being transformed into an elliptic integral, depends, in 
fact, on geometrical considerations. Suppose that AB and CD are 
any two sides of the original polygon, and ab and cd the correspond- 
ing segments of the real axis in the 2;- plane. 

So long as the variation of z is restricted to the positive half of the 
2:-plane, u; is a uniform fnnction of z, and moves within the original 
polygon. If now z be allowed to pass into the negative half of its 
plane by crossing the segment ab of the real axis, the rest of the real 
axis being excluded from its i*ange of variation, w will still be a uni- 
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form fnnction of z, and it is immediately obvioas that the values of 
w corresponding to the various positions of « in its negative half* 
plane will be represented by taking the reflection of the original 
polygon in AB. Similarly, if z be allowed to pass from the positive 
to the negative half-plane by crossing the segment cd of the axis, the 
values of tOf corresponding to the various positions of is in the negative 
half-plane, will be represented by the reflection of the original 
polygon in OD. The process indicated here may be continued 
indeflnitely ; and it follows that the various branches of w (each of 
which is a uniform fnnction so long as the variation of z is restricted 
to one half-plane) are represented by the snccessive reflections of the 
original polygon, and those obtained from it in their sides ; those 
arising from an odd number of reflections corresponding to values of 
X in the negative half-plane, while an even number of reflections give 
the branches of w corresponding to values of z in the positive half- 
plane. Let P now be any point inside the original polygon ; then, 
when the reflecting process is carried out completely, there may be 
either a finite or an infinite namber of different polygons which 
contain the point P. If the latter is the case, there will correspond 
an infinite number of values of z to a given valne of w, and there can 
therefore be no relation of the form 

f(z, pu;)=0 

connecting z and w. But if it is found that there are only a finite 
nnmber of different polygons containing P, the Abelian integral must 
be capable of transformation into an elliptic integral, as otherwise, 
when w is given, there wonld be an infinite number of different 
values oi z. 

The problem which must be solved is therefore the following : — To 
determine the forms of all rectilinear polygons snch that any given 
point of the plane lies within a finite number only of polygons formed 
by repeated reflections from the original one. It is convenient 
slightly to alter the form of this question as follows : — A plane 
polygon and a point P within it are given, and from P is constructed 
an infinite series of points by successive reflections in any order in 
the sides of the polygon ; it is required to determine whether or no 
points in the series can be found such that their distances from P, 
without being zero, can be made less than any assignable quantity ; 
or, in other words, whether the group of transformations arising 
from reflections in the sides of the polygon is, in M. Poincare's phrase, 
a continuous or a discontinuous group. The case of a triangle m:iy 
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first be dealt with, both as being simplest and as leading to the 
solation of the more general case. 

If the angles of the triangle are not commensurable with two right 
angles, it is at once clear that the group must be continuous, and 
that the required reduction of the integral to elliptic form cannot 
take place. 

Suppose, then, that a triangle ABG is placed with the angle A at 
the origin, and the angle B at the point (1, 0). The effect of a pair 
of reflections taken successively in AB and AO is given bj 



/ = e^'^z, 



and that of a pair in BG and ABhj 

where e la x^-iy for the original point, and g\ z" the corresponding 
quantities for the two transformed points. The result of any even 
number of reflections will be represented by repetitions of these two 
substitutions and their inverses ; and it is sufficient to consider the 
group of points arising from au even number of reflections, since, by 
combining these with a single reflection, say in AB^ all the others 
result. 

li ir^B he written for B in the second of the above equations, the 
only alteration caused is to replace the second substitution by its 
inverse, so that the group of points is unchanged, while the angles 
of the triangle are altered from -4, jB, G to A^ G-\-Aj B—A ; and 
therefore, if one of these triangles leads to a discontinuous group of 
points, so also does the other. 

Now A, B, G are by supposition commensurable, and, if 6 is the 
greatest angle of which they are all integral multiples, it is easy to 
see that a continued repetition of the process of keeping the smallest 
angle unchanged and replacing the next least by its supplement, will 
lead eventually to an isosceles triangle whose equal angles are both $. 
It follows that unless this triangle leads to a discontinuous group of 
points, the original triangle cannot do so ; and therefore it is sufficient 
tirst to deal with an isosceles triangle. The advantage so gained is 
that for an isosceles triangle a simple and interesting general ex- 
pression is readily obtainable for the group of points in question. 

Thus, taking now 

A=^B = pir/q, 

where p/q is a proper fraction in its lowest terms, then 
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a primitive q^ root of UDitj, and the two sabstitTxtioDS are 

/ == wz, »" = ! + « («— 1). 

The general expression for any substitutions compounded of these 
two is easily seen to be 



9. 



f = Sw^w' + w'^, 8 = 1, 2y ... q, 

where the only relation between the positive and negative integers 
flip m, ... is that their sum is zero. 
When 9 = 2, this expression is 

2m it z, 

where m is any positive or negative integer, and the group is evi- 
dently discontinuous. The corresponding triangle has two right 
angles and infinite area. 

When 9=3, the expression becomes 

m + (3n — m) a-^a'z, « = I, 2, 3, 

where m, n are any positive or negative integers, and a an imaginary 
cube root of unity. The group again is obviously discontinuous, and 
the triangle equilateral. 

When 9 = 4, the expression becomes 

m-f (2n-m) i-\-i'z, « = 1, 2, 3, 4. 

The group is again discontinaoas and the triangle isosceles and right- 
angled. 

Passing over the case 9=5, the expression 



/ 



where in is a primitive sixth root of unity, is easily thrown into the 

form , 1 rt o 

m-^na ::k: a Zj « =: 1, Z, o, 

where m, n are any positive or negative integers, and a an imaginary 
cube root of unity. 

The groap is once again discontinuous, while the triangle has two 
angles each equal to ir/G. 

For any value TTf q other than 2, 3, 4 or 6, the quantity 

1 

is expressible as the sum of three or more constant quantities, whose 
ratios are not real, each multiplied by an arbitrary integer, and, by a 
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known theorem, «in be made less than an j assignable quantity with- 
out being zero. Hence, for all Rach yalaes of /i, the series of points 
will contain an infinite number lying indefinitely near P. It follows, 
therefore, that the only triangles satisfying the veqnired ooodition 
are those whose angles are multiples either of 

W IT T w 

Y' 3"' 4" '''' y 

The only triangles satisfying these conditions are those whose angles 

are 

/* \ ^ ^ ^ /•• \ ''' "^ ^ 

^'■^ T' ~i' Y' ^"■'' T* "s* T' 
"'•^ T' T' T' ^'^-^ T' -6 ' T' 

and these are therefore the only triangles which can be oonformally 
represented on a half-plane or circle by means of an integral equation 
between two variables. 

It is convenient to add here one four-sided figure, namely a rect- 
angle, for which, from elementary geometrical considerations, the 
same property evidently holds. 

It follows immediately, from the present geometrical point of view, 
that any simply -connected plane polygon which can be formed by the 
juxtaposition of any finite number of one of these five figures, all of 
equal size and with homologous sides contiguous, possesses the same 
property. For, by repeated reflection in its sides, no new sides and 
corners can be formed other than those which would arise from the 
same process applied to its component parts, and hence only a finite 
number of different polygons can be formed which will contain a 
given point P. I now propose to go on to show that no plane poly- 
gons other than these possess the property in question. 

Let AB, BG, CD, BE be four consecutive sides of such a polygon. 
Then, considering first repeated reflections in AB, BO, and OB, it 
follows, from what has just been proved, that the angles ABO and 
BOB most both be multiples either of tt/G or of w/4 ; and the same 
holds for the angles BCB and ODE, and for each pair of consecutive 
angles of the polygon. Hence the polygon must be such that its 
angles are all multiples of ir/6 or all multiples of ff'/4. For the sake 
of clearness of statement I now take a particular case, though it will 
be at once seen that the nature of the argument is such that it will 
apply to any case whatever. Suppose that A, P, (7, P, E are con- 
secutive angles of a polygon which leads to a discontinuous group 



1898.] Problem of Conformal Representation. 193 

of points, and suppose that the angles ABO, BOD, DOE are respec- 
tively 3v/4, 3t/4, and ir/2. Through C draw CF parallel to DE. Then 
reflections in BO, OD, and BO are equivalent to a single reflection in 
OF, so that among the operations which are equivalent to an even 
number of reflections in the sides of the polygon are pairs of reflections 
in AB, OF, and in AB, BE, respectively. 

Now, unless the perpendicular distances between AB and OF and 
between AB and BE are commensurable with each other, the group 
of points arising from this repetition and combination of these two 
operations is continuous. Hence these two distances, or, in other 
words, BGV2 and CD, must be commensurable. 

Continuing this process, it may be seen that OD and DE must be 
commensurable, and generally that the ratio of any two sides of the 
polygon will be commensurable either with unity or with y/2 ; the 
former being the case when both sides have at both their extremities 
angles which are odd multiples of 9r/4, or when both sides have, at 
one of their extremities at least, angles which are even multiples of 
ir/4, the latter occurring when one side has at both extremities odd 
multiples of ir/4, and the other an even multiple at one extremity at 
least. But these are obviously the conditions that the polygon 
should be capable of being divided into a finite number of equal 
isosceles right-angled triangles. And in a precisely similar way it 
may be shown that the only other cases that can occur are those in 
which the polygon can be divided into a finite number of equal 
rectangles or a finite number of equal triangles with angles 9r/6, t/3, 
and w/2, the latter case evidently including those of figures formed 
from triangles (ii.) and (iv.) of p. 191. 

The result thus obtained is a known one as regards the four tri- 
angles, but I am not aware that a direct proof has ever been given 
from the purely geometrical point of view taken in this paper ; while, 
as far as I know, the theorem that every rectilinear polygon, that 
can be represented conformally on a circle or half-plane by means of 
an integral relation between two variables, is capable of being formed 
by the j uxtaposition either of equal rectangles or equal triangles of 
one of the four foi-ms, has not been formally proved before this. 

In giving some illustrative examples of the actual equations which 
lead to representations of the sort here considered, it is convenient 
to deal separately, on account of the greater symmetry of the 
f ormulee, with those cases which arise from the juxtaposition of equi- 
lateral triangles, though strictly they do not form a separate class 

VOL. XXIV. — ^»o. 462. 
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from those given by the triangles — , -^^ and — . No corresponding 

separation need be made in the other case, as two isosceles right- 
angled triangles, when placed together, form either the same figure 
again, or a sqnare, which leads merely to a particular case of the class 
of figures arising from a rectangle. 

3. Method of Solution. 

The actual equation which gives the con formal representation of 
any such area as is being dealt with, on a half -plane, may be directly 
obtained by algebraical processes, when once the representation of 
the simplest constituent area, triangle or rectangle, has been carried 
out. It is necessary to deal separately with the two cases in which 
the simple area is either a triangle or a rectangle. 

Suppose, then, that a triangle ABG has been represented con- 
foi*mally on a half-plane by an equation 

f(pw,z) =0, 

whei*e w is the variable in the plane of the triangle, and z that in the 
half-plane, and suppose that to the angular points ^, B, C of the 
triangle correspond the points 0, 1, co of the £;-plane — this involving 
no limitation, since, by a linear transformation performed on », any 
three points on the real axis may be brought to coincide with 0, 1, ao . 
If A'BC be the reflection of ABC in JBC, the complete figure 
ABA'GA is represented by means of the equation 

f{pw,z) = 0, 

on a complete «-plane, which is bounded by a slit running along the 
real axis from 1 through to oo ; or, say upon a positive half -plane 
and a negative half-plane, which are continuous only along that part 
of the real axis for which x is positive and greater than unity. If 
now A'BG" be the reflection of A'BG in A'B^ the complete figure 
ABC'A'CA will be represented by means of the same equation on 
two positive half-planes and one negative half -plane, the two former 
not being directly connected with each other, while they are con- 
tinuous with the negative half-plane along the segments 1 oo and 
1 of the real axis respectively. The area thus formed is a simply- 
connected plane area bounded by straight lines (namely, segments of 
the real axis), and has its angles multiples of two right angles 
— the angles actually being 2t at 0, Stt at 1, and 2t at oo . It may 
therefore be represented on a positive half C-plane by means of an 
equation between z and f which is algebraical in both variables, and 



1893.] Problem of Conformal Representation, 195 

« 
of the first degree in z. The elimination of z between this equation 
and f(pufjz) = will give the required representation of ABO'A'OA 
on a half-plane. The process thus indicated for the figure formed by 
the juxtaposition of three triangles may clearly be carried out in any 
case, so long as the figure is simply-connected (not excluding casQS in 
which parts of the ii7-plane are covered more than once). When, how- 
ever, the number of constituent triangles is sufficiently great, it may 
happen that some of their angular points do not lie on the boundary 
of the resultant figure. For instance, in the regular hexagon formed 
by six equilateral triangles, of the eighteen angular points of the 
triangles, twelve only lie on the boundary of the hexagon, while the 
other six coincide at its centre. These six all give the same value of 
Zf and belong to triangles which alternately are represented on posi- 
tive and negative half -planes ; and therefore, in the sr-plane figure, 
the centre of the hexagon corresponds to a branch-point where 
three complete sheets of the z-plane are cyclically connected. 

It may now be shown that the form of the required equation 
between z and ( may be written down directly, from inspection of the 
figure to be represented, when divided into its constituent triangles. 
Thus, if the figure is formed of N triangles, z ia & rational function 
of ( of degree N ; and since, when ( is real, z is also real, the co- 
efficients must be real. When ( is regarded as a function of z, its 
only branch-points are 0, 1, oo , since the coefficients of the equation 
are real, and the half of the corresponding Biemann's surface which 
is given by the system of half 2;-planes is only branched at these 
points ; and hence, if the equation be written 

z:z-l:l :: An (i-a^T^ : BU (f-/3i)"' : OU {i-y.Y^ 

1 1 1 

it follows that 

2 K-l) +2 (rh-1) +2 (pi-l) = 2N-2, 

the branch -points being all put in evidence by the equation. 

Also, since the three products are all of degree N, it follows that 

^rtu = l,n,= 2 ;^i = N ; 
1 1 1 

and therefore r H- « -h ^ = N+ 2. 

If any one of the constants a, /3, y is infinity (more than one cannot 
be so) the corresponding factor must be replaced by a constant. 

The values of the indices are given at once by an inspection of the 
triangle figure. If, at a point on the boaudary of the resultant figure, 

o2 
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/i aDgalar points of constituent triangles for which « = ooinoide 
among the indices m, one will be fi ; and if, at any point within the 
figure, 2fi such angular points coincide, then f/ will occur twice 
among the m indices. 
Thus, for the figure 




the form of equation is 

z : z-l : I :: 4(^-a,)' : ^U-A)' : 0(f-y.)(^-y,) ; 
while for the fignre 




the equation is 

z : z-l : 1 :: ^(f-a,)'«-a,)*(f-a,)« 

: ■B(f-A)(4'-/3,)'(4'-/3,)'(f-/3.)» 

:0(f-y,)'(i-y.)'(f-y.)*- 

The number of constants a, /3, y isr+^ + Z, or JN'+2, and the number 
of relations between them and A, By 0, arising from the identity 

1 1 1 

is ^+ 1. The ratios only of ^ : 2? : are involved, and these are 
given in terms of the a, /3, y by two of the equations, so that there 
are ^—1 equations connecting the JN'+2 quantities a, /3, y. 

When three are given the rest are therefore determinate. From 
the nature of the problem, it follows that those of these constants 
which correspond to points on the boundary of the figure are 
necessarily real, while those which correspond to angular points of 
constituent triangles that lie within the area occur as pairs of oonja- 
gate imaginaries. The various determinations of the constants when 
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three, for points on the boundary, are given, correspond to the 
varioas ways in which these points can be chosen. 

Thus, for the second of the two figures given, if aj, /3„ yj have the 
values 0, 1, oo assigned to them, then, while G must correspond to 
the point oo on the real axis in the C-plane, either A ov Q may corre- 
spond to the point 0, or either For fl" to the point 1. 

When the constituent area is a rectangle, the real axis in the 
jt-plane will be divided into four segments, say by the points 0, 1, k^ 
00 across each of which the successive positive and negative half- 
planes may be continuous. If the resultant figure is formed from N 
elementary rectangles, z will still be a rational function of ( of degree 
N with real coefficients ; but now ^, regarded as a function of z, will 
have the four branch-points 0, 1, jc, oo , and the equation between z 
and ( will be of the form 

z : z—l : z—K : 1 

1111 
again putting in evidence all the branch-points. 

Exactly as before, the indices m, n, jt>, q are directly determined by 
an inspection of the figure. The relation between their numbers is 

and when three of the constants a, /3, y, Z are chosen arbitrarily, the 
rest are determinate. 

Tn the particular case in which all the reflections of the original 
rectangle are taken in one pair of opposite sides, the problem becomes 
the same as that of the -transformation of the corresponding elliptic 
functions. 

It may be pointed out here that when the complete area has a line 
of symmetry, the equations for the determination of the constants 
may be made more simple by taking account of it. Thus, 

M N BE 



ABC 



I H Q 



if the figure ABIJKLMN has been represented on the half f-plane, 
the complete figure formed by this and its reflection in BI will be 
represented on a half T-plane at once by taking i a suitable quad- 
ratic function of T* 
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It is, however, obvious, from the known theory of the modnlsr 
equations, that the equations giving the constants will not genenJly 
be algebraically soluble. 

4. Examples. 

For the sake of completeness, I give first the formula for the 
representation of the four triangles. These have already been g^ven 
in a variety of forms, so that little more than the results, which will 
be useful for further applications, need here be written down. 

Dealing first with elliptic functions for which the absolute in- 
variant / is zero, and taking 

^1 = 0, ^, = -4, 
the equation 4z=p''t(7 (i.) 

leads to a;— 1 = p'w?, dz = Sp''w p'w dw^ 

SO that equation (i.) gives the representation of a triangle 



2"' y "6 y 



on the half js-plane, the angles corresponding in the order written to 
0, 1, 00 . 

By placing together two such triangles, so as to form an equilateral 
triangle, equation (i.) represents the equilateral triangle conformally 
on positive and negative half je^planes which are continuous along 
the negative part of the real axis ; and the equation 

z : 2-1 : 1 :: (2f-l)* : 4f (f-1) : 1 

represents these two half c-planes on a half ^-plane, so that 

2(2f-l)=p'tr (ii.) 

represents the equilateral triangle on the half-plane, the angolar 
points of the triangle again corresponding to 0, 1, oo . 

Thirdly, by placing two of the original triangles together so as to 

form a triangle f-^, -^, -^), ^equation (i.) will again represent this 

triangle on two «half 2;-p lanes continuous between and 1 ; while 

the equation 

z 12^1:1 :: (f+l)* : (C-1)' : M 
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gives the necessary means of passage to a single Half-plane. Hence 

(i+l)«= ip'^w (iii.) 

represents the triangle ( -^, -^, ■^) on the half C-plane, the angles 

corresponding in order to 0, oo , 1. 

Taking next elliptic functions for which / is nnitj, and making 



the equation 



leads to 



and 



9i = -^^ 9$ = ^^ 
\pw+lj 



,(17.) 



z 






dz 



80 that eqaation (iv.) represents the triangle ( t* X» o" ) ^" * 

half -plane, the angles corresponding in order to 1, oo , 0. 

It will not now be perhaps without interest to illustrate the method 
of the preceding section by dealing with a certain number of special 
oases of figures which can be constructed from these triangles. The 
numbers 0, 1, oo , placed inside the figures, indicate the points of the 
original 0-plane to which the angles of the constituent triangle corre- 
spond, while the numbers placed outside the figures give the points 
of the final ^-plane corresponding to angles of the whole figure. 

(a) Rhomhus, 




The equation is 

z\z^\:\ :: C(f-a) : (f-1)' : 0; 
therefore a = 2, = — 1, 

and the required equation [combining with (ii.)] is 

4f(2-0-2 = p'u;. 

(iJ) Regular hexagon, — Here considerations of symmetry will 
shorten the determination of the constants. 
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The figare may clearly be taken thus : — 




— a 



and the equation will be 

therefore a' = 10 +3^/5, a* = 3 + 2^/5, 



and these, with 



Of = -(29 + 12^5); 



complete the representation. In this case it is clear that the form 
of the resulting equation would be simpler were the hexagon repre- 
sented on a circle instead of a half-plane. There is little difficulty 
in showing that the required equation then is 

(y) A two-sheeted equilateral triangle with the winding point at its 
centre. — This figure may be formed by the juxtaposition of six 

triangles (-^» "X » "o" )> ^^® obtuse angles all coinciding and con- 
tinuity being assumed between the first side of the first triangle and 
the last side of the sixth. If, in this case, the fignre in the (-plane 
be taken a unit circle, centre the origin, instead of a half-plane, the 
necessary equation may, from considerations of symmetry, at once be 
written in the form 

z : z-l : 1 :: (i«-f-l)' : 4^ : ((*-l)', 



which, with 



z-f — +2 = p'^w [from (ii.)], 



completes the representation. 



* This case is given by Schartz (Gesammelte Ahhandlungenf ii., p. 252) ; he 
obtains it by the transformation of the corresponding integral. 
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As a verification, these eqaations give 



^KSdw = 



dz 



a («_!)» 



. dz = -i2^^,i:'dii 



(f'-i)' 



therefore 



— 4"'dw = 



_ idi 



(^-1)1' 



SO that the figure in the u7-plane has six angles, each of — , and a 
simple winding point within it, as it shoald have. 

(5) A six-rayed star. 



-a>y^^ 




<«»=1. 



If the figure be represented on a anit circle in the ^-plane, the 
symmetry round the centre shows that the correspondence of angles 
and points indicated in the figure is a possible one. The equation 
will be 

therefore /3' = -l, / = - 1, C = -8, 



and 






gives the representation. 

(e) The simplest case arising from a rectangle, other than those 
leading to the formulso for the transformation of elliptic functions, 
is that indicated in the following figure : — 

1 



?2 


^J 






^1 


00 


oo 




*1 


00 


00 


^1 


^? 


^ 


^? 


^s 



/3 
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The corresponding equation mnst be of the form 



z= e^ being no branch-point of C* 

The constants are at once found to be 

■and hence the equation effecting the representation is 

(0 As a last example it may be shown, in a manner similar to that 
used in the third, that a two-sheeted rectangle with a branch-point 
at its centre is represented conformally on the surface of a unit 
•circle by the equation 



5. Oonformal Bepresentation of MuUiply'Connected Areas. 

If the area formed from triangles or rectangles be not simply- 
connected, it is impossible to represent it conformally on a half -plane, 
but still a process closely parallel to that which has been explained 
will give the representation on a standard area of the same multi- 
plicity of connection as the given area. Suppose, for instance, that 
the area formed from N constituent triangles is doubly-connected. 
The N half js-planes will then form one (symmetrical) half of a 
doubly-connected Biemann's surface with definite branch-points at 
0, 1, 00 , and at these points only. On such a surface there is no 
function of position which takes every value once only, but there are 
necessarily functions taking every value only twice. 

If C is such a function it must be connected with z by an equation 

of the form 

^/.(0+^/,(0+/i(« = (i.), 

where one at least of the functions /i, /„ /, must be of degree N. An 

inspection of the arrangement of the N triangles in the given figure 

will determine, aa in the case of a simply-connected area, the nature 
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of the three branch-pointa, bo that the forms of /„ /„ /, will be given by 

/,«:) = ^n(C-«,)-, 

/, (0 = on i(-Y,y; 

/. (0 +/. (0 +/, (0 = -Bn (f-/3,)% 

1 

where the indices m, n, p are determined by inspection, and where, of 
the constants a, /8, y, two, bat not more, may be infinity, in which 
■case the corresponding factors are replaced by unity. 

Assuming for simplicity that ( does not become infinite at any of 
the branch-points, it follows that 



•and 
so that 



1 1 1 



Lastly, since the only irrationality that z contains is the square 
TOot of a quartic function, the expression 

[/.(0]'-¥.(0/.(0. 

must have a square factor of degree ^^2. 

This is equivalent to ^—1 equations of condition. Now, since the 
ratios only of -4, B, occur, the functions /u/n/j contain N-\-2 
{arbitrary constants, and hence, when three of these (say the two 
points where ( becomes infinite and one of the points where it 
becomes zero) are assigned, the determination of the constants 
becomes definite. When the area to be represented is given, equation 
(i.) can therefore be obtained by algebraical processes, and, in 
the symmetrical half of the corres()onding surface on which the area 
was originally represented, ( will take every value once, and once 
only. Hence, when (i.) is combined with the equation between z and 
pw, the resulting equation between i and pw represents the area 
conformally on an infinite plane, rendered doubly-connected by two 
slits regarded as boundaries. 

When the area has a line of symmetry, the process referred to at 
the end of § 3 may be taken advantage of to simplify its representa- 
tion on a slit infinite plane. Thus, if the figure there given is 
represented on a half -plane by an equation 

/[f,|,(«)]=0, 
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so that the points If, Ny By E of the boandary correspond to pointa 
m, n, d, e of the real axis in the C-plane, the same equation will 
represent the doably-connected figure formed of twelve rectangles^ 
obtained by reflecting the given figure in the line of the sides MN 
and BEy on an infinite plane the positive and negative halves of which 
are continuous only along the segments mm, and de of the real axis. 
When this method can be applied, the previous general one clearly 
cannot, since z and f are not independent functions of position on the 
corresponding Biemaun's surface. 

As an illustration, the actual equations may be given for the 
representation of the area between two similar, similarly situated, 
and concentric squares, the larger of which is four times the smaller 
on a slit plane. 

Using the figure at the end of § 3 in conjunction with example (e), 
6i, 6„ e, are -— 1, 0, 1 when the rectangles are squares, and the equa- 
tion connected with the figure ABIJKLMN is 

z+l : z-^l i2 :: i (4f-3)* : (^-1)(44:-1)' : 1. 

The values of i at B,^N, A are 0, 1, oo , and its values at I, JST, M 
must be in ascendiug order of magnitude, while they correspond to 

« = 0,orto l=2i{H-Sr. 

They are therefore 

2~v^3 JL^ 2 4-^/3 
4 ' 2 ' 4 ' 

The equation connecting this figure and the complete figure of § 3 is 
therefore 

^ 4 

where may be chosen arbitrarily. 

If be taken unity the values of f are N, By and at If, Ey where { 

. , „ , 2+^3 .. 1 , 2y2 , . ^/3-|-l 

18 1 and — -T— respectively, are ± —j^ — r and ± ^ . 

Hence, finally, 

pw+1 (^^315? 

4 

represents the %rea on an infinite plane bounded by straight slits 
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from — -T — - to 
i/8 + 1 



2v/2 
v^3 



— -, and from ^ through infinity to 



•3-fl 

2.3* ' 

6. Conclusiofi, 

Returning to the case in which the given area is simply-connected, 
it is interesting to consider the equation 

f(z,pw)=zO, 

-which effects the representation from the point of view of Biemann's 
theory. The equation is of finite degree N in z, and transcendental 
in to. If, then, the surface be regarded as extended over the to-plane, 
it will be ^-sheeted, while z is a function which takes every value an 
infinite number of times on the surface. If N is greater than unity, 
the surface is of an infinitely high degree of connectivity, but the 
branch-points and the distribution of the sheets in connection with 
each will be perfectly definite. To determine the nature of each 
branch-point and the possible arrangements of branch- lines, it is 
sufficient to deal with the value of z in the neighbourhood of each 
angular point of the original area. Thus, in the equation for the 
representation of a regular hexagon, 



2*+ ^ = p'to 



(^1 = 0, ^,= -4), 



the values of p'w at three angular points of the hexagon are 2, and 
at the other three —2. Near one of the first three 

80 that the six sheets are connected in pairs, and the same clearly 
holds for the other three angles. 

From each branch-point three simple branch-lines must diverge, 
each connecting a different pair of sheets. A complete system of 
branch-lines, ensuring the necessary connection between the sheets, 
may therefore be represented by the figure 
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where the nnmbers indicate the two sheets that are oonneoted b^ 
each branch-line. 

In the case of fignre (c) it is clear that the only branoh-pointa are^ 
at the re-entrant angles of the area, and that each of these is a double 
branch-point connecting three sheets cyclically. A complete system 
of branch lines will be given by the fignre 



-MB J»- 



-l» — i — iM tt9- 



continned, of coarse, as in the former case, indefinitely in both 
directions. 

A consideration of the nature of the surface corresponding to the 
equation ^^^^ ^^^ ^ ^ 

becomes of importance, from quite another point of view, when the g- 
is regarded as a particular case of an automorphic function. 

The double area obtaiDed by taking together a given area and its 
reflection in any one of its sides, is a fundamental region for the group 
of substitutions arising from pairs of reflections in the sides of the 
given area. But this group is, in general, identical with that arising 
from pairs of reflections in the side of the constituent triangle or rect- 
angle from which the area has been built up ; and the simplest funda- 
mental region is then formed by one pair of the triangles or rectangles* 
This fundamental region can be within certain limits altered in form 
(for the simple class of groups here under consideration it cannot be 
altered in area), but what is here made clear, by a simple instance, is 
that it depends entirely on the nature of the continuum in which it 
is to be taken, and that generally when a region is given whose 
sides are connected in pairs by substitutions belonging to the group 
(from which the complete group can be constructed) a continuum 
can be found on which it is a fundamental region. 
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Thursday, May 11th, 1898. 
A. B. KEMPE, Esq., F.R.S., President, in the Chair. 

Senor Tamborrel, of Mexico, was elected a member, and Mr. A. L. 
Dixon was admitted into the Society. 

The following commnnications were made : — 

On the Collapse of Boiler Fines : Mr. A. B. H. Love. 

On some Formnlaa of Codazzi and Weingarten in relation to the 

application of Snrfaces to each other : Prof. Cayley. 
On the Expansion of certain Infinite Products : Prof. L. J. 

Rogers. 
A Theorem for Bicircnlar Qoartic Curves and for Cyclideflf, 

analogous to Ivory's Theorem for Conies and Conicoids : Mr. 

A. L. Dixon. 
On the Linear Transformations between two Qnadrics : Mr. H. 

Taber. 

On Maps and the Problem of the Four Colours : Prince C. de 

Polignac. 
Oil Format's Proof that Primes of the Form 4»-f-l can be broken 

up into the Sum of Two Squares : Mr. S. Roberts. 
Supplementary Note on Complex Primes formed with the Fifth 

Roots of Unity : Prof. Lloyd Tanner. 

The following presents were received : — 

A Cabinet Likeness of Mr. Love, presented by Mr. Love. 

** Yoordrachten over den Grondslag van een Bibliogpraphisch Bepertorium der 
Wiskundige Wetenschappen," E and M'3'. 

*' Beiblatter zu den Annalen der Physik und Chemie," Band xTn., Stdck 4. 

" Proceedings of the Royal Society,'* Vol. lii., No. 320. 

Lemoine, M. £. — ** Application d'une Methode d'Evaluation de la Simplicite dos 
Constructions k la Comparaison de quelques Solutions du Probl^me d^Apollonius." 
(Extrait des Noiteiles AnnaUt de MathematiqueB.) 

Lemoine, M. E. — '* Application de la Gcomctrographie h, I'examen de diverses 
Solutions d'un memo Probl^me.*' (Extrait du Bulletin de la Soeiite Mathematique 
de France.) 

Lemoine, M. E. — ''R^sultats et Th6or^me8 divers concemant la Geom^trie 
du Triangle, &c." (Congr^s de Pau, 1892.) 

** Nyt Tidsskrift for Mathematik," A. Fjerde Aargang, Nos. 1, 2; Copenhagen. 

'* Nyt Tidsskrift for Mathematik," B. Fjerde Aargang, No. 1 ; Copenhagen. 

** Transactions of the Connecticut Academy of Arts and Sciences," Vol. viii.. 
Part 2, 1893, and Vol. ix.. Part 1 ; Newhaven, 1892. 
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« Bulletin of the New York Mathematical Society," Vol-n., Ko. 7 ; April, 1898. 

** Index dn Repertoire Bibliographiqae des Sciences Math^matiqaes," Flaria» 1898. 

** Bulletin des Sciences Math^matiqaes," 2*>»« Serie, Tome xtu. ; Han, 1898. 

« Bulletin de la Sod^t^ Math^matiqae de France," Tome xxi., No. 3 ; Ftais. 

** Bendiconti del Circolo Matematico di Palermo," Faso. 1 and 2, Tomo tu. ; 
1893. 

« Annales de la Faculty des Scienoes de Toulouse," Fasc. 1, Tome Tn., 1898 ; 
Paris. 

<'Atti della Beale Accademia del lincei, 5" Serie — Bendiconti," Vol. u., 
Fasc. 6, Sem. 1 ; Roma, 1893. 

<* Sitzungsberichte der EOniglich-Preussischen Akademie der Wissenschafteiii 
8U Berlin," xll-lt., Title page, Contents, and Index, for 1892. 

'* Annali di Matematica," Serie n., Tomo xxi., Fasc. 1, 1893 ; Milano. 

*' Journal fur die reine und angewandte Mathematik," Band cxi.. Heft 8, 
1893 ; Berlin. 

<* Educational Times," May, 1893. 

** Indian Engineering," Vol. xni., Nos. 12-15. 



On the Collapse of Boiler Flues. By A. E. H. Love. 

Read May 11th, 1893. 

Abstract, 

The problem consists in discovering the conditions of a collapse of 
a thin cylindrical shell nnder external pressure, when the ends are 
constrained to occupy fixed positions. Since all problems of collapse 
depend on the geometrical possibility of finite displacements being 
accompanied by only infinitesimal strains, it appears at the outset 
that, unless the shell can receive a displacement of pure bending 
without stretching of the middle surface, collapse is impossible. The 
assumed condition of no terminal displacement is equivalent to closing 
the ends of the shell, and, since a closed surface cannot be bent 
without stretching, this condition apparently precludes the possi- 
bility of collapse. On the other hand, it is well known that, if the 
external pressure exceed a certain value, an infinitely long cylindrical 
shell of given small thickness and given diameter will collapse under 
the pressure. The critical pressure has been determined by Bryan, 
and Basset, who find the same result. It is therefore to be expected 
tbat^ if the cylinder is of sufficient length, the extensional displace- 
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ment which must be superposed upon the displacemeni of pure 
bending in order to satisfy the end conditions will be pi*acticall7 
unimportant except in the neighboorhood of the ends. The problem 
is thus reduced to discovering the order of magnitude of the length 
of the shell, in order that it may be treated as infinite when the 
thickness is small. For this purpose, consider the case where the 
pressure is just equal to the critical pressure, and the displacement 
of pure bending in the infinite cylinder is consequently of the form 

u = 0, V = ^A cos 2^, to = 4 sin 2^, 

where A is a small arbitrary constant. (The displacement u is parallel 
to the generator, t; is along the circular section, and w along the 
radius outwards.) By means of displacements of this form the 
equations of equilibrium can be satisfied, but the boundary conditions 
at the ends cannot. Now take the case of an infinite cylinder with 
an end a; = 0, at which t; and w must vanish, and seek a displacement 
involving both flexure and extension of the middle surface to be 
superposed on the displacement given by the above forms, such dis- 
placement to satisfy the eqaations of equilibrium, and the boundary 
conditions : — (1) that the new v and to are equal and opposite to 
those above given at a; = 0, (2) that the new u, v, w vanish at a; = oo . 
The required solution can be determined, and is of the form 

u = e~"** (-4.1 cos mx + B^ sin mx) sin 2^, 
V = e""" (il, cos WMJ+ JB, sin mx) cos 2^, 



m 



(P 



w = e""" T-r- r^ (5- COS mx^Am sin mx) sin 2^, 

4(2 + cr)^ ' I / «r> 

in which J9, and A^ can be determined so as to satisfy the conditions 
at 99 = 0, (T is the Poisson's ratio of the material of the shell, and 

m=[l2(l-«7»)]l/yW. " 

t is the thickness, and d the diameter of the shell. If o* be taken 
equal to ^, the reciprocal of m is about '546 of the mean proportional 
between the thickness and the diameter, and it follows that whenever 
X is great compared with this quantity the influence of the end is 
unimportant, and the displacement approximates to one of pure 
bending. To make the tendency to collapse occur in practice, it would 
be necessary that the half-length of the flue should be ^^c^^t ^^qstcc^^s^*^ 
VOL. xxiv.^No. 463. V 
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with m'^ and the practical oonolosion would be that for a floe of 
length Z stability would be secured if 

\l < n/m, or I < N^ (df)^ 

where N ia e^ considerable number. It is customary in stationary 
boilers to make the flues in detached pieces connected by massiTO 
flanged joints, so that the effective length of the flue is the distance 
between consecntive joints. If the number N be taken equal to 12, 
we have the rule that the distance between the joints must be not 
greater than twelve times the mean proportional between the thick- 
ness and the diameter. The value ^ = 12 accords well w^th what 
has been found safe in practice, but the rule as to spacing the joints 
is new. 



On some Formulce of Oodazzi cmd Weingarten in relation to the 
application of Surfaces to each other. By Prof. Catlbt. 
Received May 1st, 1893. Read May 11th, 1893. 

An extremely elegant theory of the application of surfaces one 
upon another is developed in the memoir, Codazzi, '^ Memoire relatif 
a Tapplication des surfaces lee unes sur les autres," Mem, Pres. de 
r Institute t. XXVII. (1883), No. 6, pp. 1-47 ; but the notation is not 
presented in a form which is easily comparable with that of the 
Gaussian notation in the theory of surfaces. I propose to reproduce 
the theory in the Gaussian notation. 

Codazzi considers on a given surface two systems of curves 
depending on the parameters t, T respectively ; the carves are in the 
memoir taken to be orthogonal to each other, but this restriction is 
removed in the general formula given p. 44, Addition au Chapitre 
premier. For a curve of either system, he considers the tangent, the 
principal normal, or normal in the osculating plane, and the binormal, 
or line at right angles to the osculating plane (say these are tan, pm 
^nd bin). For a carve of the one system, that in which t is variable 
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•or say a ^-carve, he denotes the cosine-inclinations of these lines to 
the axes by the letters a, 6, c, thns : 





X 


y 


z 


tan 


a. 


a^ 


prn 


K 


K 




bin 


Cm 


c. 



•and he writes also I for the inclination of the principal normal to the 

dm. 

normal of the snrface, -r- dt for the angle of oontingence, or inclina- 

dt 

tion of the tangent at the point (t, T) to the tangent at the point 

dn. 

i^t+dtfT), and -^dt for the angle of torsion, or inclination of the 

dt 

oscnlating plane at the point (*, T) to that at the point {t'\-dt, T), or, 

what is the same thing, the inclination of the binormals at these 

points respectively. And he gives as known formnlsB 

dt" H' dt'^ ^ dt ^dt' dt"^ dt' 
where a, &, c denote 

{a„ hg, Cg)y (Oy, 6y, Cy), or (a„ 6„ c,). 
He uses the capital letters 

A^ A^ ^., B„ B,, B„ a, 0„ Cf., X, ^dT, ^dT 



dT 



dT 



with the like significations in regard to the cnrve for which T is 
variable, or say the T-curve ; for greater clearness I give the accom- 
panying figure. 




p2 
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Codazzi writes further 



dm J dm . , dn dl 

' — cos ^ = u. — sin i := V, — — * — ^ic% 

dt • dt ' dt dt ' 



dM Y- TT dM . J- 17- dN dL -nr 

——COS L= U. -^rz=L sin 1/ = F, -77= — -?;;;= rr; 
dT ' dT dT dT 

also, if 5, 8 are the arcs of the two curves respectively, 



ds 



08 
dT 



= B; 



and he obtains a system of six formulad, which in the Addition^ p. 44,. 
are presented in the following form^-only I use therein 6, instead of 
his &, to denote the inclination of the two curves to each other : 

du dJJ il.dW . ^, /t7 <W\ . ,Tr • /» TIT il\( ^\ 

= -:r-cos^-f -^%\n6'\''w ( F— — J +(irsin^— TFco8^)( v— — ),. 



dT dt 



dt 



= gcoB^+f|ain^+Tr(.-f)+(«sin,9-«cos^)(F-f), 



dTJ du 
It 



( 



il. + 'i)^+"'^H<'n-«w)-co,ei.w+.ir,=o, 



B (ttcos O-hwBin 0) = r (U cob ■\' W sin 6), 
•D ' ^ f dO\,dB ^ dr 



^^^'{''-§)^P^^'= 



dB 
dt 



In the Gaussian notation, taking p, q for the parameters, we have, 
with the slight variations presently referred to, 

dx = adp + adq -f ^a dp* -f adpdq -f a"(^', 

dy = hdp'hVdq'\'i0dp^+^dpdq+P''d2\ 

dz = cdp'\'cdq-{-\ydp^-\-ydpdq-\-y'dc^, 

A, B, C = be — Vcj ca—ca, ah'— ah, 

E, F, G = a' + &' + c', aa+hh'-hcc\ a'^ + t^' + c"; 
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and therefore daj'+dy'-f de' = Edp*+2Fdpdq-^0dq* ; 



ir,r,ff = Aa+BP+Oy, Aa+B(i'+Cy\ Aa^'+B^'+Gy''; 
and I take farther 



Wy to/, w" = aa H- 6/3 + cy, 



aa ■\' 6/3'+ cy', aa' + 6/3"+ cy", 

tr, v,tir=aa+6p+cy, aa+6p+cy, aa+o/i+cy, 

X, V, r= a'+ i3« + y", «"+ /3'«+ y-*, a"*+ /3"«+ y'". 

^, /, /i"=oV'+/3'/3" + y'y", a"a +/3"/3 + y"y, aa +/3/3' +yy', 

j^X - w« = A, (7X" - iir"« = A", 

where it is to be noticed that F*, ^', ^', 0\ are written instead of 
Ganss's A, D, I/, D", and w, w', w", tir, tr', tar" instead of his m, w', m", 
n, n', n'' ; and that he gives for the last mentioned quantities the 



values 



m = 



d/p ' 



w = 






dg ' 



// 






» = 






or, say 



t.r = 2?',-ii?„ t.r' = J(?„ w" = i(?„ 



where the subscripts (1) and (2) denote differentiation in regard to 
p and 2 respectively. 

Observing that the cosine-inclinations of the tangent to thej^-curve 
are as a, 6, c, and those of the binomial or perpendicular to the 
•osculating plane are as 6y— c/3, ca — oy, ai3— 6a, we easily find 



a« Oy> a. = 



C«> Cy, C, — 



a 



VJS?' 



>/B' 



VE' 



6y— c/3 ca— oy aP—ba 
VA • V^A ' yA ' 



6«, 6y, 6. = 



_ Ea—ata Efi—bta Ey—aa 



y^A ' \/jE7A ' -/jE7A 



and, for the cosine-inclinations of the normal of the surface 
... _A B 

^*i ^yl '*• y) y^ yf 
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we find 

^ (a«4.5«-|,c«)(fl-tt + &^/3+cy)-(aa^+6y-fcc0(aa4-ft/34-cy) 

OP, since Aa+Bb + Gc = 0, this is 

F^/^ F^/A ' 

We onght therefore to have 

^^ + (JS?tr-F«)' = F*A, = (EO-F'XEX-J') ; 

or, omitting the terms F'w', which destroy each other, and throwing 
out a factor E^ this is 

Ew^''2Fnfio + Qu,'^\(E0-'F')=\(E0''F')-E^; 

viz., putting for EO—F* its value, = -4'+B'+C, and for the other 
terms their values, this is 

(a« + 6« + c*) (a a + Vfi + c y)' 

-2(aa'+66'+cc')(aa + 6'/3+cy)(aa + 6/3 + cy) 

+ (a'« + 6'»+c'')(a'+i3'+y«) 

= (^« + B»+(7«)(a'+i3' + y»)-(^a + -Bi3 + Oy)«. 

The right-hand side is here= (By-0/3)'+(aa-^y)"+(J^-Ba)«;: 
the left-hand consists of three parts, the first whereof is 

{a(aa+6'/5 + c'y)-a'(aa + 6/3+cy)]« = (-By + Oi3)«, 
and similarly the other two parts are 

(-Ca+^y)' and (-J/3 + Ba)'; 
the equation is thus verified. 

We require Codazzi's — r- and -— , or say -t~ and —- ; these are- 

at at dp dp 

to be obtained from the equations 

d a __ Ea—ata dm d_ hy —cfi _ Ea—av dn 
dp ^/E v^^ dp ' dp \/A "" ^'eL ^P* 
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and the values obtained should satisfy 



d^ Ea — OM a dm __ by — c0 dn 

dp '/IeK '^^ dp v'A dp' 



I find 



dm \/A dn 

dp"^ E ^ dp 



'^E 



a. 


h. 


c 


». 


/s. 


7 


«i. 


/3i. 


71 



where a„ j3„ y^ are the derivatives of a, /3, y in respeot to p ; and 
the equation to be verified thus is 

d_ Ea—ata __ _ o\/A . {hy -cP^VE 

First,for— — : the derivatives of a, E area and 2 (aa + 6/3+ cy), 
op 

= 2ia ; we thus have 



o, 


6, 


c 


«, 


A 


r 


»l. 


i3., 


yi 



a 



ow 



^a— aw 



which is 



dp y/E' VE Ey/E EVE ' 

Ea-^cua dm 
V^ dp' 



1^ dm \/A 

VIZ., we have tt- = -^^. 

tJ/n 

Next, for -- : using a subscript d) to denote derivation in regard 
tojp, we have A = JErX— m', and thence 
Ai = jE?iX+^X,— 2»«i 

= 2uf\+E.2 (aai+/3ft+yy,)-2«(X+oc4 + 6A+cy,), 
= 2 (^ (aai+/3/3i+yyO-« (aa, + ft/J^ + cy^ } , 
= 2 (a,Z+i3^ r+y,Z), 

if, for a moment, 

X, r, Z^Ea-'Ow, Efi-huf, Ey— c«; 
these values give identically 

aZ+i3r+yZ=A, and aZ+5r+cZ = 0. 
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Hence we have 






which must be = 



we thus have 



X dn 



yjE7A d^' 



(6y,-ci30 A-(6y-c/3)(«iX+Ar+y,Z) = ^ g; 

or, putting the left-hand side in the form 

(6y,-cA)(aX+/3r-l-yZ) 
-(6y-q3)(a,X-|-Ar+y,Z) 
-(/3y,-/3,r)(aX-|-6r-»-cZ), 



this is 



= -X 



o, 


b, 


C 


a, 


fi, 


r 


"i. 


A, 


Ti 



and we thns find t" = 

a/) A 



a, &, c 
a, /5, y 

«!» /5i, yi 



For the verification of the equation 



^ y/EA "" jE7\/.K A>/A 



a, &, c 
a, ^» y 

«i> Ai 71 
we have (^a— ow)i = ^a,— a (aai + 6/3,H-cyi) +aw— aX, 

(JS?A)i = 2JS7« (aai+/3A + yyO-2i7a> (aai + 6/3i-f cyi)+2Aw, 

and hence the equation is 

_ {JB^(aai+/3ft + yyO-J5;«.>(aa^-f6/3t-hcyO-h«.>}(i^a-(iui) 



+ 



JE7A\/^A 

^1 — g (oai -f &/3i -I- cyj) + gfci — oX 

VJEA 

= _ a-/A (by-c/3) y^ 
JFv^-& A v/A 



a. 


6, 


C 


o. 


/3, 


7 


«» 


A. 


7i 
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'Considering first the terms without Oi, /3i, y^, these give 

— «(-Ea— a«)+jE'(a«-aX) =— a(^X— «»), 

which is identically true ; and then the remaining terms with 
•«!, /5i» yi give 

-{ jF (oai + i3/3i + yy ,)-«.» (aoj + 6/3i + cyO } (^ - a«) 

= (&y-c/3) JS7 



o, 


6. 


c 


o, 


/3. 


y 


«1. 


A. 


yi 



On the left-hand side the whole coefficient of a^ is 

which is =-J^a'-|-2a<LE'w-aV-|-(6*-|-c')-E^-(6'+c*)«', 

= jF [ -^* + 2aa« + (6' + c') X - w*] ; 
and, substituting for JS', w, and X their values, this is found to be 

= ^{(6»+c«)(|3'+y»)-(6/3+cy)'}, = ^(fcy-c/S)'. 
Similarly the whole coefficients of jS^ and y^ are found to be 

= JE'(6y— c/3)(ca— ay), and JE'(6y-c/3)(a/3— 6a), respectively, 
and thus the left-hand side becomes 







a, 6, c 




= (&y-c/3)i7 


«, /J, y 


as it should do. 




«i» A» yi 


We have 


tan 2 = 


P 



where P = -E' V jF = y/E {Aa + P/3 + Oy), = aa -hbi3 -h cy, suppose, 
Q = Em-Fi»t=^ {cB'-hO)a-\'{aO''cA) (^■\-{JbA'^aB) y, 

= a'a -h b'/3 + c'y , suppose. 



P« + Q«=rA, 



dl 



and we have hence to find ^ . Using, as before*, a subscript (J to 

dp 

denote derivation in regard to j?, we have 

dp !»+«' ' 



ai8 
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the numerator is 

= (a'a+b'j3+oV)(aa, + bj3,+cy,+a,o+b,j3+cy) 
.-(ao+b/3+oy)(a'a,+b'j3,+o'y,+a,'o+l),'/3+o,'y) 
= - [(bo'-b'o)(/3y,-i3,y) + (ca'-c'a)(y«,-y,a) 

+ (ab'-a'b)(ai3,-a,/J)] 
+ Q (a,a+b,j3+cy) -P (a,'o+lh'j3+o;y). 

For the first part hereof, 

bc'-b'c =z^:E{B{bA- aB) - (aO-eA) } 

sinoe aA-\-hB-\-cO = 0; and similarly 

ca'— c'a, ab'— a'b = — bF*y^, —cF*-/^, respectively; 
and thns the first part is 

= Y*VE{a (/Jy,-/3iy)+6 (yo,-y,a)+c(a/3,-o,/3)}, 



a, 


6. 


C 


n. 


|3, 


y 


»« 


A, 


71 



P«+Q«, = TA, 



^E 



«. 


fc, 


C 


a. 


A 


y 


Ol. 


A. 


yi 



= ry^ 



Hence, diyiding by 



the first part of -7- is 

dp 



For the second part of the numerator, we require 

aai + /Jb, -f yCi and aaj + /SbJ -f ycj ; 
the Talnes of a, b, c are A VE, B VE, 0^/E, where E^ = 2iii, and hence 
aitt+bi/J+Ciy = 

= ^£(A,a+B,fi + 0,y)+ ^(Aa+Bfi+Cy). 



From the valaes A, B,0 = bo'—h'c, ca'—c'a, ah'—al, 
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and thence 



o. 


h, 


c 


a. 


A 


y 


«', 


/3'. 


y 



Hence 



aitt-l-bi/J+Ciy = — y/F 



a, 


i. 


c 


Of 


A 


7 




/?'. 


r 



l-ff' 



V'J? 



Next, we have a', V, c' = cB— 60, a(7— c^l, 6^4— aB, 
and thence aaJ+jSbl+ycI 

= a (yB-i3Cf+c5i-6a,)+/3 (aO-y^+aOi-Cili) 

= (6y— cj3) i4i + (ca-ay) Bi+(a/3-5a) ^ 

= (6y-c/J)(c'/3-6'y+6y'-c^ 
+ (ca — ay) (aV — c'a + ca' — ay') 
+ (ai8-6a)(6'a-a'i8+a/3'-6a') ; 

the portion hereof which is qnadric in a, /3, y is 

= -(a«+j3«+y»)(aa'+66'+cc0 + (aa+6i3+cy)(aa+6'i3+c'y), 

JEUid the remaining portion, which is lineo-linear in a, /3, y and 
a'. ^', y, ia 

= (aa'+j3i3'+yy')(o*+6'+c')-(aa+fe/3+cy)(ao'+6/3'+cy'), 

we thuB have oa;+/3b|+yo,' = — XP+^/t'+w («-«'). 
Hence the second portion of the nnmerator, or 

Q (aa,+/3b,+yc,) -P (aa;+/3bl+yy,'), 
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ia = {E^—Fia) 




a, 6, c 
-yjS? a. /J, y 

There are two terms, H-^v^JS/ww and —E'^/Eum, which destroy 
«ach other, and thus the whole second part of the numerator is 

a, b, c 



= --(Enr—Fu) 



a, /5, y 



^E^K/Ei^^'E^XF)-^ ^(u>'E^a,F), 



y/B 



dl 



and, for the corresponding part of — -, we must divide this by P*+ Q*, 

dp 

= F^A. 

Hence finally we have 
a, b, c 



dl 
dp 



y/E 



a. /3, y 
«i> /3i, yi 



F*A 



— (mE^iaF) 



a, &, c 

a. /J> y 

a', /3', y' 
E'i 



•-EWE{fi"E-\F)+ ^(a>'JE?-«F) y, 



where I recall that the values of w, tir, w', X, and fi" are oa + 6/3 + cy, 
a'a + 6'/3-fcV, aa' + 6/3' + cy', a'+/3'-f y', and aa'-f /3i3'+yy', respec- 

tively. Observe that the first term in this expression for -r- is 

dp 

dn 



We thus have 



dm J 
u =— — cosZ = 

dp 



dp' 

Efff—Fu) 
VE ' 

E' 



dp Vy/E' 



^_dn <gZ_ 2v^JBy 
dp dp \/A 



a, 6, c 
«, ^1 y 

«i> /^i, yi 



7«A 



{fffE—iaF) 



Oj 


fc. 


c 


a> 


i8, 


y 




/j; 


y 



+EWE{fM"E-XF) 



E' 



u> 



y/E 



{ut'E^wF) 
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and we thence obtain at once the values of U, F, W; viz., these are 

U = -T- COS L = - 



dq 

= -— sm L = 
dq 



VO 



a 



WO' 



j^^dN dL^ 2y/a 
dq dq ^/A" 



FA" 



(«''flf-^''JP) 



// fyff f* 

«2> Pi I 72 



-^-ovoif^o-^y'F) 






(m^O-fff'T) 



where aj', /3a', yj' denote the derived functions of a\ P'\ y" in 
regard to 9, viz., these are the third derived functions of a;, y, z in 
regard to q. 

We have, moreover, 

da?-^dy^-\'dz^=^Edp*^'2Fdpdq-\'Qdq^, =r*ci^*+2r22cos^d^dT+JB'eir'; 

F 



that is 



r = y^, B = -/Gf, cos e = 



y^(?' 



and therefore also sin 6 = 






y/EO 



Writing p, q in place of t, T, and for r, JB substituting their values, 
then, with the foregoing values of u, v, w, 27, V, TF, Codazzi's six 
equations are 



du dJJ a^dW . 

^ cos V'\ ~ 

dq dp dp 



sin^H-w;(7-^) + (l78in^-TFcos^)(f;-^V 



dB 
dp, 



dU du a . dW ' a^urf dB\ , . . ^ ^ /l^ /rr ^^\ 
= rr-cos6^+ -r— sin6-f TT I*'"" t-) +(t*sm ^— ii;cos 6) f F— — -), 



dp dq dq 

dv . -rZF\ (i»^ 



/or ^ rtK \ a^ ^smO(uU'^wW)-coae(uW'{-wU) = 0, 
Vog dp / dpdq 

^0{ucoaO-{-wame)=: y/E (U cob O-^-W Bin $), 

^/wsm^ v — — -JH — -- — cosC^= v- » 
\ op/ d^ dq 

/T? ' nlir de\,dy/E a ds/G 
^E sm ^ I F— -- ) H — ^ — cos = — ^ — . 

\ ag/ dq dp 
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I take the opportunity of remarkdng that QansB, in § 11 of hia 
memoir, gives the first and second of the formnlsd 

(each of them one out of a system of three like equations), where, 

as hefore, F* = EQ—F*, 

E\r, G'==Aa+BP+Oy, Aa'+Bfi'+Oy\ Aa" + Bfi'' -^^ Oy\ 
io, w\ « ' = ao +6/3 + cy, aa' +6)3' + cy\ aa" + 6/3" + cy'\ 

w, m\ m' = a'a+6'/3+cV, aV+6'/3' +cy, a'a" + 6'/3" + c'y' 

These are, in fact, the formnlad (IV), 

d^x {\\\dx r 11 1 da5 . TT n 

_^_{12|^.C12|| 

of the memoir, Weingarten *' Ueber die Deformation einer biegsamen 
unausdehnbaren Flache," Orelle, t. c. (1887), pp. 296-310 ; viz., the 
symbols correspond to those of Weingarten, as follows : — 

E, F, = Oil, a,,, o^ 



a=ip\ 



A, B, 






tir, tir , tir 



pX, pY, pZ, 



1 ^1 



1 <^n . da^t 
^ dg' dg 



1 <^«M 

"" dp' 



^ —X ^^ 1 ^« 1 ^ ^ 
drp dg ' ^ dp' ^ dq* 
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:and thus Weingarien's symbols, | i [> &o., have the values 



{V}=i[ 



a,, 



Oi, 



a,, 



<h* 



<h$ 



-'^^^^h<^t)^ 



-^t)^<i^)]' 



-*^h^(^-^^)} 



dq 
''dp 



)M^-*%\ 



values which give, as they should do, 

The foregoing comparison serves to explain the notation of Wein- 
^farten's valuable memoir. 



-A)^^,(A)\ 



dq/ ' '"V dp /J 



On Complex Primes formed with the Fifth Boots of Unity. 
By H. W. Lloyd Tannbb. Read March 9th, 1893. 

Abstract. 

The object of this paper is to explain a method of calculating the 
complex prime factors of real primes included in the form lOfi + 1. 
The only published method which I have met with is due to Kummer. 
This is not restricted to the particular case here considered ; but, as 
it involves the determination of the G-.C.M. of two complex numbers, 
it is probably more laborious than the method now communicated. 
The method adopted by Reuschle in the calculation of his Tables 
does not appear to have been published. The present process is based 
on the indeterminate equation 

Z«-5Y' = 4p. 
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A minimum solution of this equation g^ves the *' simplest " prime 
factor according to Knmmer's definition (Berlin MotMUsherichtet 1870, 
p. 413), and solutions in whicli Y is a multiple of 5 give the 
" primary " prime factors, which Kummer found it necessary to use 
in order to establish the general law of reciprocity. In solving the 
equation Lagrange's method turns out to be impracticable, and a 
short discussion — ^treated graphically — is introduced, which is 
sufficient to show the relations between the different solutions. These 
relations can be expressed in the form 



Co, to^. ^) = (J ?x^. n 



and it is interesting to note the intimate connection between these 
matrices and the complex units. From any solution {X, Y) three 
numbers A^j A^^ A^ are found, ^o ^^^g the integer next greater than 
2X/5 ; and these serve to determine the values and sequence of the 
coordinates a^, o^, <&o., in the required prime factor 

Oq + Oi w + a, w' + Ojw' + a^ «*. 

The values of a have to satisfy certain conditions, some of which are 
tested by mere inspection. To give some idea of the facility of the 
method from the calculator's point of view, it may be stated that the 
determination of the prime factors of two primes selected at random 
in the second million (viz., 1562051 and 1671781) was completed in 
three hours. The only auxiliary table required is a table of squares, 
and if this extends to the square of 7000 it will suffice for the 
factorization of all primes in the first nine millions. Tables are 
appended giving the simplest — and simplest primary — prime ^tors 
of all suitable primes less than 10000. The reciprocal ^tors are 
also given after the first thousand. For the first thousand the 
reciprocal factors have already been published, and, instead of giving 
these again, a comparison is indicated between the factors here given 
and those published in Reuschle's Tables. The result of the com- 
parison suggests that Reuschle's method of calculation was not the 
same as that now communicated. 

My thanks are again due to my colleague, Mr. Pinkerton, for much 
and valuable help. 

Preliminary Explanations (Arts. 1-4). 
1. Let ta be an imaginary fifth root of unity, so that 

is the complex zero. If a^, a,, a„ a^ a^ represent any real int^^ers 
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(coordinates), tlie expression 

is a complex integer. This may be indicated by ata, where a is a 
functional symbol, so that 

a w* = Oo + ai«* + a^ + a,w** + 0401**. 

The norm of aw, 

= N.aia ^ out , CM* . av^. aia\ 

is a real integer ; and the chief object of the present paper is to 
determine the coordinates so that this norm may be eqnal to a given 
prime p of the form lO/i +1. 

2. A complex integer, aor, may be changed in three distinct ways 
without changing the norm. 

(i.) The addition of ^'O, where j is any real integer, positive or 
negative, increases each of the coordinates byj ; bnt the norm, which 
is a function of the differences of the coordinates, is not changed. 

(ii.) If » be replaced by t/" (h = 1, 2, 3, 4), the factors in the norm 
are merely rearranged. 

(iii.) The norm is unchanged if out be multiplied by a complex 
unit ; viz., by a complex integer ua such that N.ua = 1, These 
units are of three kinds : the real units ± 1 ; the simple units, 
*i* (/f = 0, 1, 2, 3, 4), and powers of the cyclotomic unit (Kummer's 
E[reistheilungseinheit) (w-hw'^)^, where % is any positive or negative 
integer. It is known that, for the fifth roots of unity, every unit can 
be expressed as a product of integral powers of these units. We 
shall frequently write e or e^ for w-|-a»"\ and e, for w*-|-w"'; and 

since Cj.e, = (w + w*^)(w'-|-a»"') = — 1, 

any negative power of Cj may be replaced by the corresponding 
positive power of e,. 

3. It appears, then, that all the complex numbers included in the 
formula ± e* . w* . a«* +jQ 

have the same norm as out ; and, if the norm is a real prime, tne 
converse is also true. The formula represents a doubly infinite 
series, for t, j may have any integral values, positive or negf»tive ; 
each term of the series gives 20 arrangements of the coordinaceF, 
VOL. XXIV. — NO. 464. Q 
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since h may have any one of the four values 1, 2, 3, 4, and ib u 0, 1, 
2, 3, or 4. Finally, the sign of the complex integer may be reversed. 
An obvious corollary is that, if the five coordinates of a oomplez 
integer are given, without any indication of the sequence, it will, in 
general, be possible to form 6 complex integers which have different 
norms. There are, in fact, 120 arrangements of the five coordinates, 
and these belong in twenties to co-normal integers. Exceptions 
occur if there are equal coordinates. 

4. The discussion which follows enables us to select a particular 
prime factor of p (the values of A, kj i, j being determinate) as a 
representative of the whole series, and to determine this representa- 
tive factor, either directly, by calculating its coordinates, or by 
derivation from any given prime factor of p. 

For this purpose, three auxiliary functions are used — the coordi- 
nate-sum, the half -norm, and the reciprocal factors of p. 

The coordiuate-sam fixes the value of j and the sign. (Art. 5.) 

The half-norm fixes the value of i, and famishes a means of calcu- 
lating the coordinates a. (Arts. 6, sqq.) 

The reciprocal factors determine A, k (except that, for certain 
values of p, the sign of h is left indeterminate), and give further 
means of lessening the labour. (Arts. 27, sqq,) 

The Ooordinate-Sum (Art. 6). 

5. The sum of the coordinates of aw, namely, 

a (1) = ao + ai + cr,+a8-h04» 
will be denoted by the letter «. When aw is changed to ow+yO, a 
becomes s-\-bj. Hence, by properly choosing j, we can make the new 
^ = 0, ±1, ±2. The case « = is excluded from consideration ; 
for, if » = 0, aw is divisible by 1 — w, and therefore Naw is divisible 
by N{l—w)f which is 5. The other cases are reduced to two, viz., 
j; = 1, 5 = 2, since we are at liberty to change the sign of aw. 

The coordinate-sum of €*.aw or of t^.aw, when t is a positive 
integer, is 2*.«, for the coordinate- sum of any product is the product 
of the coordinate-sums of the factors. By using this it is possible, in 
4ia infinite number of ways, to make the new 5 = 2 (or any other 
selected value except or a multiple of 5). There are advantages 
in adopting this course, but they are more than counterbalanced by 
the disadvantage that larger numbers are introduced into the calcu- 
lations than if we allow the reduced « to be either 1 or 2. It will, 
therefore, be taken that the coordinate-sum of the standard prime 
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factor is either 1 or 2. If a standard factor has its coordinate-sum 
eqnal to 1, factors with coordinate-sum 2 can at once be found by 
mnltiplication into e^ or e,. 

When aw is changed to a*a+jCl^ «* becomes ^•j'10J8+2bf. 



The Ealf-Norm (Arts. 6-9). 

6. The product aw . aw^ is a normal product (since w, w'^ make 

•up a period), and will be called the half-norm. 

We have 

aw.aw^ = -4o-|--4i(w-|-w"^) + -4,(w' + w"*), 

where -4o = Oo + aJ+aa+al-faJ, 

-4i = a,jai-|-aia,-|-a,ag-ha,a4+a4a0, 

-4, = aoa,-|-a,a4+a4ai-|-aia,-|-a,a^. 

The subscripts to the A thus denote the minimum difference, mod. 5, 
between the subscripts of the factors in the several terms. A^ is the 
square-sum/' and A^^ A^ are the ** product-sums " of ata. 



4i 



7. Af^ is not altered by a change of ta ; ^„ A^ are interchanged if 
4it is replaced by w' or w', but are not changed if ta'^ is put for w. 
Neither of the A is affected when aw is changed to =b w*. aw. 

8. When ow becomes e* . aw, the A change. To determine the new A, 
we consider the more general case in which aw becomes ow . ^w ; &w 
being another complex integer whose square-sum and product-sums 
are JB^, j5„ £^. Denoting by A^, A{, A\ the corresponding functions 
for the product aw . ^w, we shall have 

A', = ^^o+2^iA-l- 2.4,5,, 

A\ = A^^^A^ (B,+B,)+A,(B,+B,), 

Ai = A^, + A, {B,+B,)+A, (A-h A). 

It will suffice to prove the second of these. A similar process will 
serve to establish the others. 
We have 

aw . 6w = 2a<6_j-h wSaj6i_<-f-w*2ai62_i + «'Saj6s..-f «*Sai64.<, 

where each 2 includes the five terms for which i = 0, 1, 2, 3, 4. 
Hence 

A{ = 5 {5a,6,., X 2a^,.,.,} ; K h J = 0, 1, 2, 3, 4. 

.q2 
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Now, considering any one valne «, the values of j are t, t ±1, t ± 2. 

which is the equation to be proved. 

In particular, taking &a> to be Cj, = w + w*, we have B^ = 2, -Sj = 0^ 

J9, = 1, so that 

-4o ^ 2-4^ -|-2^i, 

^;= ^,+ Ai+2Ay 

9. If aw becomes aai+yQ, the increments of ^o) ^d -^s <^^ equals 
viz., each is increased by 28J-\-5f, The increment of a* (Art. 6) i» 
five times as large. Hence the expressions 

5-4q — «*, ^j — -4,, ^0 — -4i, -40 — -4,, -40+241+2-4, — r 

are independent of j. The last is, in fact, zero, for 

The first two are fundamental in the theory, and are denoted by 
2X, F, namely, 

2X = bA^-s", = 4u4o-2^-2^„ 

From which we obtain 

10-^0= 4X +2*», 

10^i = -X-5F+25«, 
10^, = -Z+6r+2«'. 



Conoeming X and T (Arts. 10-24). 



10. We have, hence. 



A,- A, = i (X+ Y), 
•40 — -4j = -J (-^— F). 
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Now, 

jp = JV.aw= {^o+^i(w4-«"^)4-^,(w'+«"*)} 

= i(Z+F)(Z-F)-r«; 

11. The quantity X is essentially positive, for 2X is the snm of 
ten squares, viz., 

2Z = 2 (a,-a,)', i = 0, 1, 2, 3, j = t-hl, ... , 4, 

as is at once verified by sabs titn ting for the A, in the definition of 
2X, their values given in Art. 6. 

It appears, ^m the definition of F, that it may be either positive 
or negative ; in fact, the sign of Fis changed when aw is changed to 
040^ or auf^. The only other change of cuo that affects F, and the only 
change that affects X, is multiplication by a cyclotomic unit. This 
we proceed to discuss. 

12. Suppose that, when aw is replaced by aw . &a>, X, F become 
X', Y'. Then we have, using the notation and results of Art. 8, 

2X=44i-2^'-2^a 

= 2^0 (2^0-^1-^,) -2^1 (^o-3j5i-h 2^,) 

= (2^0- A -^2) X+5 {B,-B,) F; 
2F'=2^2'-2^; 

= 2A, (B,-^B0 + 2A, (^1- A) +2A (^2- A) 

These results are conveniently combined in the matrical equation 

lo, 2^^' ^ J-K B,-^B,, 2B,-B,'-£, X^^ ^ j- 

The terms of the matrix on the right (if we disregard the coefficient 
5) are related to bw in the same way as X, F are related to aw. In 
particular, they are changed when bw is multiplied by e*. The sign 
of B^—Bi is reversed when bw is changed to 6w' or bw^ ; but they are 
not affected by any other change of bw which leaves 2^w the same. 
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13. When 5ai = e = w-}-ai-\ B^ = 2, Bi = 0, -ff, = 1. Thus 

When &CD = e„ we find, in like manner (or hy nsing the remark at 
the end of the preceding article), that 

In general, if a<o he changed to e* . ao, and (X, T) heoome X^, Y^y. 
we have 

(z<, r:.) = if'(z, F), 

■where M = ( 8/2, 5/2 ). 

1 1/2, 3/2 1 

14. If Xy F satisfy the equation 

Z*-5F« = 4p, 

then Xif Ti also satisfy the equation. For, as in Art. 10, 

Xi-hY} = 4?^(e*a«) = ANw = 4p. 

Moreover, if X, F are integers, so likewise are X„ F^. For, from the 
equation, it follows that X, F, if integral, are both even or both odd. 
Therefore Z±i, F±i, which are equal to |(3X=fc5F), |(±Z+3F), 
are integers. It follows, by the method called induction, that X^^ Y^ 
are integral, where i is any positive or negative integer. 

15. The discussion will be simplified by considering J^-, Pj as the 
coordinates of a point Pi upon the hyperbola 

X»-.5F« = 4p, 

or, rather, since X, is positive, npon the positive branch of this- 
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hyperbola. It is convenient to speak of the system of points P, 
[namely, the points whose coordinates are 3f* (X, Y) where i is 
integral] as the range P<. Two ranges, Pj, Qj, which have a point 
in common, are clearly identical. It will now be shown that, when 
two ranges are not identical, the points of each are separated by the 
points of the other ; or, what is the same thing, there cannot be two 
points of one range between two consecutive points of the other. 

To prove this we note that, being the origin of coordinates, the 
area of the triangle OPP^ 

= i {z (x-h3r)-(3z-h5r) r} 
=1?. 

Since this area is positive, it follows that the displacement from P 
to Pi along the carve is always in the same sense (indicated by an 
arrow-head in the figore). Also 

^OPP^ > AOPPi + AOPiP^ > 2p, 

and, generally, AOPPi > ip.* 

On the other hand, if 12, /S be points between two consecutive 
points Q, Qi of a range, the triangle ORS (taken so as to give a 
positive area) is included in the triangle OQQi, and its area is less 
than p. Hence JB, 8 cannot belong to one range ; we cannot have, 
for example, two points of the range Pi between two consecutive 
points of the range Q^, nor two points of the range Qi between two 
consecutive points of the range P^ ; in other words, the points of any 
range Pi are separated by those of any other range Q^. 

It follows that an arc terminated by two consecutive points — say 
Q, Qi— of any range contains just one point of every range on the 
curve.f 

* In this inequality, the integer % is positiye ; but this merely fixes the sequence 
of the points F, Fi. 

t A well-known example of the dynamics of a particle illustrates this result so 
aptly that I venture to quote it. It is easy to verify that the area of the sector 
OFFif like that of the triangle, is independent of tiie position of P. The curve, 
therefore, is the orbit of a purticle moving under repulsion from yarjring directly 
a4 the distance ; and the time of passing from any point to the consecutive point in 
the same range is constant. Take this as the unit of time. Then a point Q oelongs 
to a range Fi or not, according as the time from FUi Q is or is not an integral 
number of units. If the particle reaches Q t units of time after passing JP, it will 
reach Qi i+l units of time from the moment of passing P. If, then, t is integral, 
Q, Qi belong to the range Fi ; but, if < is not integral, then, as there is just one 
integer between t and i + l, there ia just one point of the range Fi between Q 
and Qi, 
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16. Now in Art. 14 it was shown that, if a range contains an 
integer-point — that is to say, a point the coordinates of whieh are 
integral — then all the points on the range are integer-points. Art. 15 
shows that, to detect all the integer-ranges on the onnre, it is snfEi- 
cient to determine the integer-points on an arc QQ,. The partionlar 
arc which is suggested by considerations of symmetry and of ease in 
calculation, is that shown in the figure, namely, the arc which is 
bisected by the vertex. In this case, the coordinates of Q, Q.^ are 
V^, =fc \/p/5. The solutions within these limits — say " reduced " 
solutions — may be recognized by the value of X being between 2 ^p 
and \/5p ; or, more conveniently, by the condition that both the 
expressions X=b 5Y are positive, while, for every unreduced solution, 
one is positive and the other negative. From the formulae at the 
end of Art. 9 it will be seen that, for a reduced solution with « = 1 or 2, 
neither of the product-sums A^, A^ is positive ; for all other solutions, 
one of the product-sums is positive. 

i 

17. It is easy to see the operations by which, from an unreduced 
solution — or from a prime factor of p, om, which gives an unreduced 
solution — we can form the reduced solution and the corresponding 
prime factor. If the Y of the given solution is positive (so that the 
positive product-sum is J.,), the integer point P must be moved 
backwards to bring it nearer to the vertex. Hence we must act 
upon (X, Y) with the matrix 3f ~\ repeated if necessary ; and the 
given prime factor oco must be multiplied by e, (= oi^ +«»'') to the 
same extent. When the Y is negative (so that A^ is the positive 
product-sum), the matrix M and the unit e (= a>+itf~^) are to be 
used, because the point P has to move forwards to approach the 
vertex. 

In the Berlin Monatsherichte for June, 1870, Kummer has given, as 
a criterion for the simplest form of complex numbers, that X must 
be a minimum. The " reduced " solutions, therefore, give the simplest 
prime factors of p, and thus become of considerable importance. 

18. In general, it happens that a reduced solution is the first that 
presents itself. The following is an example of how other cases 
arise, cd' + 2(0* is given by Reuschle as a " simple " prime factor of 
11. Bringing this to the proper coordinate- sum (Art. 5), it becomes 
1 + w-f a>'— a>*, which gives -^o = 4, -4, = — 1, J, = 1 ; so that 
X = 8, Y = 2. Now, 8, 2 satisfy the equation 

Z*-5Y« = 4p = 44, 
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but ihey are not "reduced," because 8—5x2 is negative, and the 
prime factor is not a " simplest " prime factor. Taking the F to be 
positive, we form the solution 

z.„ r., = Jf-» (X, Y) = (7, -1), 

which is reduced. The prime factor is replaced by 

(w«-hw-«)(l-hw+a»'— 0)*) = l-h2«'+«*; 

and, reducing this to its proper coordinate-sum, by subtracting it 

from O, it becomes 

a)-|-ft>'— 0)', 

which is one of the " simplest " prime factors of p.* 

19. The outcome of the preceding Articles (5-18) is that, from the 
general form 

of the complex integers whose norm is p, we have selected one in 
which the ambiguous signs andt, y are fixed. Before completing the 
specification of the standard form, it will be convenient to recall 
Kummer's definition of a primary number, and then indicate how, 
from a simplest prime factor of p, a primary prime factor oaa be 
determined. 

PrvnMury Prime Factors (Art. 20). 

20. A primary number aia is defined by Kummer as one that 
satisfies the two congruences 

OM . aia~^ = a (1) . a (1), mod X, 

a« = a(l), mod (1— 1#)*. 



* It may be remarked that the simplest prime fiEu^n are not neoessarily the 
easiest to work with. In paiticidar, if three of the coordinates of am are sero, 
multiplications become much less laborious than if a simpler form be used in which 
this is not the case. The real primes which have binomial prime factors are of 
the form (a* -f ^)/(a -i- 6), where b is positive or negative, and the prime factors are 
of the form a^^ -^ Ou^. Of the 305 primes less than 10,000, only 23 are of this form. 
Six binomial fetctors occur as simplest or primary factors in the appended tables — 
e.ff., /I B 31, 461. Twelve more occur in the tablq| witbrihree equal coordinates, 
so that the binomial form is obtained directly by subtracting a proper multiple of XI. 
For instance, p a 61, 421. The five other primes with binomial factors are here 
^ven. The rdation of the binomial factor to the simplest factor (a«) of the tables 
IS indicated in the last line, where C] means ^+u~^. 

p - 11, 181, 1621, 4621, 9931 ; 

binomial! |« + 2ci«, 4« + 3«», 7« + 4«', 9«i* + 4«i», 6«'-fir«f>, 

factoid / ^ I — ffsaw + n, c,a«-f n, — CsOM + Sn, — ffsaw + SOr C|a«-|-3n. 
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In the present case, when we are using 5th roots of nnitj, X is 5. The* 
first congmence in the notation of Art. 6 becomes 

^, (a»-h«*-2)-h^(ai«+«'-2) = 0» 

which may be written 

^i («-hw*-h(.i«-h«'-4)-}-(J,-.l,)(«"+a»»-2) =0. 

Now w-}-«*-f-w*+w'— 4 = — 6, 

and w' + <■»' — 2 is not a multiple of 5. Hence Knmmer's first conditionp 

is equivalent to 

-4|— -4i = 0, mod 5, 

that is to say Y ^ 0, mod 5. 

The second congruence merely fixes the absolute term in aor, and 
is in nowise peculiar to primary numbers. It will be considered 
later (Art. 25). In the meantime we proceed to investigate the 
residues of X, F, when the modulus is a power of 5, and when the 
modulus is 4. 

Besiduss of X, Y, for various Moduli (Arts. 21-24). 

21. From the equation 

Z*-5r = 4p, 

we have at once, since p = lOfi -f- 1, 

JP = 4,» 

whence Z = ± 2. 

But, for any two consecutive X, we have 

2Z,^i = 3Z,-h5r,, 
80 that Xi^i = -'Xi. 

Hence the residues of Xi are 2 and —2 alternately. 

22. The residues of Yi are determined by the equation 

2r.>, = X4-3r,. 
On multiplying both sides by 3, and transposing, it is found that 

r,+, + r, = 3X, ==fcl. 



* Congraences to modulus 5 will occur so frequently in the sequel that the 
modulus will usually not be expressed. Whenever, as in the present case, the 
modulus is not stated, it must be understood to be 5. 
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2 -2 


2 -2 


2 


4 2 


2 4 





1 -2 


2 1 






The conseqnences of this relation are most simply obtained by nsiug 
it to write ont a cycle of the residues of Xj, Y^, beginning with an 
arbitrary pair (2, 0). For a reason that will presently appear, a line 
is added containing the residues of 3X< F,- , 

Z, = 2-2 2-2 2-2 

r, = 1 3 31 

3X,r, = 0-l-2 2 10 

The cycle is complete, for every residae of Y occurs once with X= 2, 
and once with X= — 2. The cycle duly begins again after the tenth 
column, as will be seen. Hence in any five consecutive integer- points 
on one range there is one and only one whose ordinate is a multiple 
of 5. Such a point may be called a primary point, because the prime 
factors which correspond to it are primary prime factors. The table 
then shows that ZXY measures the distance of (X, Y) from a 
primary point; and, if we replace 3XY by its least residue, positive 
or negative, we get the distance of the nearest primary point. In 
this way, if we know a simplest prime factor of |>, say oa^, we can 
determine a simplest primary prime factor of p ; namely, e' . acii, 
where i is the smallest integer, positive or negative, satisfying the 
congpruence 3JrY=t. 

23. Similar properties obtain when the modulus is any power 
of 5. In any set of 5*" consecutive integer-points on the same range 
there is one and only one which has for ordinate a multiple of 5*". 
Between two of these special points there are four whose ordinal es 

*^ = (1, 3, 3, 1) X 5—*, mod 6-, 



or 



then 



= (4, 2, 2, 4) X 5"-S mod 6-. 

If -(JT, Y) be any point whose ordinate is a multiple of 5"*"\ 
M^^ (X, y) is a point whose ordinate is a multiple of fT. 

These theorems can be established by proving that if they are true 
for m they must also be true for m-h 1 ; and, since they are true when 
m = 1, they are true for all positive integral values of m. 

Now, M being the matrix of Art. 13, if we write 



we have 



"2 I 2 ;• 
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Therefore ?«±^ = /a,+W5y^ 

80 that IQa^ = a, + SOa^ &j + 125 . a^bj, 

and 166«=5a!6,4-60a!5,'+256?. 

From the first of these 

an = a,- = a,-, mod 5, 

so that, when i is a power of 5, 

Om ^ ctj = ••• = (^ ^ ~ ^9 mod 5. 
From the second &« = 55^, mod 25&j. 
Now 6x = 1. 

Therefore 65 = 6, mod 5*, 

5» = 25, mod 5*, 
and, in general, if i is any power of 5, 

bi = i, mod 5i. 

Assume that there is a F which is a multiple of 5"*, and write 

i = 5*". We have then 

2Yi=:biX'\-aiY. 

By supposition Y = 5"* . H, where H is integral ; and it has been 
proved that a, = — 2, mod 5, 6< = 5"/3, where i3 = 1, mod 5. Hence 
Yi is divisible by 5"*, = 5*" . -Hi say. The last equation becomes, on 
removing the common factor 5"*, 

2Hi = X-2H, mod 5 ; 

or, what is equivalent, 

H.+JB'=3Z, mod 5. 

This congruence is the same as that of Art. 21, and by similar 
treatment we learn that one of the points P, P{, P^, Pm, Pu has an 
ordinate which is a multiple of 5t (= 5"*'*'^), so that, as stated, if the 
theorems enunciated are true for any value of m they are true for 

m-hl. 

It follows that, from a reduced solution, or indeed any solution, of 

we can derive the solutions of 

and so find the corresponding prime factors of p. 
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24. To determine the residnes of Xi, Ti, mod 4, consider the 
equations ^ ^ io -i/v 

(?: ^^ ^.) = ('!• tSxx, r), 

which give X, = 9Jr+ 20r = X, mod 4, 

r, = 4X+ 9r= r, mod 4. 

Now, if X, Y are both even, one of them is and the other is noi 
divisible by 4. For, if both were divisibl* by 4, Z*— SY* would be a 
multiple of 16, and if both were = 2, mod 4, Z'— SY* woald be & 
multiple of 8. Hence, if Z, Y are even, 

2Zi, = 3Z-h5Y, = 2, mod 4, 

2Yi, = X+3Y, = 2, mod 4, 

80 that Zi, Yi are both odd. It follows that, if P is an " even" point, 
P, and Pj are odd points (because if P, were an even point, P, would 
be odd, in contradiction with what was proved above). It is also 
seen that, if a point Pj have odd coordinates, one and only one of the 
points adjacent to Pj has even coordinates, viz., P^^i if Z{= Yj, mod 4, 
and Pi.i if Z<-f Y. = 0, mod 4. 

Hence, referring to the figure of Art. 15, there will be one and only 
one even point on the arc terminated by Q.i, Q, whose coordinates 

are 2\/5p, ±4\/2)/5. This gives some idea of the comparative 
facility of solution of the two equations 

Z«-6r = 4p, 4«-5ij«=2?. 

To solve the latter, we have only to suppose 

Z = 2£, Y = 2iy. 

The values of £ extend from ^p to Vop for a minimum solution ; 
about five times the extent that has to be examined for Z. 

Fixing the Absolute Term (Arts. 25, 26). 

25. Kummer's second condition for a primary number is 

aw = a(l), mod (1— w)', 

and this is applicable to all prime factors, not only those which are 

primary. For instance, Reuschle, in his Tafeln^ expresses all the 

prime factors so as to satisfy this congruence. It is obvious that 

1— a> is a factor of 

aw— a (1), 
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and (1 — w)' will be a factor if 

a, w = 0, 

when (If = 1, and a to is the derived function of am. 
Expressing that the complex namber 

w* . aw 

satisfies the condition, we obtain 

a^k + a^(h + l)-^at{k+2)+a^(k-^S) + a^{k-^4>) = 0; 

therefore ft .*+ai4-2a,4-3a,-|-4a4 = 0; 

therefore ft = — «• (aj + 2a, -i- 3a, -f- ^aj, 

since 8 is not a mnltiple of 5. 

Thns ft is nniquely determined, and the absolute term is fixed. 

A change of ut to a»^ does not affect the condition. For, if ow 
satistieR tlie condition, so that 

ai+2a,+3a,-f-4a4 = 0, 
then, for aof*, the condition becomes 

h (ai+2a,+3a,+4a4) = 0, 
which must be satisfied if the former is so. 

26. The specification of the standard form of 

is now substantially complete. The determination of A is a matter 
of subordinate interest, for it only means selecting one of the four 
factors of the norm as a representative ; and when any one factor 

flo + Oj w -I- a, w' -f- ^4 w* -H a, w* 

is given, the others are written down by a cyclic transposition of the 
last four coordinates arranged as above with their subscripts in 
geometric progression. 

Nevertheless it seems worth while to indicate another way of 
selecting h, ft ; viz., so that the reciprocal factor of p in its standard 
form may be obtained from the prime factor with a minimum of 
<!orrection. Kummer's condition is satisfied by adopting this course, 
which has the advantage of determining the residues, mod 5, of the 
coordinates of the prime factor, and so saving some labour in the 
calculation of the prime factors. At the same time attention is 
drawn to a certain number — denoted by Q — which is connected with 
p, and promises to be of some importance in the theory. 
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Reciprocal factors of p. Residues of coordinates of aa», mod. 5 

(Arts. 27-36). 

27. A reciprocal factor, i//(if, of jp is a complex integer such that 

The earliest publication relative to these factors appears to be the 
notice in Legendre's Theorie des NomhreSj 3rd ed., 1830 (Arts. 549- 
561). The factors are there symbolized by A, A\ A'\ A!" (Art. 550), 
the reciprocal property is verified in Art. 553, and in Art. 558 it is 
pointed ont that the coordinate sum is — 1. They appear also in 
-Jacobi*s memoir " Ueber die Kreistheilnng," 1837 {fiesarMM^ Werke^ 
Bd. VI., pp. 254 <&c.), and the mode of calculation (p. 259) fixes the 
absolute term. The properties of the numbers so calculated suggested 
to Kummer the definition of primary numbers {Berlin Monatsherichtej 
May, 1850, p. 157). The reciprocal factors for all primes of the 
form lO/A + l) less than 1000, are given in a paper on the quinquisec- 
tion of the binomial equation (Proc. Lond, Math, fifoc, Vol. xviii., 
p. 229, 1887). In this table the conditions imposed by Legendre and 
Jacobi are both satisfied, and the special form of the reciprocal 
factor is denoted by 

It is seen that there are two very distinct sets of primes p. In one 
set, containing from 75 to 80 per cent, of the whole, it is found that 

3o = /*— 1» ?« = A*+*» » = li 2, 3, 4. 

The primes p which have reciprocal factors of this kind will 
provisionally be called perissads. The rest of the primes, which will 
he called artiadsy have reciprocal factors in which 

g'o = F— 1» ?< = /*» t = l, 2, 3, 4. 

28. Now the product a^a . aa>' is a reciprocal factor of |>, for 

aw . a«' X ata'^ . aw"^ ^^ N .OAa ^=: p. 

But the coordinate sum of cua . au^ is f ; that is to say, either 4 or 1. 
In the former case the coordinate sum can be reduced to the proper 
value, —.1, by subtracting C ; in the latter case, by changing the 
sign of the product. The immediate problem then becomes the 
determination of ooi, so that 

OM . aai' := goi + O, when « = 2, 

•or else OAi . aci>' =: — gia, when « ^ 1« 



-"' In 



■(«. 



'n^\/'^ 
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31. Now, from the known residaes of qi (Art. 27), it is seen tliat 

Hence (a,— a,)'H-(a3— a,)(a4— aj) — (a^— aO' = ; 

therefore {a, — 0,-2 (a*— ©i) }' = 0. 

Hence, if we write a^z=,a^'\-^^ 

we have also a, ^ a, + 2^. 

Using these values for a,, a^, we find 

= ao+2aiH-2a,+3a, 
a congraence which may also be written in the equivalent forms 

aoH-2aiH-2a, = «H-25, 
— 2aoH-«i+^ — 35+^. 

32. Again, letting the upper and lower signs correspond to the two 
cases « = 2, 1, we find 

= (ao-a,-2a)((io-ai)-(o,-ai)(a,-ai-^) 
= — (2a,,— Oi—o,)'— (2ao— Oi— a,) ^ 
= -(3«+^)3« 

= «'+25a. 

Thus 3o""?i = ~ ^""^ when « = 2, 

g^— 2^1 = — 1—25 when «= 1. 

For an artiad ^o""?! ^ — 1 (Art. 27), 

so that, whether « = 2 or 1, 5 = 0. 
On the other hand, for a perissad, ^o— ^Tj = — 2, and thus 

8^1 when « = 2, 5 = 3 when « = 1, 
results which may be combined in the formula 

a = 3s. 
The last congruence of Art. 31 then gives 

Oj + a, = 2a^-\-Zs when p is an artiad, 
o^ + a, = 2ao + < when j9 is a perissad. 

VOL. XXIV. — NO. 465. K 
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33. The difference ai^a^ can be expressed by means of Y. We 
have, namely, 

— Ooai— Old,— (a5 + 2aj^) — (a,aiH-2ai5-f a,^H-23') — (oiO^j-fOiiJ), 

whence, after some redactions, 

2r=«(ai-a,+2^). 

From which, since s is not a multiple of 5, 

01—0, = 27is' when p is artiad, 

Oj— o, = 2Ys^—8 when p is perissad. 

Combining these with previous results, it wiU be found that, when p 
is artiad, 

©1 = Oo+ Yf—s =04, o, = o^— Y«'— « = o^ 
and, when j9 is perissad, 
Oj = Oo-f Ffi*, o, = Oo— Ys'+«, a, = o^— Y«'H-2«, 04 = o^H- Yfi^-f 85. 

34. It only remains to determine the residue of Oq, mod 5. For 
this purpose we use the expression 

(»/'o=) aJ+Coi + aJCoj+as), 
which is equal to gr^jH-l or — g(,» according as « is 2 or 1 (Art. 28). 
Observing that Oj + 04 = 2a, + 2 Y«'— 2«, 

a^^-a^ = 2ao-2Ys»-2«, 

for all values of jj, we have 

i^o^aJ-Cao-sy+Y**' 

= 2ao5-«»+Y'«', 

so that ao = 3s-f2Y'«H-35».ifo» 

Hence, when « = 2, so that 

ao = l-r-Ai=-Ai-Y'H-l, 
and when « = 1, so that 

^0 = -3o = -/* + !» 
Oo = 3 + 2^+2/11— 2 =2/ii+2Y'+l. 
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85. The following table includes a sammary of the resnlts, and 
giyes, for a real prime p^ the residaes of the coordinates expressed in 
terms of Yand /i, = (p—l)/10. The multiple of /lc+ F* in the third 
oolnmn is a part of the residue of each of the coordinates on the 
same line, 



P 



8 



a. 



(h 



CLq 



<H 



artiad 


2 


-/i-y'+; 


1, 


-2r-i, 


2r-i, 


2r-i, -2r-i 


perissad... 


2 


-H-T+; 


1, 


-2r+i, 


2r-2, 


2r, -2F+2 


artiad 


1 


2/u+2r'+; 


1. 


F, 


-r, 


-r, r 


periBsad... 


1 


2^+2^+5 


1, 


r+i. 


-r+2, 


-r-2, r-i 



36. For practical application it is convenient to have these worked 
out for the several residues of Y, as in the table given below. 



«=2 )r=o 



X = 



= -2 ) 



8 

X 



ll\ 



r=-i 

r=2 
r=-2 

1) r = o 

2 

Y=l 
F = -l 

r=2 
r = -2 



p artiad 
-/!+ ; 1,4,4,4,4 

-;i+ ; 0, 1, 0, 0, 1 
-^+; 0,0,1,1,0 

-/!+ ; 2, 1, 4, 4, 1 
-ft+ ; 2, 4, 1, 1, 4 

2/1+ ; 1,0,0,0,0 

2/«+; 3,3,1,1,3 
2/.+ ; 3,1,3,3,1 

2^+ ; 4, 0, 1, 1, 
2fi+ ; 4, 1, 0, 0, 1 



p perissad 



-/»+; 


1, 1, 3, 0, 2 


6 


-/*+; 


0, 3, 4, 1, 4 


2 


-^+; 


0. 2, 0, 2, 3 


10 


-M+; 


2, 3, 3. 0, 4 


8 


-/*+; 


2, 1, 0, 2, 2 


4 


2^+; 


1, 1, 2, 3, 4 


1 


2/.+ ; 


3, 4, 3, 4, 2 


5 


2m+j 


3, 2, 0, 1, 


7 


2/i+j 


4, 1, 3, 4, 4 


9 


2fi + 


; 4, 2, 2, 3, 


3 



The term in ft is common to all the coordinates in the same line, 
so that the first line, for instance, shows that in a primary prime 
factor (with coordinate sum 2) of an artiad p, 

^0 = — A«H-1, Ox = — /1+4, = a, = aj = a4; 
and for a perissad p the coordinates are 

B 2 



i 
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The last colamn indicates the order in which the prime Victors 
occur if, starting with any one, we multiply it by c, e*, &o. We pass 
from a prime factor marked i to one marked j by multiplying the 
former by e'"*', and correcting the coordinate-sum if necessary. This 
is easily verified directly, or, by observing that « = 2, 1 are tanta- 
mount to X^ — 2, 2 respectively (for 2X = 6-4o— **» and therefore 
X^ 2^), so that we are in effect repeating the table of Art. 22. 

Sign ofYandQ (Arts. 37, 38). 

37. This will be a convenient place to give some account of the 
mode of fixing the sign of T in the tables appended. When j9 is a 
perissad, there is no difficulty, for, as will be seen by a reference to 
Art. 35 or Art. 36, a change of the sign of Y gives a different set of 
residues for the coordinates, and even for a primary factor, namely 
when 1^= 0, the sequence of the residues is altered. Consider, for 
instance, the perissad 811, for which X = 57, Y= ± I, ft = 1, « = 1. 
The coordinates must be ^ 0, 1, 0, 1, 4 or 0, 4, 2, 3, 2, according as 
Y is positive or negative. Now the coordinates are found to be 
0, —1, 2, 3, —3, which agree with the second, and, however they may 
be arranged, are incompatible with the first. Thus Y = — 1. 

It is different with an artiad. Take, for example, the artiad 211, 
for which X = 32, F = ± 6, /n = 1, « = 1. Now, when Yis positive, 
the coordinates must be = 0, 0, 3, 3, ; if negative, they are 
= 0, 3, 0, 0, 3. The coordinates are found to be 0, 0, 0, —2, 3. The 
prime factor may be written 3ai*— 2w' or — 2w'-|-3w' consistently with 
Y=6; it may be written 3w— 2a;* or — 2i.i-f 3w* for r= — 6. The 
residues, in fact, give no help in fixing the sign of Y, 

38. Under these circumstances we make use of a function already 
mentioned, in Art. 30, viz., 

= (-1)' {(a,-a,)« + (a3-aOK-aO-(a4-(h)'}.* 

In the first place it will be observed that when w is changed to w' in 
the prime factor or the reciprocal factor, the sign of Q is reversed. 
The same is true of Y (Art. 11). Hence, if we fix the sign of 0, the 
sign of Y is also fixed. 

* The symbol ( - 1 )' is used on the assumption that « is 1 or 2. If other values 
of « have to be considered, ( — 1)' must be replaced by the Legendrian symbol (2«/5) ; 
for it is 1 when « = db 2, and — 1 if t^ :i: 1. 
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Now, making the sabstitntions (Art. 31) 

a^ — Hi = 0, 

0,-0,-2 (04— Oi) = 6^, 

we have Q = (-!)• (55»-f 25aa'+25^'a'} 

= (-!)• 5a«, mod 26, 

= 5, mod 25, if j? is perissad ; 

since, by Art. 32, 2 = 3 when « = 1, and ^ = 1 when « = 2. 

When p is artiad it will be found that 

Q = ± 5— S mod 5-. 

The prime factors in the following tablefl haye been arranged so 
that the upper sign is true, viz., 

Q = 5— \ mod 5"*,* 

and the sign of Y thus becomes determinate. 

Bxample of first process of calculation (Arts. 39-51). 

39. Some account will now be given of the details of the calcula- 
tion of the complex factors of a given prime, and, to illustrate the 
method, we take as example p = 1671781. 

40. The first step is to solve the equation 

JP-Sr = 6687124 (= 4p). 

Since the terminal digits of 5F* are 80, 000, 500, or 20, for an even Y, 
and e05, 125, e45 for an odd Y (a being any even digit), it follows 
that X} must end in 

04, 124, 624, 44 ; o29, 249, o69, 

where o stands for an odd digit. From Art. 16 it appears that the 
minimum value of X lies between 2585 ( < 2 ^p) and 2892 ( > y/bp) ; 
but of the 306 integers between these limits only 54 give X} with a 
proper ending, so that at worst 54 trials have to be made. A con- 
venient way of making a trial is to add — 4|?, in the form 7312876 or 
6712876 or 8992876, to the tabulated values of Z*. The sum, 

* There are some developments in which a more convenient assumption would be 

Q = - (_.6)»»-i, mod 6"»; 

but this question, and others relating to Q, I hope to consider in a separate note. 
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multiplied by *2, is an exact square, Y^, when the proper value of X 
is reached. In the present case it happens that the first trial 
succeeds, and the minimum solution is 

Z=2587, r=±33. 

41. Hence, by Art. 9, 

« = 1, ^ = 1035, (A^ AO = (-242, -276), 

and A^ is now to be expressed (Art. 6) as a sum of five squares 

1036 = a'+6«H-c"H-(P+e«. 

In writing down these decompositions the signless roots are arranged 
in order of magnitude. 

The greatest value for a is 32, the integral part of \/l035, and there 
are 200 decompositions, beginning with 32, 3, 1, 1, 0, and ending with 
17, 16, 15, 12, 11. It is, however, needless to write out all these, 
and I have found it convenient to write down all the decompositions 
containing one value of a, and to examine these before proceeding to 
the next value of a. On this plan the decompositions noted did not 
extend very far bejond the one required ; and, on the other hand, 
writing down a number of them at a time was almost mechanical and 
less liable to errors of omission. 

42. The first test applied is the coordinate-sum. The values of 
a, 6 must be such that, on properly fixing the signs, 

where s is known. Hence, if the sum of the terms, all taken posi- 
tively, be /S, the sum of the positive terms of a proper decomposition 
is 2-(«H-iS), and that of the negative terms | («— S). If, then, we 
can express ^(/S-f s) — a as a sum of any of the elements h, o, d, e, 
these, with a, furnish the positive terms of a proper-signed decompo- 
sition. Or, again, if ^ (S— «) — a can be similarly partitioned, these 
elements, with a, have the negative sign in another set of signed 
terms. If neither partition is possible, the set (a, &, e, d, e) fails. 

An important case of failure is when a— « > 2 v^^^— a*. For we have 

2'/^o-a' = 2-/(6'H-c'-f d^+e*) > h+c-^-d+e. 
Hence a— « > 6H-c-f «^+e, 

that Is to BBj a—h—c—d^e > 8, 
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From this it is seen that in general the greatest coordinate cannot be 

greater than 2 vAJh. In the numerical example, we find that the 
greatest yalne of a, according to this formnla,is 28, and, by putting 29 
for a in the inequality above, it is verified that 29 is an impossible 
value. Thus the decompositions containing 32 or 31, or 30 or 29, are 
at ence ruled out. 

43. We have now to deal with signed sets of terms, and of course 
one decomposition into squares may give more than one set of signed 
terms. The second test is the table of Art. 86. In the example 
before ns, ^^^^ 2^ = 1, r=±2; 

and the table shows that the coordinates of the prime factor sought 
must have the residues 

0, 1, 2, 2, 1 ; or 0, 2, 4, 0, 0; or 0, 3, 3, 4, 1 ; 

and a set of signed terms whose residues do not agree with one of 
these is not right. For example, 

±24, =f21, =f4, ±1, -fl, 

which gives the proper coordinate-sum when all the upper signs or 
when all the lov^er signs are taken, is excluded, for it contains no 
multiple of 5. 

44. If a signed set of terms satisfies both tests, the values of A^ A^ 
are calculated, and if these have the required values, the required 
prime factor is found. The work is arranged thus 

a h c d e 



ah ac ad ae 

he hd he 

cd ce 

de 



where now a, 6, ... e represent the terms, each with its proper sign. 
If a, &, ... e are in the right order (namely a= a^^h^ a^^ ... e = a^), 
then the sum of the four products in the diagonal line, and the pro- 
duct in the right-hand upper comer, is Ai. The sum of the other 
five products is -4, ; but it is unnecessary to calculate -4, (save for 
verification) because A^+A^, = (J^— «')/2 is the same for all sets 
which satisfy the first test. 
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45. In general there is amhignity ahont the sequence of a, (, ... e 
(as in the instance worked below), and it is desirable. to be able to 
find Ai, A^ for every arrangement of the terms, without rewriting. 
This is done by means of the following diagrams, in which the two 
sets of five products each are denoted by crosses and noughts respec- 
tively. 



X X 

X 

X 

X 

ahcde 
adbec 



X X 

0x0 

Ox 

X 

abdec 
aehcd 



X X 

X 

X 

X 

iibced 
cuhdc 



X X 

X 

X 

X 

ahedo 
adbce 



X X 
0x0 

X X 


ahdce 
acbed 



X X 
X 

X X 


ahecd 
cubde 



Beneath each diagram two arrangements of the coordinates abcde ara 
shown. Each of these may be read backwards or forwards and may 
begin at any letter, so that to each diagram there are 20 arrange- 
ments (10 for each signature), and, since no arrangement is repeated, 
there are 120 in all, which is right. For the upper signatures, in 
which a, h are adjacent, A^ is the sum of the x , and A^ of the 0. For 
the lower signatures, in which a, h are not adjacent, A^ is the sum of 
the 0, and A^ of the x . 

46. As an example of the use of these diagrams, take the set of 
signed terms 23, —21, +6, —5, —2, the residues of which are 
3, 4, 1, 0, 3, agreeing with the third set named in Art. 43, viz., 
0, 3, 3, 4» 1. It is seen that two arrangements of the terms under 
trial are available. We try 



-5 


-2 


23 


-21 


6 




10 


-115 


105 


-30 






-46 


42 
-483 


-12 

138 

-126 



The principal diagram fails to give (^„ -4,) = (—242, —275). In 
fact it is visible, without doing the addition, that 

^,(=10-46-483-126-30) is <-600; 

and that -4, is positive. Either of these results shows that a, h, c, 
d^ e IB not right. The other arrangement, consonant with the second 
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test, is a, c, 6, d, e, the lower signature of the last diagram. Ai (giyen 

by the of that diagram) = - 275 ; ^, = — 242. Hence 

■ 

and this agrees with the indication, in the table of Art. 36, that 
Y^—2 for the residues 0, 3, 3, 4, 1. We find, then, that the simplest 
prime factor of 1671781 is 

-5+23w-2c.i*-21w»H-6c.i*. 

47. Two other methods of reducing the work may be noted. As 
soon as the residues of a trial-set are written down, the value of Y is 
known, and therefore also the yalues of A^, Ai separately. These 
two values do not end in the same digit, unless the simplest prime 
factor is primary.* Therefore we can, by working with the final 
digits only of the products ah, <fec., at once exclude several — in the 
long run one-half — of the failures. Secondly, it is obvious that two 
or more trial sets, which differ only by their signs, can be tested in 
one multiplication scheme,' by putting two or more rows of signs 
before the products. 

48. In calculating the prime factor written above, it was necessary 
to write down 103 five-square expressions for A^, beginning with 
<i = 28. Of these 43 were excluded by the first test (« = 1), and 17 
were not examined, as they came after the solution was obtained. On 
the other hand, 13 satisfied this test doubly. The '* second test " 
excluded 6 single and 2 double cases ; and the values oi ^„ Ai were 
examined in 24 single and 10^ double cases (the solution being the 
first of a double case), so that in all 35 multiplication schemes like 
that in Art. 46 were formed. 

49. To obtain the simplest primary factor, we note that, since 
X = 2 and Y = — 2, 3ZF= — 2 ; and the primary factor is cj . a«, 

^^®r® a« = - 5 + 23ai -2ui'- 2W + 6«*. 

Now, multiplying by e, means replacing each coordinate (a,) by the 
sum of the two opposite coordinates (0,-42 + a<-a)» j^^^t as multiplying 
by e means replacing each coordinate (aj by the sum of the two 

* When r 5 there is a simplification in the work, as the ** second test " givea 
only two sets of residues instead of three. The symmetry of this case, and the ease 
of the computations, suggested this condition as proper for a canonical form of a 
prime factor, hefore I found — with no small pleasure — that it was Kummer*s first 
-condition for a primary number. 
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adjacent coordinates (a^^i + a, _ i). In multiplying by e^, the coordinate- 
Bam becomes 48 (that is to say, in the present case, 4), and the 
coordinate-snm is corrected by subtracting each of the coordinates in 
the product from unity. The work can be done in three lines, thus : 



a« = - 5 23 —2 —21 



6 



e,a« = -23 -15 1 18 21 
2^..- iQ 39-2 -38 -14 



e^M =s 19 



and the simplest primary factor (= Q- e'aw) is 

-18-38i.i-f3«'+39«»+15«*. 



50. The product ow . atMf\ corrected for coordinate-sum, is the 
reciprocal factor ; and cm may be replaced by the primary factor or 
any other prime factor. The coefficient of ut^ in the product is 

and this suggests a convenient arrangement of the work, which 
makes it possible indeed to write down the coordinates of the 
reciprocal factor at once for moderate yalues of p. Having written 
down the coordinates of aw\ place under each of them (1) its square, 
(2) the product of the adjacent sum and the opposite sum (where 
"adjacent sum" means the sum of the two coordinates adjacent to 
the one treated, and similarly for the "opposite sum"). The sum 
of the square and product is the coordinate of ow . aa>^ in its proper 
place. For example, taking au to he the simplest prime factor 
obtained in Art. 46, we have 



CM" 



-6 


-2 


6 


23 


-21 


25 
-23-29 


4 
1-2 


. 36 
-21-26 


529 
15-7 


441 
18-4 



square 
product 

a« . a«« = - 642 + 6w - 510ai« + 634«* + 513ai* 

Hence the reciprocal factor is 

quf = 642-6ai+5l0ai«-634a»»-513«*, 
and from this the cyclotomic of the fifth degree can be formed by 
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the formnlffi in the paper (Proc. Lond, Math, 800,, Vol. xyiii.) already 
cited.* 

51. The Yalne of Q is 

-6-510+634-513 = -395 = 5, mod 25, 
as it should be. 

When p is artiad, the sign of T is undetermined until this stage. 
The convenient course is to assume one sign for Y, and if this leads 
to Q = — 5"*, mod 5"^^ it is only necessary to replace om and qti> by 
a«*, 501' respectively. 

Second process (Arts. 52-54). 

52. In the above process there is a considerable amount of labour 
wasted in making trials which fail, and it is clear that much of the 
waste work might be utilized for the factorization of other primes. 
This remark suggests a second mode of attacking the problem. 
Instead of seeking the complex factors of a given prime, we may 
seek all the primes that belong to a given A^. Of the decompositions 

we select those which make « = 1 if A^ib odd, or « = 2 if ^0 ^^ even. 
Anj set of signed terms which does not satisfy this test can [by 
adding any (the same) integer to each term and reversing the sign 
if necessary] be reduced to a set in which the " first test ** is satisfied, 
but with a different A^ By this exclusion we do not miss any 
primes, but merely avoid repetitions of the same prime under a 
different A^. 

' For the same reason it is desirable to use only those signed terms 
which belong to reduced solutions; the excluded cases occur as 
reduced solutions for a smaller A^. 

53. When a set of signed terms is selected, the multiplication, 
scheme of Art. 44 is formed ; and then, by using the diagrams of 
Art. 45, we compute six pairs of product-sums (A^j A^) which reduce 
however to three pairs when there are two equal terms, to two pairs 

* An unchecked calculation g^ves the following values for the coefficients of the 
cyclotomic ij* + 1?* + Pjij* + Pjiy^ + P4IJ + P5 in this case : — 

Pj. -668712, P, =-216124779, P, =-28664017881, 

P5 a 1686462024703. 
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if there are tv70 pairs of equal terms, and to one pair if three of the 
terms are equal. 

It is sufficient to record one product-sum of each pair, the other 
heing given bj the equation 

For this we choose the greater of the pair, and calling it A^ we shall 
have T positive. It will be observed that A^ is numericallj less than 
Ai, and that the entry corresponds to a reduced or an unreduced 

solution according as it is 5 or >0. The upper signature of the 

diagram (Art. 45) is proper when A^ is the sum of the " noughts,'* 
the lower when it is the sum of the crosses. If this signature does 
not agree with the table of Art. 36, we must interchange Jj, A^ and 
replace F, w by — Y, w*. 

54. Consider, for example, the scheme of Art. 46, which gives the 
product-sums 

158, -51 X, 81 X, 209, -194, -242 x, 

those marked x being the sums of the crosses. The first, third and 
fourth are not reduced, and the sixth has been worked out. The 
second, taking J, = —51, gives -4, = —466 and Y= 415, = 0. 

Hence, JV. a« = (A^-A,)(A^-A^) - (A.-A^y = 1457861, 

for which 2/li = 2. The table of Art. 36 gives a choice of residues 
3, 2, 2, 2, 2 or 3, 3, 4, 0, 5 ; and the lower signature of the second 
diagram (Art. 45), namely, aebcd, becomes —5, 6, — 2, 23, —21. 
This agrees with the 3, 3, 4, 0, 5, if we begin with —2, and go 
forwards. Thus the assumption as to the sign of Y was correct, and 
the complex factor of 1457861 in the standard form is 

- 2 + 23a> - 21ai' - 5ai» + 6a>\ 

and (2587)'- 5 (415)* = 4 x 1457861. 

9 

Similarly, from the fifth entry, it will be found that 1652341 is the 
norm of 6-5c.i-2a>»-21«» + 23i.i* and Y= 129. 

Conditions that aw should be a complex prime (Arts. 55, 56). 

55. When a table of primes is at hand it can be determined by 
inspection whether the norms obtained are or are not primes; in 
other words, whether aia is or is not a complex prime. This can also 
be determined, without using a table of primes, in the following way. 
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The real factors of a norm of a complex integer are of three kinds. 
First we have primes of the form lO/i+l (saypuJPi* •••) J next, 
primes of the form 10/*— 1 (say gj, g',, ...), which mnst appear as 
powers g^, t being an integer ; lastly, there are primes of the form 
10/idb 3 and 2 (say r^^r^ ...), which appear as powers r". 

Now, if Natit contain r as a factor, r will be a factor of all the 
differences of the coordinates of aia, and can be immediately detected. 

If Nau contain a prime, g, as a factor, this prime will be a factor 
of all the difEerences of the coordinates of the '* reciprocal factor '^ 

The presence of two primes px • Pj* or of a square i?', as factors of 
NaAa^ can be recognized in two ways, when each of the p is of the 
form lOftH-l. 

The first way depends on the fact that there are two integer points 
in the reduced half-segment AQi (see figure to Art. 15).* If there 
are more than two |>-factors, there will be more than two integer 
points, but the number depends upon how many of the p are equal* 
To detect these it will be needful to examine the suitable values of 

X between 2 ^N and ^/5^, where N represents Nata, 

The second way depends on the fact that, corresponding to any one 
integer point, there will be two (or more) different sets of coordinates ; 
that is to say, there will be two or more complex numbers which have 
the same X, Y (and therefore the same^^, ^i, A^, and «), and may be 
taken to have the proper absolute terms, and yet are not included in 
one formula om^. The existence of such numbers is indicated by the 
same product-sum occurring in two different multiplication schemes 
belonging to one square-sum. 

56. The former process is the easier when we are dealing with an 
isolated complex number. For instance, when Nom) = 1652341, there 
are four integer points on the reduced half -segment, viz., (2587, 129), 
(2613, 209), (2817, 515), (2847, 547) ; and, in fact, 

1652341 = 41x191x211. 

The other method is better if we are examining all the complex 
numbers that belong to a given square-sum. If a product-sum 
occurs only in connexion with one complex number, and the norm of 
this number is free from q and r factors, then the complex integer is 



* This theorem is due to Tch^bicheff, and is quoted in Prof. Mathews' admirable 
text-book on the Theory 9/ Numbert, Ft. i., p. 270. 
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a complex prime and its norm is a real prime. For instance, if 
Aq = 39, there are five sets of signed terms 

6 -3 -2 +1, -6 +3 +2 -f 1, 4 +3 -3 -2 -1, 

4 -3 -3 +2 +1, -4 +3 +3 -2 +1, 

which may be distinguished as a, 6, c, d, e respectively. Then it is 
found that —8 is a prodnct-snm peculiar to a ; — 9, — 5 to 6 ; to c, 
and —3 to d (noting only those which belong to reduced solutions). 
These answer to the norms 2341; 2351, 2251; 1901; and 2141 
respectively. It is easily verified that there are no q, r factors, and 
we conclude that they are all prime. On the other hand, —4, which 
gives the norm (39+4)(39H-15)— (15— 4)' = 2201, is common to a 
and e. This norm therefore contains two p factors ; and, in fact, 

2201 = 31 X 71. 

The analysis by which we justify this mode of discriminating a 
complex prime from other complex integers is a straightforward 
application of the methods and results of Arts. 8 and 29.* 

Tables. 

The tables which follow give the prime and reciprocal factors of 
every prime 2>, of the form lO/i + l, less than 10000, and of a few larger 
primes. They are arranged in seven columns. The first contains 
the value of p. The second contains the minimum values of ^ Y 
which satisfy the equation 

X^''6Y^=4p, 

the sign of Y beiug fixed as explained in Art. 38. The third column 
contains the minimum residue of 3XF, mod 5, and shows by what 
power of cii + cii~^ the simplest prime factor must be multiplied to 
obtain the simplest primary factor. The next two columns contain 
the coordinates of the simplest prime factor and the simplest primary 
prime factor, arranged in the order 

ao» fl4> <hi «»» »4- 

It may be noted that in a former paper {Proc. Lond. Math. 8oc,, Vol. 
XVIII., p. 229) the coordinates were tabulated with the indices in 
geometric, not arithmetic, progression Oi, a,, a^, a, ; a^. The arith- 

[* The question is the subject of a supplementary note which follows. But the 
discussion is not quite on the lines suggested above, for it was found convenient to 
consider the factors of aw itself rather than the factors of the norm.] 
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metic order is here adopted as being more adapted for calonlations. 
Whenever the simplest prime factor is itself primary (Y^O) the 
entry in the fifth column is merely aai. 

The sixth column, except when p is less than 1000, contains the 
reciprocal factor of p ; and the last column shows 

q^j &c. being the coordinates entered in the sixth column, omitting 
the first entry, q^. 

For primes less than 1000 the reciprocal factors have been tabulated 
in the paper cited above, and it seemed useless to repeat them. The 
space thus saved has been used to give the prime factors published 
by Reuschle in his Tafeln, page 3. They are here expressed in terms 
of ofMt the simplest prime factor of these tables, and hut the simplest 
primary prime factor. The first entry is the " einfach,*' and the 
second is the " primar " of Beuschle. But when the primary factor 
is sufficiently simple, Beuschle does not give any entry under the 
einfach. In this column e stands for ut + (a'\ e, for iJ^-\-a>'^, and O for 
1 + w H- «'+«'+ «*. For example, jj = 1 1, Beuschle's einfach factor 

= — e. aut^+Q 

= — oi'-w' + w^-w-l+w'+n 
=r««-|-2«*; 
and the primary factor is = — hii>^ 



= c.,_a,«_2 



w . 



It will be observed that, disregarding some misprints and neglecting 
the terms in 12, Beuschle always gives the simplest primary prime 
factor. The einfach are the simplest factors for about half of the 
primes, but in some cases (241, 431) the primary factor is simpler 
than the einfach. I find four misprints. 

p = 601. einfach, —a' is printed instead of — a*. 

5a' „ „ 8a'. 

4 + 4a— Ac. „ „ l4-4a— &c. 

— oa ,, „ —5a . 

[To ensure the accuracy of the tables, as far as practicable, the 
proof-sheets have been systematically tested and every entry has been 
checked at least once. Negative numbers are denoted by dots placed 
over them, a method which has the authority of Prof. Sylvester's 
example. Thus for p = 211, F= — 6, ao) = 3«— 2«*.] 



p ^ 751. primar, 
p = 821. primar. 
p = 881. primar. 
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X 


r 


3ir 


Prinio Faptors. 


Ilea«,lile-| 
Psctort. 




p 


aiinpIeBt,^™ 


SiinpleBt primary 


Q 


11 


7, 


1 


1 


0, 1, 0, 1, 1 


0, 0, 2, 1, 1 


-eW+n, -5w' 


5 


31 


12, 


2 


2 


0, 2, 1, 0, 


2, 3, 3, 1, 


aw', -5o,' + 3n 


5 


11 


13, 


1 


1 


1, 1. 0, 2, 


1, 1, 0, 1, 2 


fccw-'+n 


5 


61 


17, 


4 


2 


1, 2, 0, 1, 1 


2, 3, 1, 0, 1 


— aw+n, -bi^+a 


& 


71 


17, 


1 


1 


2, 1, 1, 0, 1 


1, 1, 1, 3, 


-to«-'+n, 6o/-'+n 


5 


101 


22, 


4 


1 


i. 2, 0, 1, 


1, 1, 4. 0, 2 


t«-'-n 


5 


31 


2.1, 


1 


1 


2, 0, 1, 2, 1 


2, 2, 2. 1, 


<M'-n, -fi«'+2n 


5 


61 


27, 


5 





1, 1, 2, i, i 


QUI 


-<w-'+n 


» 


81 


27. 


1 


1 


1, 0, 1, 0. 3 


3, 2, 0, 2, 1 


eoi-' + n, i«,'-2n 


5 


91 


28, 


2 


i 


3, 1, 1, 1, 


3,2,4, 1,2 


(w+n, -6u-2n 


5 


• 211 


32, 


6 


1 


0, 3, 0, 0, 2 


0, 2, 2, 3, 3 


-a,-', 5<«'+2n 


25 


41 


33, 


5 





2, 2, 1, 1, 2 


ou 


eaa,', -(««'+2n 


24 


61 


32, 


i 


i 


1, 2, 2, 2, 


1, 4, 3, 3, 4 


-e,ow»+2n, 6u' + 3n 


20 


71 


33, 


1 


1 


i, 0, 3, 0, 1 


0, 0, 1, 3. 3 


fc,„-' 


5 


• 81 


37, 


7 


i 


0, 3, 1, 1, 2 


2, 6, 1, 4, 4 


-a«-" + 0, 6u-'+4n 


25 


311 


37, 


* 





,3, 2, 1, 0, 1 


cuu 


au~' + m 


5 


31 


37, 


3 


2 


0, 3, 2, 1, 1 


3, 3. 3. 4, 


-<a«'+fi, t»'+3n 


5 


401 


«, 


7 


2 


2, 1, 0, 3, 2 


1. 1, i. 5, 3 


e,ou'-20, -6»'+0 


5 


* 21 


42, 


i 


1 


2, 3, 0, 0, 2 


1, 2, 3, 2, 2 


-5u-'+2n 


25 


31 


43, 


5 





2, 3, 0, 2. 1 


au 


.,a«-'-n, -a»-'+30 


20 


• 61 


43, 


1 


1 


1, 0, 4, 1, 


2, 2, 2. 2, 3 


-5.V2(! 


25 


91 


47, 


7 


2 


2, 1, 1, 3, 2 


1, 4, 6, 6, 3 


-a«'+20, -6,-' + 6n 


5 


* 521 


47, 


a 





0. 4, 1, 1, 1 


au 


ow'+n 


25 


41 


47, 


3 


2 


3, 0, 0, 1, 3 


4, 4, 0, 4, 3 


-au-', -6«-'+4n 


5 


71 


48, 


2 


2 


0, 1, 1, 3, 3 


4, 1, 4, 2, 5 


-iK-'+O, hu>^+4a 


40 


601 


53, 


9 


1 


0, 2, 0, S, 3 


4.1,2,2,4 


-e,au-'+2n, -5,--'+n 


5 


31 


52. 


6 


1 


4, 0, i, 0, 2 


2, 3, 0, 3, 4 


«.;•, -5.' 


5 


41 


53, 


7 


2 


i, 2, 1, S, 2 


2, a, 4, 4, 3 


-ou,'+3n, 6<«"+4n 


40 


61 


57, 


11 


1 


0, 1, 3, 3, 2 


0, 5, 2, 1, 4 


-r,au'+20, -6u,'+2n 


45 


• 91 


53, 


3 


2 


3, 0, 3, 2, 


3, 0. 5, S. 5 


a*<-', -iw-' + 50 


25 


701 


53, 


1 


1 


0, 2, 4, 1, 1 


1, 1, 2, 3, 1 


-o»'+n, -i^+sn 


5 


61 


67, 


7 


2 


1, 1, 4, 1, 4 


6, 4, 2, 3, S 


-t,ou-n, 6u+6n 


5 


61 


58, 


i 


2 


1, 2, 3, 1, 3 


S. 0, 7, 4, 4 


eau,-', -bu>-' 


5 


811 


57, 


1 


1 


0, 1, 2, 3, 3 


5, 0, 3, 1. 1 


fc-,-' 


6 


21 


58. 


4 


1 


3, 1, 2, 1, 3 


0, 5. 1, 3. 2 


-,,0.', -6»'+n 


5 


• 81 


62, 


S 


2 


0, 1, 2, 2, 4 


3, 1, 1, 4, 6 


-a,.'+2!l, -t." + n 


25 


911 


67, 


13 


2 


1, 3, 0, 4, 1 


3, 2, 1, 5, 1 


-a,-'+n. -6u,'+5n 


20 


41 


62, 


4 


1 


4, 2, 1, 2, 


2, 3, 4. 1, 2 


-ou'+an. -6«,'+4fi 




71 


67, 


11 


1 


a, 3, 2, i, 1 


4, 1, 1, 3, 6 


e,a<„-', fctt,-' + n 


20 


• 91 


63, 


1 


1 


1, 2, 1, 4, 2 


4,3,4,2,2 


s«-'+2n 
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Prime Fumorfl. 




















p 


x;r 


3ir 


8implost,-a*. 


Jimpleatprimiuy. 


Factor. 


^ 


1021 


67, 6 




2, i, 3, .■!, 1 


1, I, 1. i. s 


4,12,24, 0, 9 


44 


• 31 


68,16 




3, 1, 1. 4. 1 


au 


2,12, 2.12,23 


25 


fil 


72,14 




2. 1, i 1. 2 


1. 4. 3, 0. 2 


6. 4. 2,23,16 


44 


61 


67, 1 




1. 4, I, 0, .^ 


2. i. 1, 5, 6 


0, 7,12,16.20 


65 


81 


67, S 




1, 4, 0, 1, 3 




2,20, 6.18. 8 


55 


•1151 


68, 2 




3, 1, 4, t, 1 


6. \X 1. 4 


14,15,20, 0,10 


25 


71 


72,10 




0, 0, 4, 2, 3 




6,22, 1,20, 4 


44 


81 


73,11 




2, 4, 3, 1. 


4, 2, 2, 4, 


1.4,14, 0,16,18 


26 


1201 


77,16 




1, 1, 3, 2, 4 


a<0 


24, 4,18. 3. 6 


5 


31 


73, 9 




2, I, 3, 4, 


2. 2. 2, 4. i 


2.14,24, 4,12 


55 


91 


72, i 




2, 0, 0, 4, 3 


6. 1. 5. 6, 3 


8,20, 6, 2,22 


5 


1301 


73, 5 




4, 1, 3, 0, 2 


au 


24, 6,14, 2,16 


5 


21 


73, 3 




0, 1, 2, 5, 


1. 1. 6. ?. 5 


4, 3,16,10,26 
20,12,12, 1,20 


55 


61 


82,16 




0, 1, 0, 4. 4 


5, 0. 3, 4, 4 


5 


81 


77, 9 




4, 2, 1, 3, 1 


a, 4 6, 2, 1 


19,24, 0, 6,14 


5 


14S1 


77, 5 




1, 4. 2. 3, 1 




24, 4, 7,22, 6 


5 


71 


77, S 




2, 0. 3. .3, 3 


5, t, 6, S, 2 


4,12, 6,30, 6 


46 


81 


77, 1 




1, .5, 1. 0, 2 


3, 2, 5, 3, 1 


2,14, 0,26,12 


55 


•1511 


83,13 




1, 2. 5. 0, 2 


4, 8, 7, 3, 3 


26,26, 6, 6, 4 


25 


31 


87,17 




6, 2, 2, 1, 1 


S, 2, 8, 4, S 


24,14,15, 4, 2 


5 


71 


83,11 




2, 1, 3. 4. 2 


0, 4, 1, 2. 3 


6, 8. 1.36.16 


55 


•1601 


82, 8 




4, 1, 0, 0. 4 


4, 6, 0, 5, 5 


16. 0.26,15,20 


25 


21 


83. 9 




3, 0, 3, 0. 4 


6, S, 1, 2, 2 


4, 8,24,2.5, 4 


5 


1721 


83, 1 




2, 0. 2, 5. 1 


0, 5, 4, 2, 2 


6, 2. 4,2.8,26 


55 


41 


87.11 




I, 5, 2, 1, 2 


4, 4, , 6, 3 


8, 0, 4,28,23 


55 


1801 


93. 17 




2, 2, 2, .5. I 


1. 6. 3, 6. 4 


6, 6,24, 3,21 


55 


11 


88.10 




0, 5, S, 1. 1 


au 


2.5,12, 2,24,16 


26 


31 


87. 7 




5. 3. 1, 0, 


S. 7. 2, 1, 5 


28.14.20, 6, 2 


5 


61 


87. i 




3, 3, 1, 0, 4 




16, 2,22, 1,30 


55 


• 71 


92.14 




2, 0, 2, 2, ^ 


4,3,T2,2 


16, 2, .3.4, 12, 2 


25 


1901 


97.16 




3, 4. 2, 1, 3 


1, 1, 3, 5, 2 


6, 4, 1.4, 12. .34 


55 


31 


88. 2 




I. .5. 0, 3. 1 


2, 7, 0, 7, 4 


14. 1,20.26.12 


5 


• 51 


93.13 




2, 4, 1, 4, I 


1, 9. 4, 6, 6 


6, 0.46.20.15 


25 


2011 


93.11 




4, 4, 1, 1, 2 


3, 2, 4, 0, 4 


15.14.22.24. 


26 


81 


98.16 




3, 5, 1, 2, 1 


2, 2, 3, 1, S 


2. 6.4»). 26. 7 


5 


2111 


92. a 




4, 1, 4, 0, 2 


8, 3, 6. 6, 1 


26.18. 8. 1.30 


5 


31 


98. S 




3, 2, 0. 3, 4 




2.36,15, 6,12 


44 


41 


97,13 




3, 4, 1, 2, 3 


4,S,~4,2 


12,35, 4,19, 2 


55 


61 


93, 1 




1. 4, 4, 1, 2 


3, 2, 4, 6, 1 


16,12, 3,14,46 


44 


•2221 


98,12 




5, 1, 2, 3, 1 


4,4,2,7,2 


26,13, 2,28,12 


25 


- 51 


97, 9 




3, 2, 0, 1, * 


1, 4, 2, 6, 2 


6, 6,38, 8,24 


55 


81 


102, 16 




4.2,4,2.1 


2,3,5 2 6 


19, 14, .35, 4, 2 


44 


2311 


107, 21 




S. 1. 0, 1. 4 


5,8,2,4,4 


36. 2.12,24,15 


5 


41 


97, 3 


2 


3, 5, 0, 1, i 


4. 4, 5. 1, 7 


12,30, 6,28, 3 


55 


51 


97, 1 


1 


3, 2. 5. 1. U 


4, 1. 3. 5, 4 


1,44,12, 2,24 


26 
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X. r 
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2371 


103,15 





1, 1, 6, 2, 




au) 






4,38, 6,10, 9 


55 


81 


98. 4 


1 


2, K 1, 3, 1 


s. 


3, 2, 


4, 


5 


13, 6,20,36, 2 


24 


2411 


107, 19 


1 


5, 1, 2, 2, 3 


0, 


6. 2, 


4, 


1 


25, 2. 2,34, 


24 


41 


103, 15 


i 


2, 1, 1, 6, 


7, 


7, 1, 


6, 


2 


2,10. 9,18,38 


55 


2521 


102, 8 


■i 


■1, 1, 4, 2, 4 


0, 


5, 6, 


4, 


* 


6.22.14.35, 4 


4$ 


31 


U2,ii 


i 


0, 2, 2, 1, 6 


s. 


7, 8, 


1, 


10 


12,14.40, 6, 7 


55 


51 


103, 9 


1 


0, 2, 5, 2, 3 


4. 


6, S, 


3, 


1 


16,36, 2,22, 1 


55 


• 91 


103, 7 


2 


2, 5, 2, 4, 


7, 


8, 0, 


6, 


s 


2, 1,36,24,14 


25 


26il 


103, 5 





4, 1, 4, 3, 










16,23,.M. 0. 4 


55 


71 


108, 14 


1 


3, 0, 3, 5, 1 


0, 


5,°6, 


3, 


3 


6. 12. 6. 25. 36 


55 


2711 


107, 11 


1 


0, 4, 5, 1, 1 


i 


5, 4, 


4, 


1 


30, 2S, 2,18.15 


5 


31 


112, 18 


2 


S, 2, 4, 0, 


7, 


4, 2, 


4, 


5 


4.4, 8,30. 4.12 


20 


41 


113, 19 


1 


6, 2, 1, 2, i 


4, 


4, 5, 


1, 


4 


38,20, 4,18, 3 


5 


91 


108,10 





a, 3, 4, 1, 3 










8,15, 6,12,44 


4S 


2801 


107, 7 


2 


1, 6, 2, 1, 1 


6, 


6, "7, 


2, 


1 


14, 6. 7.42.14 


65 


51 


107, 3 


2 


4, 3, 3, 3, 


4, 


6, 7, 


2, 


8 


16. 9.42.12. 4 


48 


. 61 


107, 1 




0, 1, 5, 4, 1 


0. 


5. 3. 


4, 


4 


0,28,23,24,46 


66 


2971 


117,19 




4. 6. 1, 0, 1 


1, 


1, 4, 


3. 


6 


4,23.14.44, 6 


55 


•3001 


lz2, 24 




2, 1, 2, 2, 6 


4, 


4, 4, 


1, 


1 


24, 0,«1, 15, 


25 


11 


112,10 





2,2,1,0,6 










0. 7. 42. 14, 2U 


55 


41 


113, 11 


1 


1, 3, 4, 2, 4 


a. 


4, 0, 


1, 


2 


44,20,16, 2, 3 


5 


61 


117,17 


i 


1, 4, 1, S, 2 


i. 


«, 4, 


10, 


1 


35. 2, 8.16,40 


40 


3121 


123, 23 


i 


0, 1, 6, 2, 3 


4, 


4, 9, 


3, 


10 


9,38. 4,40, 6 


80 


81 


113, i 


2 


1,5,0,2,4 


3. 


t, s. 


2, 


9 


2,48.20.26.14 


98 


91 


113, 1 


1 


1. 4, 0, 2, i 


1, 


4, 5, 


4, 


4 


2, 24. 36. 12, 22 


OS 


3221 


122, 20 





5, 0. 4, 2, 4 










29,24,24, 0,26 


40 


• 51 


127, 25 





I, 0, 5, 5, 




OO) 






1, 20, 20, 30, 44 


100 


71 


117, 11 


J 


2, 1, 1, S, i 


6. 


1, 6, 


3, 





26,23,16, 0,44 


5 


3301 


118, 12 




2. 1, 5, 4, 3 


4, 


6, 7, 


5, 


2 


1,26, 2.42,14 


80 


31 


123, 19 


i 


2, 5, 4, 2, 1 


7, 


2, 2, 


6, 





43.24. i>,26,18 


40 


61 


117, 7 


2 


1, 2, 5, 1, 4 


*; 


8, 6, 


0, 


6 


35,28,22,14, 


40 


91 


117, 5 





1. 1, 0, 6, S 










23,20, 4, 2,44 


40 


3461 


118, 4 


1 


1, 6, 1, 1, S 


2, 


3,°6, 


5, 


1 


0,48, 8,39.44 


6S 


91 


128, 22 


2 


3, 1, 4, 1, S 


2, 


4, 8, 


1, 


8 


24,15.36.48, 2 


5 


35U 


132, 26 


1 


0, 6, 2, 3, 2 


5, 


6, 2, 


6. 


4 


20, 2. 8.44,15 


55 


41 


12a, 12 


2 


3, 0, 0, 6, 5 


9, 


4, 6, 


6, 


2 


3,30, 4,12.42 


44 


• 71 


123, 13 


2 


^, 2, 4, 1, 2 


9, 


4, 4, 


7, 


8 


36,12,34, 2,18 


25 


81 


127, W 


1 


4, «, 1, 0, 3 


2. 


3 S 


2, 


4 


18,34,15,44. 2 


65 


3631 


123,11 


1 


:S, 0, 6, 2, 1 


3, 


2, 3, 


4, 


( 


12,39,40, 4.18 


55 


71 


127, 17 


2 


2,6,1,3,1 


O.W. 4. 


7, 


8 


6, 8,34,40, 6 


5 


91 


128, IS 


2 


3, 1, 1, 4, 5 


8, 


2, 9, 


6, 


7 


14,40,26, 2,2.3 


45 


3701 


122, 4 


1 


i, 2, 5, 4, 


1, 


4, 2, 


0, 


7 


6,29,42. 8.14 


65 


61 


133, a 


2 


6,2.3,1,2 


w. 


I i 


9, 


1 


3.5,12, 4. 6.46 


24 


3821 


127, 13 


2 


3, 4, 1. 3, 4 


s. 


6, 6, 


2, 


7 


0,48,14,20, 4 


80 


• 51 


128, 11 


1 


S, 1, 0, 5, 1 


4, 


S, 5, 


5, 





34,2s, 0,40,20 


25 
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X, T 


3ir 


Prim 


B PttCtOTi. 




_ 


Beciprucal 
Factor. 




p 




SimpIeBt primary. 


g 


3881 


127,11 


1 


1, S, 4, 0, 3 


2, 3, «, 


7, 


1 


7, 4,10,3412 


80 


31)11 


137, 25 





■X 3, 1, 6, 4 


au 






0,47,2a, 4,20 


55 


31 


127, 9 


1 


a, 3, 1, 2, 1 


3, 3, *, 


3, 


4 


48,24,15, 6, 2 


5 


4O01 


127, 5 





1, 1, 2, 3, 6 


am 






24,16,48, 8, 1 


55 


* 21 


127, 3 


2 


3, 1, 0, H, 4 


0, 4, 6, 


9. 


4 


6,42,18, 2,.^^ 


25 


51 


128, 6 


1 


5, 3, 0, 3, 3 


1, 4 7. 


2. 


1 


24,49, 2, 8,14 


44 


91 


128, 2 


5 


3, 4, 1, 1. li 


3. S, 1, 


6, 


8 


8, 10, 36, 7, 42 


64 


4111 


132, 14 


1 


0, 4, 0, 6, 1 


S, 0, 2, 


1, 


6 


30, 2,23,14,40 


44 


4201 


143, S7 


2 


a, 4, 6, 2, 2 


1, 6. 7, 


5, 


4 


4,26, 2,23,44 


44 


11 


13.3, 13 


2 


i, 0, 1, 1, 6 


10, S, 2, 


4 


9 


15, 2,38,44,21^ 


26 


31 


132, 10 





2, 2, 3, 6, 


ma 






2, 1,20.26,48 


64 


41 


137! IS 


1 


1. 2, 4, 3, 5 


7, S, 1, 


1, 


2 


48,10,26, 2,1a 


5 


61 


138, 20 





S, 3, 2, 1, 1 


atu 






30,14,42,24, 


5 


71 


133, 11 


1 


3, 5, 2, 0, i 


0, 0, 4 


7, 


2 


6, 2,24,20,46 


94 


•4391 


133, 5 





2, 0, 5, 0, 6 


(Ma 






22,24,34,44, 1 


26 


4421 


133, 1 


1 


3, 1. 2, 6, 2 


5, 6, 4 


4, 


2 


422, 4,20,51 


55 


• 41 


138, 16 


1 


I, i, 1, 6, S 


4. 2. 3, 


3, 


3 


12, 4, 4,14,39 


25 


61 


143, M 


i 


2, 3, 2, 5, i 


4, 4 8.10. 


4 


44, 4,12, 8,34 


6 


• 81 


137, 13 


i 


5. 2, 4, 1, S 


S. 4 6, 


6, 


1 


24,22, 3, 2,48 


25 


4561 


143,21 


1 


<*, 2. 3, 0, 3 


2, 2, 4, 


5, 


4 


60, 2,2a, 4,24 


5 


91 


137, 9 


1 


1. S, 3. 4, i 


7, 2, 1, 


4 


2 


48; 10, 6,44,12 


6 


*4621 


147, 25 





4.4,1,4,1 








4447, 2, 2,14 


25 


• 51 


162, 30 





6, 5, 0. 0, 


Ott) 






44, 30, 40, 2S, 


25 


• 91 


137, 1 


1 


6, 4 1, 1, 1 


4, 5, 8, 


0, 


5 


42,34.24,16, 1 


25 


4721 


142,14 


1 


2. 1, 4, 0, 4 


4 4, 4 


3, 


5 


16.12.44,36. 6 


5 


* 51 


143, W 


2 


2, 6. 1, 1, 4 


4 9, 4, 


4 


1 


1,46, O,50,a0 


loa 


4801 


153,« 


1 


5, 2, 1, i. 4 


6. 1, 8, 


2, 


4 


14,4412, 3,24 


15 


31 


143,15 





3. 3. 0, 2, S 








2, 14, 50, 4 44 


64 


61 


142, 12 


2 


1,2,0,4,6 


3, 3," 10, 


s 


15,42,42, 4,10 


80 


• 71 


148,24 


2 


0, 7, 1, 1, 3 


4 «, 7, 


4, 


2 


9,14, 2,52,24 


100 


4931 


162, 26 


1 


1, i. 6, 2. i 


e, 2, 5, 


4, 


4 


47,44,20, 6, 2 


20 


51 


147, 19 


1 


i. 2, 6, 1, 5 


4 6, 3, 


0, 


4 


24,44 24,38, 1 


14 


5011 


143, 9 


1 


1, 6, 1, i. 2 


», 3, 1. 


0. 


6 


111, 2,22,39,20 


5 


21 


142, 4 


1 


i. 4 4, 0, 4 


4 4 1. 


7. 





6,12,16,20,56 


80 


51 


143, 7 


i 


7, 2. 2, 0, 1 


9, 1. 8, 


5, 


3 


H 6,28, 2,16 


5 


• 81 


143, 5 





2, 1. 4 1, 6 








18,23,38,42, 2 


25 


SlOl 


143. 3 


2 


S. 6. 0, 2, S 


6, 6, 8, 


S, 


2 


14.46. 2,38, 4 


64 


71 


152, as 


i 


2. 4 6, 2, 1 


10, 5, 6, 


A 


3 


36,42, 1,20,26 


5 


5231 


148,14 


I 


S, 6. 1, .3, 4 


3, 2, 8, 


1, 


4 


12, 44, 15, 26, 2 


64 


61 


158, 28 


2 


1, 5. 6, I, 1 


5, 1(1, 12, 


4. 


1 


40, 47, 2, 14, 40 


6 


• 81 


162, 32 


2 


0, 4 2, i, 6 


2, 6, 4,11, 


i 


2, 38, 42, 22, 23 


125 


5351 


148, 10 





1,4 3,5,4 


am 






46, 6, 2,23,24 


6 


• 81 


157, 25 





S, 1, 6, 4 1 








14,42,48, 8, 2 


100 


5431 


148, 6 


1 


5, 1, 7, 1, 


2, 4, 3, 


4, 


6 


2,54,24, 4 28 


55 


41 


163, 31 


1 


4 3, 6, 2, 1 


1. 1, 0, 


4 


7 


23,30,44 2, 2 


80 
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Q 


5471 


148. i 


2 


0. I. 3. 5. .5 


ft. 


4. 1. 


7,10 


44.12.34, 0,20' 2a 


5501 


157, SS 


2 


1, 1. 3. 4. 6 


4. 


1. 2. 


*. 9 


34.26.48. 3.16 


55 


21 


US. M 


! 


3. 6. S, 1. 8 


6. 


5, 1, 


S. 2 


4, 8.14.35.64 


«S 


• 31 


152, 14 


1 


6. 4. 2. 2. 1 


3. 


4, 6, 


1. 4 


48,38,23.12. 2 


25 


81 


162. id 


2 


5. 2. S. 0. 


3. 


3, 8, 


6. 6 


IS. 4ft. 20. 4.42 


2» 


* 91 


163, 2S 


1 


1. 2. 6. 1, 3 


1. 


8, 3, 


2. « 


2. 39, 16, 46, 24 


125 


•5641 


153, 13 


■i 


2. S. 0. 0, 7 


2. 


10, 6, 


6,10 


3.16,64, 6,3(S 


100 


51 


152, 10 





t. 6, 2. i, 1 




(Ml 




16,16,47.42. 6 


5 


5701 


153.11 


1 


0, 3. a. 1, 4 


6. 


4, 3, 


2. 4 


3ft. 51. 12. 22. ft 


55 


11 


157. 14 


1 


S. 1. 0. 6, 1 


0. 


5. 7, 
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On Complex Primes formed with the Fifth Roots of Unity. 
{Supplementary Note.) BylL.W. Lloyd Tannee. Received 
and read May 11th, 1893. 

57.* The object of the present note is to investigate a method of 
determining whether a given complex integer is prime or composite, 
and, what is sabstantiallj the same question, whether the norm is 
prime or composite. The discussion is based upon a classification of 
complex integers according to their orders of complexity, as will now 
be explained. The product of four conjugate integers aoi, aai', aw', 
Ota* is a real number ; but, for some integers, auf, the product of less 
than four of the conjugate integers is real. The least number of 
conjugate integers which g^ves a real product will be called the order 
of complexity — or simply the order — of each of the factors. It is 
easily seen that the number of factors in any real product of aia and 
its conjugates must be a multiple of the order of au). In particular, 
the order of any integer must be a divisor of 4 ; so that we have 
integers of the first, second, or fourth order. 

58. In the above definition the meaning of '*real" is tacitly 
extended. Numbers are called real if they can be made real (in the 
strict sense) by adding a suitable multiple of the complex zero. 
Otherwise, indeed, the statement that the norm of a complex integer 
is real would not be true. The following discussion is not compli- 
cated, and some difficulties are avoided by extending the meaning 
still more ; and we shall speak of a complex integer as '* real," or as 
equivalent to a real number r, if it is included in the formula 

where uta is a complex unit, Ois the complex zero (1 + « + «' + «*+«*) 
and J is a real integer. Now uu) is of the form ±(o)+o)^)*, and does 
not contain a simple unit, oi*, as a factor. For all the complex 
integers considered will be presumed to have the absolute terms fixed 
so as to satisfy Kummer's condition 

aia ^ a (1), mod(l— «)'. 

Now if aw, hilt satisfy this condition, so will their sum and product ; 
but multiplying by w* will violate the condition. 

* The paragraphs of this note are numbered in continuation with those of the 
paper previously communicated. 
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Factors of the first order (Art. 59). 

59. When aa» is a mnltiple of bia, we have 

where cw is a complex integer. If bw is of the first order, then, r 
being a reid integer, 

Hence ao> = (r . unt +JO) cw 

where c'cii = uoi . coi is another complex integer, and 

is another real integer. Hence 

au) —f. 12 = r . cut, 

and Oq ^ a, ^ a, = Og = 04, mod r. 

The converse is also true ; for evidently any factor common to all 
the coordinate-difPerences, a^ — ao, is a factor of aw— o^. O. 

The norm Naw is a mnltiple of r\ since it is a diaphoric* 
fnnction of the coordinates of ata of the fonrth degree. 

It is not trne that a factor r* of Nauf arises only from a real factor 

of (Ktf. 

Factors of the second order (Arts. 60-62). 

60. When bu is of the second order, a product 6« . 6«* is real. 
There are two sorts of integers of the second order ; one for which 
A = 4, and one for which h = 2. If A = I, the product bu* , ba is not 
real, unless bu) is of the first order ; and the case in which h = 3 
reduces to that in which A = 2 ; for, if but . bw^ is real, it is not altered 
when 0) is changed to u>^, so that bu)^ . bta is real. 

61. If actf is a multiple of but, an integer of the second order, such 
that &o>. bu)* is equivalent to a real number, say r, then aw . ao^ will 
have a real factor r. But, using the notation of Art. 6, 

aw . aw* = Jq + -4, (w + w*) -h -4, (w' -h w'), 

* Prof. Cayley, in his momoir on the Schwarzian derivative, uses this word to 
denote a function of the differences of specified arguments ( Camb, JPhiL TVans,, 
Vol. xin., p. 12). 
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and, in order that this may contain the real factor r, it is necessary 
and sufficient that 

^0 = ^i = il„ mod r. 

In Nata the factor r* will appear, for Nata is a quadratic function of 
the differences of A^ Ai^ -4,. 

It is to be noted that r is a factor common to X, Y, and so imme- 
diately detected. For 



and 



r= A,-A, = (A-^i)-(A-^,), 



80 that the G. C. M. of ^--4i, A^—A^ is also the G. C. M. of Z, F, 
or of \X^ \Y, if X, r are even. 

Farther, the factor r, determined as above, includes the squares of 
the factors of the first order, for A^—Ai^ -4^— -4, are quadratic 
diaphoric functions of the coordinates of a«i». 

62. When ata is a multiple of &<*», an integer of the second order 
such that hia . hia^ is equivalent to a real integer r, then cua . om' 
contains the real factor r. Hence r is a factor of the coordinate- 
differences of the reciprocal factor 

goi = — aw . aw' or aw . aw'-f O (Art. 28). 

The factors thus found include the squares of the factors of the first 
order, because the coordinate-differences of gw are diaphoric functions 
of the coordinates of ow (Art. 29), but they do not include the factors 
of the second order considered in Art. 61. 



Examples (Art. 63). 

63. The following examples will illustrate the theory of Victors of 
the second order. 



Example 1. 



aw = — 2wH-2w'H-w% 
-4q = 9, -4.1 = — 2 = ^2, 
^-^1 = A-il, = 11, G. C. M. = 11 ; 

X = 22, r=:0, 
gw = 6— 4w— 6w'+3w*, G. C. M. of g<— g'j, 
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Henoe Now is a multiple of 11', and if hia represent a prime factor 
of 11, (un is a multiple of hut . bw*. It will be fonnd that 

and that there is no other factor. 



JSxamiple 2. 



Aq — Ai — 



where 



M = — 4H-W— 2w'+6«»+2w*, G. C. M. (o<— a,), 1 ; 
^0 = 50, ^, = - 14, ^, = - 9, 
64, A^-A^ =59; Z = 123, r= 5, G. 0. M. = 1 ; 
qbf = — 24+9ai— 2«'+42«»--24«*, 

q^^q^ = 33, 22, 66, 0, G. C. M. = 11 ; 

2^aai = 3751 = 31.11', 
ata = bo) . biit'^Cbf, 
hw = w + «'— w*, Nhia = 11, 



cw = 2uf — 



w 



New = 31. 



I G.C.M.= 



211; 



Example 3. aw = 24 — 38ai + 14ai* + 49w» - 48w*, 

Naut = 42784681, 
i4^ = 6921, il, = -4262, ^ = 802, 
A^-A^ = 6119, ^,-u4, = 5064^ 
X, r= 17302,5064, 
qu, = 4842 + 68ai-552««~1482«»-2877«*, 
5,-^1 = 4774, 0, -620, -1550, -2945, G.C. M. = 31. 
Thus Ncuo is a multiple of (and in fact equal to) 211' X 31', 

aw =z bw , 6«* . cw . cw^j 
where bw= 2a)— oi', Nbo) = 31, 

and cw=zSw — 2w^, New = 211. 



Factors of the fourth order (Arts. 64-72). 

64. The presence in aw of two or more different factors of the 
fourth order, or of a power of such a factor, is indicated in two ways. 
Firstly, every integer point (X, Y) upon the hyperbola 

Z'-5Y' = 4i^aai, 

which belongs to one such number, aw, beloDgs to at least one other 
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complex number, whicli cannot be derived from the first by adding 
complex zeros, multiplying into complex nnits, or changing oi to <i»^. 
Secondly, there are at least two integer points (X, Y) on the hyper- 
bola whose coordinates satisfy the inequalities 

< 5r < X 

65. To verify these statements, let 

Naia = Nhia . Ncta, 

Consistently with this we may have either 

a«i> = &fai . c<i», or aa» = &(ii . cta^^ 

or actf = &» . C(i>', or ooi = ^w . coi' ; 

moreover in any one of these equations ow may be replaced by oo^', 
aw', aai\ without affecting the norm equation. 

We take JT, Y to be the integer point belonging to the product 
6a}. cii»,. the square-sum and product-sums of which will be denoted 
by A^y ilj, A^y so that 

-X = 2u4,-^-^, r = ^-^j, -P-5Y« = 4J»^<.».^ca» = 4^ai.>. 

If x^ y, B^ Bi, B| denote the corresponding quantities for 5<i», and 
^9 >7i 0^ Cij (/| those for eta, we have 

aj = 2Bo— J5i— J5^ y = J5,-Pi, aj'-Sy" = 4m«, 

By means of these expressions, and the relations 

A, = B^Oo+2B,Oi + 2B,0„ 
Ai:= BoOi-\'B,Oo+BiO,-\'B^Oi'hB^G^ 
A^ = B^O^+B^O^+B^Gi+B,G^+BiO,, 

(Art. 8), it is easily verified that 

2Z=ic£+5yiy, 2r = an?+t/f. 

First test (Arts. 66, 67). 

66. Consider first the two products 

which are forms of cuo consistent with the hypothesis that 

Naut = Nhta . Ncut, 
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The square-Slim and prodnct-sums of cia* are identioal with those of 
cia ; and therefore the sqnare-snm and prodnot-snms of ht . (m* aie 
identical with those of bia . cia, viz., they are A^ A^^ A^, Henoe one 
and the same integer point (X, Y) belongs to these two prodnots. 

I say also that, with certain exceptions to be specified, these two 
complex nnmbers are distinct ; that hia . cti^ and its conjugates 
hia^ . cci>^ are not included in the formula 

±€".6w.c«H-yO (1), 

where e is the cyolotomic unit w + w^y H is the complex zero, and n, j 
are real integers. For suppose that hta .hut^ is included in (1). 
Unless n vanishes the point wliich belongs to :t e"5<i» . c*a +jO differs 
from (X, Y) which belongs to ha , cat and to &<■» . cut* (Art. 11). Thus, 
if ba . cbf* is included in the general form (1), we must have 

5w . c«* = d= 6(11 . cia +jO. 

Now the ooordinate-sums of but ,ctf and bv . cta^ are the same, say «, 
and the last equation requires 

« = ±« + 5;. 

Since 8 is not a multiple of 5, this gives j = 0, and 

&fai . cu» = &w . c(a\ 

so that cu» is a factor of the second order, giving c*a . cw' equivalent 
to a real number which is a factor of the coordinate- differences of gw. 
But cw is by hypothesis of the fourth order. The equivalence of 
bwbtMf^ hu}bb>* is therefore impossible. 

67. When A = 4, we have for the second complex number 6«* . cii», 
giving the same case as that just discussed, with the roles of &w, aa 
interchanged. The cases of % = 2, A = 3 are similar to each other. 
The number 6«' . c«' (assuming h = 2) belongs to the integer point 
(X, — F), since the product-sums (A^, A^) of hut . cw* are interchanged 
when ut is changed to «', It is therefore to be examined whether in 
this case a value of n cannot be found which will make 

This would imply W (X, Y) = (X, - Y), 

(3 5\ 
' 1 . Now, if n were even, the vertex 

would be an integer point, and 4iNaw an exact square. If n were odd. 
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the terminal points of the reduced segment (Q, Q in the figure of 
Art. 15) would be integer points, and Naw/b would be the square of 
an integer. Except in these two cases there are two non-equivalent 
complex numbers hw . c<af hta . cut\ belonging to one integer point 

{X, p. 

It is worth while to add that the same is true even when cia is 
identical with hut ; hinf" . &(i>~^ is certainly distinct from hw . io), for the 
former is of the second order, and the latter of the fourth. This 
shows that exceptions to our theorem cannot arise unless Nattt is a 
multiple of 5. 

Second (Tchebichefs) tesf (Aria. 68-72). 

68. To verify the second theorem of Art. 64, we consider the two 

complex numbers but . eta and bm . coi'. The points belongiug to co>, ca>' 

are (£, ly) and (£, — jy) respectively ; therefore the two points (X, Y) 

and {X\ Y) which belong to 6«. ccd, few. ca>' are given (Art. 65) by 

the equations 

2X = aji+5t/iy, 2r = «i? + y£, 

2Z'= xl-hyri, 2F= - xn-^yl 

The two points are different unless 17 = 0, which implies that Ncm is 
an exact square. But if jy is not the two points (X, Y), {X\ Y) are 
not only difEerent but belong to different ranges, so that in the 
reduced segment there will be two different points corresponding to 
the two complex numbers bm . ccd and 5(i> . cv?. 

69. We have identically 

^'**™ XX'-bYT ^ XT-TY ~ X}-5Y^' 

Thns {X', Y*) is or is not on the same range as (X, Y) according as 

is or is not an integral power of 

^3f, = i(l|3). 

The necessary and sufficient condition for the former alternative is 
that X, ft should be integers. In fact the terms of 2iP are integers, 
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80 that the condition is clearly necessary. To prove that it is 
sufficient, we note that 

(zz'-5rr)'-5(zr-xr)'= (z«-5Y«)(r»-5F0 

so that the values of A, /jl written ahove give 

X«-6/ii' = 4. 

But, (3, 1) being the minimum integer solution of this equation, every 
integral solution (X, ju) is given by 

X-h;ty5 _ fs±y/by 

~2 V 2 J' 

where n is integral, and this is tantamount to 

/X/2, 6/1/2 \ ^ /3/2, 5/2 \- 
\/i/2, X/2/ \l/2, 3/2/ ' 

For these two equations, considered as equations for X, ju, are mani- 
festly equivalent when n = 1, and in both cases a change of n into 
n -f 1 replaces 2X, 2/i by 3X -|- 5/i, X -h Sfi, 

70. By means of the formulee of Arts. 68, 69, X and ft can be ex- 
pressed in terms of x, y, £, 97, the result being 

X = 2 a'+5i,')/(?-5i,«), /I = - MvK^-^n'). 
Hence X-2 = 20iy7 (?-5i,«), 

an expression which is a positive proper fraction (or 0) if 

but, as this inequality implies that £ =1= 5i7 are both positive, £ being 
taken to be positive, it follows that, if (£, 17) is a point in the reduced 
segment of its hyperbola, X cannot be integral unless 17 is 0. Now we 
may always take ccd so that the corresponding integer point is in the 
reduced segment. For we have 

a transformation by which neither the norms of the factors are 
altered, nor the product, and n may b& taken so that e** . oci> is 
'' reduced.'' It follows then that unless i; = 0, X cannot be an integer, 
and accordingly (X', Y) is not on the range (X, Y). 
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The condition 17 = 0, 

which has twice determined a case of exception, is eqnivalent to 

0, = 0, 
(Art. 65), so that, when »; = 0, 

is equivalent to a real number, G^— (7„ which is a factor common to 
f , i| ; and therefore to X, Y. 

71. It will now be proved that (Z', Y*) is not a point of the range 
(X, — Y). We have identically 



2X\2T=.[^^\XX,-T), 



where = ^ = 

ZZ'-fSFF' XF-fXF JP-SF*' 

and hence, by the equations of Art. 68, 

X = 2 (aj' + 6y«)/(a;'-5y'), m = 4By/(aj»-5y>). 

Now these equations are similar to those obtained in Art. 70, and we 
infer, as in that article, that (X', F) is not on the range (Z, — F), 
tmless &« is a number of the second order, such that &a> ,hia'^ is equi- 
valent to a real number which is a common factor of a;, y, and 
therefore of X, F. 

72. The foregoing considerations lead at once to the theorem 
announced. For the reduced point on the range (X', F) cannot 
coincide with the reduced point on the range (X, F), (Art. 70), nor 
with that which is on the range (X, — F). Hence the reduced point 
on the range (X', F') has a different abscissa from that of the 
reduced point (X, F). There are, therefore, four different reduced 
points, corresponding namely to (X, ± Fj, (X', ± F), two of which 
will have positive ordinates. There are, therefore, two different 
integer points (X, F) such that 

0< 5F< X. 

73. In general, Tch6bicheff*s test is by far the more convenient. 
It is so, for instance, when the question is the primeness of a given 
real integer of the form 5n*+ 1 or of a complex integer acD. In the 
latter case, however, the results of Arts. 59, 61, 62 are useful in 
reducing calculations. But the first test has advantages when it is 
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required to distinguish primes from composite numbers in a sei of 
complex numbers which have a common square-sum. Following the 
procedure described, Art. 53, we first obtain a set of coor^Cinates. 
All factors of the first order are included in the G. G. M. of Uie 
differences of these coordinates. Then the values of the produot- 
sums are determined, and the one which is numerically the less is 
recorded. If -4^ — -4„ Aq—A^ have no common factor but 1, the 
reciprocal factor go) is formed, and if the Q. C. M. of its coordinate- 
differences is 1, there are no factors of the second order. If, these 
tests being satisfied, there is no other entry of the same product-sum 
under any of the complex numbers in the set, then the complex 
number in question is prime. The omission of the A^ — A^^ A^ — A^ 
test would not invalidate the conclusion, but the omission of the q<» 
test would, because the factors of the second order detected by q» 
would not be detected by the final test (Art. QQ). 



The Singularities of the Optical Wave-Surface, Electric Stability^ 
and Magnetic Rotatory Polarization. By J. Labmob. Bead 
April 13th, 1893. Received, in extended form, July 14th, 
1893. 

Although Fresnel recognized that the two sheets of his optical 
wave-surface meet each other, he did not explicitly realize that they 
meet at conical points. This fact, and the striking phenomena of 
conical refraction which are dependent on it, was left for Sir W. R. 
Hamilton to discover. Yet it hardly needed very much discovery ; 
for the roughest observation of the colours of crystalline plates in 
polarized light had shown that there are only two directions of single- 
ray velocity in a crystal, and therefore that the two sheets of the 
wave-surface meet each other (or at any rate come very close together) 
only along these directions — therefore not along any curve of inter- 
section, but at definite points, which must be conical points on the 
surface. Thus, as Sir G. G. Stokes remarked long ago, the prediction 
of conical refraction does not constitute any demonstration of the 
exactness of Fresnel's wave-surface ; though the two experiments of 
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Lloyd, if they coald be made with an infinitely narrow beam, and witb 
exactly parallel rays, wonld reveal the existence of actual singular 
tangent planes, and their normals the optic axes, as well as the 
existence of actual conical points. 

The question suggests itself whether there is anything to prevent 
the different sheets of the wave-surface corresponding to any 
crystalline elastic medium from crossing each other. The hypothesis 
of their intersecting along a curve would not lead to any striking 
anomaly like conical refraction ; but yet dynamical reasons can be 
readily assigned which forbid its occurrence. 

We can realize in a general way that if in an optical wave-surface 
the velocities of the two types of transverse undulations corresponding 
to any plane front coincide, these types become merged together, and 
undulations can be propagated which correspond to any direction of 
vibration in the front ; and we might hence infer that the front is a 
singular one, and not one of the infinite number of double tangent 
planes which could be drawn to two intersecting sheets of a wave- 
surface. But more precise and also more general reasons can be 
given. 

In auy homogeneous material structure in three dimensions of 
space, there are three velocities with which plane undulations can 
travel with a given direction of front. These velocities must be all 
real, for an imaginary value would imply dynamically a real expo- 
nential, with arbitrary sign, in the expression for the vibrations of the 
medium, and would therefore show that the medium could not subsist, 
owing to instability. These three velocities will usually be given by 
a cubic equation, in which the variable is the velocity squared. 

If the medium is incompressible, one of the velocities is infinite, 
and the other pair are determined by a quadratic equation ; this also 
applies in other cases which have been imagined in connexion with 
physical optics. If these two velocities are equal, the quadratic 
equation has equal roots, and therefore the expression under the 
radical sign in its solution must vanish. But the reality of the roots 
requires that this expression can never be negative, in whatever 
direction the wave-front may lie. It therefore only vanishes for a 
direction which makes it a minimum. Thus the wave-fronts of 
coincident velocities are confined to a definite number of planes which 
con'espond to minimum values of this function, and of these only the 
ones are to be selected which make it equal to zero. In general then 
there are no such valaes, i.e., there are no double tangent planes to 
the wave-surface to be anticipated ; though it may happen excep- 

VOL. XXIV. — NO. 4i67, T 
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tionallj that there are certain isolated planes o£ tliis kind, which 
therefore toach the surface along a curve, like the siugnlar planes of 
Fresnel's surface. 

It is not possible at all for the two sheets of the wave-surface to 
have a continuous series of tangent planes ; therefore its two sheets 
cannot intersect along a curve. The exceptional case of one singular 
tangent plane touching along a plane curve implies a depression in 
the sheet of which that curve is the rim ; it is possible that at the 
bottom of this depression the two sheets may come together, thus 
forming a conical point, but for the reason given above they must not 
intersect along a curve.* 

It is easy to conceive that a slight change in the constitution of the 
medium would just introduce imaginary terms into that velocity 
which corresponds to the direction of a singular tangent plane with a 
curve of contact round a nodal point ; so that in this sense the con- 
stitution of the medium is labile. The abnormality of conical refrac- 
tion thus indicates the immediate approach of instability. 

These conclusions with respect to singularities on the wave-surface 
also hold good in the more general case, when all three velocities of 
propagation are finite. For the equality of a pair of roots in the 
cubic equation which determines the velocities implies equality of 
roots in the reducing quadratic which is introduced in the algebraical 
solution of the cubic. Now for the roots of the cubic to be real, the 
roots of this quadratic must be imaginary ; therefore the expression 
under the radical sign in them must be negative. That is, the 
directions of equal wave-velocity are determined by the maximum 
values of this expression, subject to the condition that the maximum 
is in each case zero. The three sheets of the wave-surface therefore 
in general have no double tangent planes, and therefore no curve of 
intersection ; but in special cases they may have isolated singular 
planes or conical points. Also, as before, in tracing the gradual 
change in the form of the wave-surface which corresponds to gradual 
change in the constitution of the medium, the final stage is arrived at 
when two sheets of the surface come into contact ; any further change 
in that direction lands us in instability. 

* It is interesting to compare this method of ascertaining the nature of the 
singular planes with the argument employed hy Sir G. G. Stokes, ** Report on 
Bouhle Refraction," Brit. Assoc, Reporty 1862, where he shows that if a depression 
exist on the wave-surface its rim must he a plane curve, from the consideration that, 
if it were not plane, then in certain directions four parallel tangent planes could 
he drawn to the surface, whereas physical reasons preclude the existence of four 
separate velocities of propagation. 
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It is, perhaps, not fanciful to see in the singnlarities of the optical 
wave-surface an indication that it is not derived from a purely elastic 
medium, but is modified or dominated bj the inertia and the free 
periods of the molecules with which the pervading aether is loaded.'* 
For although the influence of temperature and pressure produce the 
most marked alterations in the positions of the optic axes of a crystal, 
yet they do not destroy it as an optical medium.f 

In the light of these considerations, the famous dynamical propo- 
sition of Green,;^ that it is possible so to choose the elastic constants 
of a crystalline medium that the displacement in two of its vibration- 
types shall be exactly transverse to the wave-front, and that this 
condition leads to Fresners expression for the velocities, but with 
opposite polarization, involves the rider that a medium so modified has 
been brought to the verge of instability ; and this is so whatever be 
the velocity of its wave of normal displacement. 

Electric Stability in Crystalline Media. 

These general considerations may be illustrated and applied in a 
brief discussion of the question as to what relations must be assumed, 
between the electric and magnetic constants of a crystalline medium, 
in order that it may be stable as regards those electric vibrations in 
it which have been experimentally realized by Hertz, and which are 
supposed on strong grounds to involve the same mechanism as that 
by which light is propagated. 

The fundamental equations of electrodynamics, on Maxwell's 
scheme, are the two circuital relations. The first of these relations 
(Ampere's) expresses that the circulation of the magnetic force round 
any circuit is equal to the electric flow through the aperture of that 

* This view of the dynamics of refraction, which has been formulated in recent 
years with general approval, is, strange to say, the very first explanation that ever 
was offered on the Undulatory Theory. In the memoir by Thomas Young, " On the 
Theory of I^ght and Colours,'* Fhil. Trans. ^ 1801, Prop, vii., the manner in which 
dispersion can be thus explained is very clearly expounded ; but the author has gone 
wrong in the calculation of the mutual influence of the free periods of the aether 
and the matter molecules, partly owing to his usual manner of attempting to see 
through the phenomena without the aid of analysis. On this point a recollection 
of the analytical dynamics of Lagrange and Laplace, with which he was well 
acquainted, or even further reflection in his own manner, would have kept him 
right ; his explanation would then have been in principle complete and unexception- 
able, and might have directed mathematicians to more fruitful ground than the 
partial theories, based on simple heterogeneity of the medium, which have been in 
the meantime developed at great length by Cauchy and others. 

t Thus, according to Kerr (Fhil. Mag., 1888), the effect of a tensile or com- 
pressile sbrain on glass is simply to convert it optically into a uniaxial crystal with 
its optic axis along the line of strain. 

X Green, Trans, Comb, Fhil, Soe., 1839 ; Collected Fapert, p. 292. 
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circuit, multiplied by 4ir ; the map^etic force is therefore derived 
from a potential only in those parts of the field which conyey no 
cun*ent. The second relation (Faraday's) expresses that the circnla- 
tion of the electric force round any circuit is equal to the time-rate 
of decrease of the flux of magnetic induction through the aperture of 
that circuit ; the electric force is therefore derived from a potential 
only in regions in which the magnetic field is constant or null. 

To obtain a complete scheme of equations for any given mediom, 
there must be conjoined with these principles the experimental laws 
which connect in that medium the electric force and the magnetic 
force with their correlative fluxes, the electric current and the 
magnetic induction. When we utilize the facts that the convergence 
of each flux is null, while the circulation of each force is as above 
formulated, the specification of the electric relations of the medium 
will be complete. 

To obtain analytical expressions, let (PQB) be the electric force, 
(a)3y) the magnetic force, (uvw) the electric current, and (ahc) the 
magnetic induction, each specified by its components referred to 
rectangular axes; then the fundamental circuital relations of 
Maxwell's theory become 

dy dz ' 

J, da dy 

dz dx^ 

j_ dft da 

dx dy\ 

If the medium is non-magnetic, or only so feebly magnetic that its 
magnetization may be neglected, we have 

(a, 6, c) = (a, /3, y) 

exactly. But if it is magnetic, we must, in order to proceed further, 
assume a coefficient of magnetic permeability ju, which will in the case 
of crystalline structure involve the six coefficients belonging to a self- 
conjugate linear system of equations. 

If we confine ourselves throughout to dielectrics, the electric 
current is the time-rate of change of the electric induction (XYZ) 
divided by 4ir.* For media of no specific electric inductive capacity, 



dcL dR 
dt dy 


dQ 
dz 


dh dP 


dR 


dt dz 


dx 


_dc _dQ_ 
dt dx 


_dP 
dy 



* It has been remarked by Heaviside that the equations would gain in symmetry 
by the adoption of a new unit of current, which would suppress this factor 4ir. 
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or in which this capacity may be neglected, we have 

iX,Y,Z)=^ (P, Q, B). 

Bnt for ponderable media we mnst assume a coefficient of electric 
permittivitj Kj which also will in the case of crystalline stmctnre 
involve the six coefficients of a self -conjugate linear system of 
equations. 

This restriction to self- conjugate equations is (under ordinary 
conditions) required in both the electric and magnetic relations, on 
the principles first applied by Lord Kelvin, to avoid the possibility 
of perpetual motions.* 

Thus we have the two systems of equations 

Z=:KnP + K^Q'\'KnRj c =iU,ia+iu«/3+Aiasyvi 

in each of which the conjugate coefficients, such as Ki^ and £,„ are 
equal ; while also 

4t («, ".«>) = £ (z, r, z). 

In treating of the dielectric relations of crystals, it is usual to 
neglect their coefficient of magnetization in comparison with their 
coefficient of electric polarization. The obviously simplest course 
then is to choose axes of coordinates along the directions of principal 
electric polarization, so that the coefficients K^^, f,,, ... do not appear, 
and this choice of axes will still be suitable for a more detailed 
analysis, in which the effect of the feeble magnetization of the medium 
will have to be considered ; so that then jUjj, ft,,, /i^g are each nearly 
unity, while /iij, /i],, ... are small. 

It will be convenient to invert the form of the magnetic and 
electric equations, and write 





a = /i a-^fiuh-^/uc/ 




p = jk:;x,- 






/3=fia'ia+juJ 6+/4|C, 


■ 


Q = KiT, 


» 




•y = A*8ia+MM^+A*8C,. 




B = KiZ,, 




where 


A*(a 


=/*«• 





* MazweU, Eleetrieity and Magnetitm, { 297. 
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Then, expressing the equations of the electric induction, we haye 
dt* dt \dy dzl V'^' dz ^^^ dy)\ Uy * dz J 



dX 



dZ' 






dy 



. I , d , d \ / Tp-fdY -rr^dXX 



dy/ \ dx dy 

with two similar equations. 

In particular, if the directions of the principal electric and magnetic 
axes coincide, /^s, ... are null, and 

df '^dzK 'dz 'dxT'^'^dyK 'dy ^ dxl 

These relations are i*educed to a simpler form by writing (P, Q, J3) 
for (-ffrX, J^J Y, K'^Z)^ that is by retaining the electric force as the 
variable. 

In the, special case of /i^, ... null, 

K\ de ^^dz\dz dx) '*' dy\dy dx I 

,d?P , ,(PP d ( ,dR ^ ,dQ\ 
^^^d^-^^'df'diK^-dz'^^'d^y 

If fi'i, /i2, /ij are each unity, the type becomes 

K{ dt^ dx\dx dy dz r 

which leads in the well-known manner to FresnePs laws of double 
refraction. 

When the magnetic coefficients are different from unity, the same 
form of the equations is reached by making 

(P; Q\ E') = {^.[-^P, t^i'^Q, /iJ-*E), 

(«', y\ O = (a^i'"*»» f^i'^y^ /4"*2) ; 

so that 
rir ' 'x-i^-P'-/^ a. ^' J- ^\p' ^ /dr ,dQ'dB'\ 



Thus the wave-surface in this case is of a form which may be derived 
from Fresners by application of homogeneous strain, according to 
the above specification.* Furthermore, the geometrical relations of 



* Heaviside, Phil. Mag,, 1886 ; Electrical Papers, Vol. ii., p. 16. 
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the electric force to the new wave-snrface are correctly represented 
by imposing the same strain on its relations to the Fresnel surface 
from which the new one has been derived. The electric induction is 
in every case in the plane of the wave- front, on account of its 
solenoidal character. 

For the most general case, Heaviside finds {loc. cit.), by the aid of 
a powerful vector analysis, that the equation for the velocities of the 
two waves whose fronts are in the direction (Imn) is 

+ (f^u^+ ... -h2/i„Zm-f ...)(J^iZ'H- ...) = ; 
and that the equation of the wave- surface is 

1 + [/i] [jb:] (/i,v+ ... -h2Ai;.aji/ + ...)(jb:,v+ ...) 

-[(^iA*58+^8;'M)aj'-h...-2Z,a^-...]' = 0, 

where [f*], [^] are the determinants of the /i, j^ matrices. 

The condition for the electric stability of the medium is that the 
two roots of this equation for F* should be real and positive for all 
values of the direction cosines Z, m, n. This involves that the 
quartic cone 

should be wholly imaginary, or at most reduce to two rays. The 
directions of these two rays will in that special case be optic axes of 
the wave-surface, and will correspond to singular tangent planes 
which touch it all along a curve. 

In the theory of crystalline refraction, based upon electric ideas, 
the difficulty is to some extent the opposite of that which occurs in 
purely dynamical theories ; in the latter, the problem is so to combine 
the few independent relations allowed by the laws of pure dynamics 
as to represent all the phenomena ; in the former each pair of related 
vectors are at the outset assumed to be connected in the most general 
linear manner, and we have to decide what is to be done with all the 
array of constants so introduced. The conditions of stability here 
indicated require relations between them. 

It may, however, possibly be objected to this statement of the con- 
ditiotis of stability of the medium, that it is in disci*epancy with the 
ordinary theory of opacity, which makes that quality depend on the 
existence of an imagi nary value for the velocity of propagation 
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Bat it is to be borne in mind that the terms which explain opacify, 
on the electromagnetic theory, involve electric condnction, and are 
therefore of a f rictional character, and so irreversible ; while, on the 
other hand, terms which depend on the structure o£ the medium are 
reversible, so that if a real exponential occur in the solution of the 
velocity equation with a negative sign, a reversal of the motion will 
make it appear with a positive sign, which would lead to a breaking- 
up of the medium. 

The consideration of an imaginary index without accompanying 
instability also occurs in the theory of anomalous dispersion 
elaborated by S^llmeier, Helmholtz, and Kelvin ; but there it enters 
from the consideration of the sympathetic vibrations of molecular 
structures which are considered to be outside the system which 
transmits the undulations, and which therefore extract its energy in 
much the same sort of way as f rictional resistances. lu fsu^t a strong 
argument in favour of supposing that double refraction is to be 
explained in this manner, is that we thereby avoid the incipient 
instability which would be a characteristic of a simple elastic medium 
possessing that property. 

Comparison of Theories of Dispersion and Rotatory Polarization, 

A general formal development of the equations of the electro- 
magnetic theory, which is necessarily wide enough to take account 
of all possible secondary phenomena, such as dispersion and circular 
polarization, was first given by Prof. Willard Gibbs,* under the title 
of *' An Investigation of the Velocity of Plane Waves of Light, in 
which they are regarded as consisting of solenoidal electrical fluxes 
in an indefinitely extended medium of uniform and very fine-grained 
structure." 

The principle on which his investigation is based is the very 
general idea that the regular simple harmonic light- waves traversing 
the medium excite secondary vibrations in its molecular electrical 
structure, which is supposed very fine compared with the length of a 
wave. When there is absorption, the phases of these excited vibra- 
tions will differ from that of the exciting wave ; but even in this 
most general case the simple harmonic electric flux with which we 
are alone concerned is at each point completely specified by six 

* In its final form this is contained in a paper, ** On the Qeneral Equations of 
Monochromatic Light in Media of every Degree of Transparency," Ameriean 
Journal of Sc%ene0, YebTXi&ryf ISSd, 
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qaantities, the three components of the flax itself, and the three 
components of its rate of change with the time. In the same waj, 
the electric force may be similarly specified by six quantities. Now 
the electric elasticity of the medium, as regards its power of trans- 
mitting waves, is specified by the relation connecting average force 
and average flax, this average referring to a region large compared 
with molecular structures, but small compared with a wave-length. 
The most general relation of this kind, that can result from the 
elimination of the molecular vibrations, must be of the form of six 
linear equations connecting the quantities specifying the flux with 
the quantities specifying the force, the coefficients being functions of 
the wave-length. If E denote the flux and TJ the force, '' we may 
therefore write in vector notation 

where ^ and "9 denote linear functions.* 

*' The optical properties of the media are determined by the forms 
of these functions. But all forms of linear functions would not be 
consistent with the principle of the conservation of energy. 

" In media which are more or less opaque, and which therefore 
absorb energy, ^ must be of sivch a form that the function always 
makes an acute angle (or none) with the independent variable. In 
perfectly transparent media 4^ must vanish, unless the function is at 
right angles to the independent variable. So far as is known, the 
last occurs only when the medium is subject to magnetic influence. 
In perfectly transparent media, the principle of the conservation of 
energy requires that ^ should be self-conjugate, i.e., that for three 
directions at nght angles to one another, the function and indepen- 
dent variable should coincide in direction. 

"In all isotropic media not subject to magnetic influence, it is 
probable that ^ and ^ reduce to numerical coefficients, as is certainly 
the case with ^ for transparent isotropic media, "f 

The subject of the rotatory polarization produced by a magnetic 
field has recently been resumed by various writers, with a view to 
the elucidation of the experimental results of Kerr, on the reflection 
of light from magnets. The following investigation of the degree of 
variety that it is permissible to import into the theoretical treatment 

* This requires that the coefficients ITn, Ki^ ... above are complex quantitieSy 
dependinff in part on the period, 
t J. WiUard Gibbs, he. eit., p. 133. 
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may be of service in indicating the alternatives ont of wbicli a theory 
must be finally chosen ; it will also exhibit the relation to each other 
of the various theories which have been developed. 

To begin with, we recall the fundamental circuital relationB of 
the types 

dy dz ^ ^ dt dy ^~ ' 



dz 



in which the axes are those of principal magnetic permeability 
(fij, fc„ ft,). The relation between the current and the electric in- 
duction is, in a dielectric, 

(«, e, «>) = i- I (Z, r, Z) ; 

w at 

in a metallic or other conductiDg medium this would be replaced by 

(«, V, «) = i |(z, r, 2)+(a)(p, G, E). 

The hypothesis adopted by Basset* and by Drude,t following 
FitzQerald and Rowland, is that the electric force contains, in addi- 
tion to the part of it derived in Maxwell's manner from the kinetic 
(magnetic) energy of the medium, a part derived from a new term in 
the kinetic energy due to the indirect action of the imposed perma- 
nent magnetic field, giving the components 

P\ Pi Pi 

• • • 

X Y Z 

and that this is the only change introduced. The effect is simply 
that the magnetic force is to be derived not from the total electric 
force (P, Qj 22), but from the part 

(F\Q!,B') = (P-^p,Y-p,Z, Q+p,Z-^p,X, B^p,X-p,t); 

and if we take (P', Q\ IH) as independent variables, the relation 

between Am (t*, v, w) [that is (X, Y, Z)] and (P', Q\ R) will be 
expressed by a set of linear equations with rotational coefficients. 

On the other hand, the hypothesis of Willard GibbsJ and 
Gt>ldhammer§ takes the circaital relations as the fundamental and 



• Phil. Trans., 1891 ; Physical Optics, Ch. xx. 
t fried. Ann., xlvi., p. 377, 1892. 
X American Journal of Science, 1883. 
§ JTied. Ann., 1892. xlvi., p. 76. 
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nnmodifiable principles of electrodjnamios, and assnmes, after 
Maxwell, that the effect of the imposed magnetic field is to produce a 
rotational aeolotropy in the constitation of the medinm, so that the 
system of linear equations connecting electric induction with electric 
force becomes rotational. This is clearly formally equivalent to theother 
process, if (P', Q\ B') is there taken to be the electric force, 6ajc«p^ as to 
the mode in which the rotational coefficients involve the operator djdt 
:as a factor. Now, according to the considerations taken from WiUard 
Gibbs, which have been sketched above, the most general possible 
type of his rotational coefficients, for simple harmonic vibrational 

•disturbance, is Jp-fg' t"» where p and q are constants (vectorial) for 

az 

the particular period involved ; and Qoldhammer makes the point 
that for slow periods, and for steady fields, this coefficient practically 
reduces to p, and includes the B[all effect, while for very rapid 

periods such as those of light- waves it reduces to q — , which is the 

dt 

form required, as above, to make the two types of theory formally 

agree as to mode of propagation.* If the medium is non-conducting, 

the negation of a perpetual motion requires that the coefficients of 

type p shall form a self-conjugate system. 

We now compare the boundary conditions that must be satisfied, 

on these two hypotheses, in a problem of reflexion. In ordinary 

electrodynamics, taking for the moment the axis of z normal to the 

interface, all the following quantities must be continuous across it, 

P. Q, z. 

a, /3, c. 

Of these the continuity of a, ^ involves that of Z, by the first circuital 
relation, which is taken by Maxwell to be kinematic and not kinetic ; 
and under ordinary circumstances the continuity of P, Q would 
involve that of c. But under the conditions of the first hypothesis, 
the continuity of P, Q violates that of c, which would rather require 
instead that P\ Q should be continuous. The solenoidal character 
of the electric and magnetic induction could hardly be subject to 
modification ; we are driven therefore on the first hypothesis to 
admit that the electric force parallel to the interface is discontinuous 
in crossing it. The question whether both T' and Q' are continuous, 

[* A discussion is also given by J. J. Thomson, Recent Researches in Eleetrieity 
-and Magnetism^ 1893, p. 609.] 
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or only j^ is so, is asnally settled by considering that the flow 

dy das 

of energy across the interface is continuous, that is that there i^ no 

quasi'Teliier efEect at the surface ; taking Maxwell's expressions for 

the energy in terms of the electric and the magnetio indootion, this 

necessitates the continuity of both P' and Q'. 

On the hypothesis developed by Gibbs and Qoldhammer, no diffi* 
cnlty of this kind arises. The boundary conditions are simply the 
ordinary ones ; and they formally agree with the conditions finally 
assumed on the other hypothesis, for the reasons given above. 

The general dynamical considerations which verify the restriction 
of the rotatory coefficient to Goldhammer*8 form have been briefly 
indicated at the end pf a previous paper,* and may be recapitulated 
as follows. The equation of propagation of a plane wave is of type 

^ di* de 

The introduction of small additional terms of odd order, and 
therefore of the types 

cP^ ^e dJd d^e dK 



Uz'dt' 'dz*' 'dt' *dzdt*' •d**' 

will produce rotation of the plane of polarization. In the case of the 
first three types, change of sign of z does not aflect the phenomenon ; 
thus the rotation is in the same direction whether the wave travels 
forward or backward ; it is of the magnetic kind. Tn the case of the 
fourth and fifth types, change of sign of z produces the same efEect 
as change of sign of the rotatory coefficient ; the rotation is of the 
kind exhibited by quartz and sugar and other active chemical com- 
pounds. 

On an ultimate dynamical theory, p — y will represent kinetic 

at 

energy ; and the principle of dimensions shows that xjpj r,/p, icjp are 

respectively of dimensions [LT~^], [T], [T'^]. Thus the coefficient 

r, will produce rotation owing to some influence of a distribution of 

angular momentum pervading the medium ; while the coefficients r^ 

and K^ would produce selective rotation owing to the influence of the 

free periods of the fine-grained structure of the imbedded atoms of 

matter. The latter kind of rotation is to be expected only in the 

* ** The Equations of Propagation of Disturbances in Gyroatatically Loaded 
Media/' Froc. Math. 8oe., 1891, p. 134. 
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Tare cases in which selective absorption is prominent ; consequently 
we are entitled, as a first approximation, to ascribe magnetic rotation 
to a coefficient of type k^ ; a conclusion which is abundantly verified 
by the discussion of the results of the experimental measures of 
Verdet and others.* 

This review gives the conclusion that all effective theories of 
magDctic rotation, whether electro-optic, or gyrostatic and so purely 
dynamical, lead to the same modification of the equations of light- 
propagation, in order to take account of magnetic rotation to a first 
approximation ; the consideration of the possible influence of ordinary 
and selective dispersion must in any case be conducted in a tentative 
manner. The different ways of formulating the electric theory also 
lead practically to the same boundary conditions in problems of 
reflexion at a magnet ; while the consideration of what should be the 
boundary conditions on a gyrostatic theory f places in a prominent 
view what is the great trouble in the definite formulation of all 
problems of reflexion of light, viz., that a gradual transition at the 
boundary, taking place over a sensible portion of a wave-length, may 
completely alter the circumstances. 

The result of a comparison of his formulas with an elaborate series 
of measurements of Kerr's phenomenon, made by Sissingh,]; leads 
Drude to the conclusion that all the features are fairly accounted for 
by a real coefficient of the type q ; while a similar discussion by 
G-oldhammer, a few months earlier, led to a more exact correspon- 
dence on taking g to be a complex quantity, as it is customary to 
assume the optical constants of metals to be. If, however, we are to 
found Goldhammer*s equations on the physical basis afforded by the 
remarks of Willard Gibbs, quoted above, all the constants that occur 
must be real ; and they must be able to account for metallic reflexion 
and all the other phenomena, so far as they are independent of dis- 
persion. 

The question whether a gradual transition at the reflecting surface 
will sensibly influence the modification imposed by magnetization on 
the reflexion has apparently not yet been examined. § 

♦ Maxwell, Elec. and Mag., § 830. 

t Loc, cit.j Proc. Math. Soc, 1891. 

X Wied. Ann., 1891 ; trans, in Phil. Mag., 1891. 

[§ The making the coefficients q complex, by Goldhammer, involves a virtual 
reintroduction of the coefficients p, but with the essential difference that the new 
coefficients are combined with the frequency of vibration as a factor, and so have a 
preponderating influence when the frequency is very gpreat. 

In Wied, Ann., 1893, Drude returns to this subject, and diBCUsses some new 
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Effeet of a Magnetic Field on Stability. 

If the medium exhibits rotation of the plane of polarization in the 
Faraday manner, when it is placed in a powerful magnetic field 
parallel to the axis of «, the exact equations connecting eleotrio in- 
duction with the electric force may thus be taken on Gibbs* theory to be 

Z = K^Bi^ 

where c is a rotatory coefficient which is proportional to the strength 
of the magnetic field. It may here be noticed again that in a trans- 
parent medium these equations involve no absorption of energy. 

To examine the effect of this rotational coefficient on the periods, 
it will suffice to take the medium as usual magnetically isotropio, or 
more simply non-magnetic, so that 

(a, 6, c) = (a, /3, y). 

The equations are in that case of the type 

dt^ dx\dx dy dz I 

From them, on substituting for (X, Y, Z) in terms of (P, Q, JB), and 
writing 

(P, Q, E) = (Po, Qo. ^d exp i y {Ix^my^-nz), 

where Po, Qo> -^o ^^^ functions of the fcime, there arises 



observations of Zeeman on reflexion from cobalt, which were supposed to disagree 
with his formnlsd. His conclusion seems to be that, although two coefficients 
naturally give a somewhat better account of the observations than one, yet the 
account they give is not complete, and suggests the residual influence of surface 
contamination or some other cause — that, in &ct, the necessity for a complex 
constant cannot be allowed in the absence of more complete experimental data.] 
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The elimination of P^, Q^, Eq yields an equation for the operator — ; 
calling this operator D, the equation is 



{ }{ ]{ } 

This is an equation of the sixth degree, of which, when e is small, 
the roots are nearly equal in pairs. One pair of them disappears when 
e vanishes, so that they are very small, and correspond to waves 
which are propagated with extreme slowness. Thus, as Gibhs 
remarks, their wave-length would be much smaller than molecular 
magnitudes, and they therefore cannot have an actual existence. 

Yet it would appear that, in strictness, without something which 
exactly fulfils the role of this wave, this theory of magnetic reflexion 
will come to grief through inability to run parallel to the actual 
physical conditions ; though in the first approximation which coin- 
cides with the other theory these waves do not present themselves 
at all. 

This electric theory runs in close correspondence with Lord 
Kelvin's theory of a labile mechanical aether, in which the velocity 
of compressional disturbances is null ; the introduction of rotatory 
co0fficients makes that velocity finite but small, exactly in the manner 
here exemplified. If we suppose this mechanical medium to be an 
adynamic gyros tatic structure, an aeolotropic arrangement of the 
axes of the gyrostats will represent crystalline quality, but there 
must be as many gyrostats with their axes pointing in one direction 
as there are with their axes pointing in the opposite direction ; any 
cause which in addition slightly slews round the axes towards a certain 
direction will introduce rotation of the magnetic type with respec- 
to that direction. 

We may now examine how far the rotatory terms or other small 
terms of the same order disturb the stability of a medium of biaxial 
character. The general analytical problem is as follows : along the 
direction of the optic axes the equation for T* has two equal roots ; 
the coefficients in this equation are altered by the introduction of a 
series of new quantities of small magnitude typified by e ; it is 
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required to find the condition that the originally eqoal roots of the 
equation, thus altered, shall preserve real values. * Let the valiie of a 
root of the equation ^ /^\ _ q 

where x stands for 'P, be thus altered from a; to a; + &;; then 

wherein ^ (x) = 0, 

and also ^' («) = 0, 

owing to the equality of roots. Thus 

where 3,^ represents the change in ^ (x) produced by the new terms. 
In order that the roots may remain real, the alteration must be in 

such direction as to make the sign of ^c ^ / — ^ negative. 

Now, as ^«0 is of the first degree in the increments ^€, ..., it may 
have any sign at will ; hence the medium thus modified is necessarily 
unstable. It must be concladed, if we adhere to a theory of this 
kind, that an imposed magnetic field will alter the electro-optic 
coDstants, not only by introducing rotatory coefficients, but also by 
modifying (very slightly) the double refraction of the medium so as 
to undo their tendency to instability. 

The character of the circular polarization imposed magnetically on 
doubly-refracting media has been worked oat by approximate 
methods by Prof. Willard Gibbs ;* he has not, however, noticed that 
along the optic axes his approximation becomes nugatory, and that 
he has really to deal with conditions involving instability. 

The theorem that the stability depends on the sign of ^e^ may be 
applied to obtain explicitly the conditions of stability of a slightly 
magnetic biaxial medium from Heaviside's formula (quoted supra) 
for the velocities ; but the result is too long to merit reproduction. 

In the case of the natural asymmetry of quartz, a uniaxial crystal, 
we can make a distinction between the ordinary and the extraordinary 
wave ; and the consideration of stability gives a necessary reason for 
the relation derived by Airy from an experimental examination, that 
the wave-surface is so modified by rotational quality that one sheet lies 
wholly inside the other, instead of intersecting it along a curve as 
would be formally possible. A similar statement of course applies 
to the temporary modification produced by a strong magnetic field. 

* American Journal of Science, June, 1882. 
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To examine farther the form these anomalies assume in the more 
simple media, let ns suppose K^ = K^ (^ K, say), so that the medium 
is uniaxial, with its axis along the direction of the magnetic field, 
The result will now be pure circular polarization, so that we are 
prompted to replace in the analysis 

X, F by B = X+«F, H=-X:-iF, 

P, Q by n = P+tQ, S = P-iQ, 

and to take as coordinates 

This leads to B = TiT + ce |^) H, 

and ^=v^-A(^+ii + dB\ 

d^ diKdi, d,i dz r 

(fH _ ^i^_ d^ rm d^ . ^'\ 

d^ dii\d£, dri dg j 






dz\(Jii dr\ dz J 



Thus, on writing 

(B, H, E) = (Bo, ^0. -Bo) exp i"^ (Ji+mn^nz-Vt), 

these equations are still formally the same as Fresnel's equations 
for biaxial media, when the reciprocals of the squares of the principal 
velocities are taken to be 

so that the velocities corresponding to the direction Z, m, n are given 
by the equation 



+ -. ^-^^^-TTi +— ^^— =0, 



which has still three pairs of nearly equal roots, one pair of them 
small, when c is small. 

The equation for a medium originally isotropic is obtained on 
writing K instead of K^ ; when expanded, it assumes the form 

(1-^r) [k-^ ?^(P-^«)£:7»-/?I!y (P+m«) F*] 
VOL. XXIV. — NO. 468. u 
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There are still three pairs of roots, of which two pairs axe now very 
small when e is very small ; and, inasmuch as when e is null these 
pairs of roots are eqnal, being zero, they may in the aetnal case 
become imaginary for certain values of I, m, n. Thus the instability 
here attaches to the very slow waves which are outside the limits of 
physical reality. With a rotatory coefficient of the p type, the 
trouble would not occur at all. 



On the Linear Tra/nsformations between Two Quadries. By Henbt 
Tabbb, Clark University, Mass., U.S.A. Received May 6th, 
1893. Read May 11th, 1893. 

1. Introductory, 

In Crelles Journal, Vol. l. (also Fhil. Trans,, 1858), Cay ley gave a 
representation of the automorphic linear transformation of the uni- 
partito qaadric function in the notation of the theory of matrices. In 
this paper I extend Cayley's method to the determination of the 
general linear transformation of a given quadric into another given 
quadric, and apply the results to the determination of the general 
real linear transformation between two equivalent quadrics and to 
the reduction of a quadric to a sum of squares. The determination 
by this method of the general linear transformation between two 
quadrics depends npon the solution of an algebraic equation of the 
n^ degree; to which the problem, as it originally presents itself, 
namely, the solution of a system of n' quadratic equations in n* 
variables, is thus reducible. 

Following Cayley, the matrix of a linear transformation will, in 
this paper, be regarded as a quantity susceptible of addition. The 
sum or difference of two matrices is defined as follows : — 

( ^11 ^u ••• ttin ) =t ( ^11 ^ij ••. &in ) = ( «iidh6n aijdh&ij ... ai„±l>i„ ). 



a,i ajj 



a%^ 



o-ni a^i ... (Ir 



fc«i h 



II ^'fi 



'2n 



Om\ UmA ... 



nn 



a,i±6n a^:hh^ ... aj„=fc&2n 



a„i±6„i a„2i&n2 ... an«±6 



nn 



Products of matrices will be taken as equivalent to compound sub- 
stitutions. Multiplication is then distributive over addition, i.e., 

(0-H^)X = ^X+^» 
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for any three matrices ^, ^, and x* A scalar* m, regarded as a matrix, 
has the representation 

(m ... 0). 
m ... 



... m 



An equality between two matrices implies the equality of its corre- 
sponding constituents. 

If ^ is the matrix 

( <hi <hj ••• <hn ), 

a„ a^ ... Otn 



<•• ••• ••• ••• 



^mI ^fil ••• fl« 



the Boalars g, for which 



a 



SI 



I • • < 



• • • ain 

a^—g ... a^n 

•*• ••• ... .*• 



a»i 



OrS 



= 0, 



• • • ^nn "~ g 

will, following Sylvester, be termed the latent roots of ^. To denote 
the determinant of 0, the notation | ^ | will be employed ; and, 
sinoe the left-hand member of the above equation is the determinant 
of 0— s^, it will be denoted by | 0— g^ | . 
If the determinant of is not zero, and if 

w = ( -4n A^i ... Atti )> 



... ... .*• 



-In 



jIx9m^ ... jS. 



HH 



where J.„ denotes the first minor of | | with respect to a^«, divided 
by I I i then 

0$ = $0 = 1 ; 

i.6., * is the rectprocaZ of 0. We may denote * by 0"*. We have 

* I employ the term tealar, as Hamilton has done, to designate the quantities 
real and imaginary of ordinary algebra, in order to distingaiflh these from matrices 
reg^urded as quantities ; the latter are noH'sealar quantities. 

U2 
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The transverse of ^ (i.e., the matrix obtained by interchanging the 
rows and columns of 0) will be denoted by ^. We have 

(f) = ^, 

The matrix is ^mme^rtc if a„ = a^. for r, < = 1, 2, ... n, where a„ 
denotes the constituent of in the r^ row and s^^ column. The 
necessary and sufficient condition for a symmetric matrix is 

The matrix is skew-symmetric if a„ = — a^ for r, « = 1, 2, ... n ; 
for which the necessary and sufficient condition is 

If fi is any positive integer, I shall take ^^^^ to denote the matrix 
whose fjL^ power is equal to <p. The matrix ^^^ may be termed the 
fx^Yi roo*^ oi <p. Every matrix whose determinant does not vanish has 
a /u**» root for any index /u. In general, if the order of the matrix is 
n, the number of the fi^ roots is /u". In the Comptes Bendus, xcrv., 
Sylvester gave the following expression for the fi^^ root of any matrix 
whose latent roots g^, ^j, ... Qny ar® ^H distinct, viz., 

1' "^ (gr-giXgr—gi) ... (gr-gr-Oigr—gr^O ... (s^r-fl^n) ' 

When two or more of the latent roots of <p are equal, the expression 
for <lt^'% as stated by Sylvester, may be obtained by expanding this 
expression in powers of 0, and finding the limiting values of the 
coefficients. If <p is real and symmetric, for the case of equal latent 
roots, if)^''' may be obtained simply by taking the summation for the 
distinct latent roots.* It is to be observed that the roots of a 
symmetric matrix given by Sylvester's formula (as they are linear in 
powers of a symmetric matrix) are themselves symmetric. 

♦ See Proe. Lond. Math. Soe.f Vol. xxii., p. 461. The same is true for any 
matrix 4>, for which the nuUity of | 4>— ^ | , for any multiple latent root g, is equal 
to the multiplicity of ^. If ^ is of order n, nullity m is equivalent to rank {Bang) 
H—m. 
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We may obtain expressions for (^"*)*''' by substituting, in the above 
summation, g'^" for g]!*".^ We have 

either of these expressions may, therefore, be denoted simply by ^"^''*. 

2. Oayley*8 expression for the automorphio linear transformation of a 
quadric. 

Let €h denote the matrix of the coeflBcients of the quadric 



n 



2ar»»r«#> 



1 



where Org = a.^. 

If the variables x are transformed by the linear substitution or 
matrix ^, so that 

n 
1 

the matrix of the quadrio so obtained will be equal to 

It may be required that the quadrio so obtained shall be identically 
equal to the quadric S6,.«{,{« (in which h^t = hgr)^ the matrix of whose 
coefficients is C/ ; for this the necessary and sufficient condition is 
that ^ shall satisfy the matrical equation 

It will be assumed that the determinants of the matrices O, O', 
and ^, do not either of them vanish. Since, by supposition, 

an = a^ and h„ = 6«., 
O and €h' are symmetric matrices. 



* This foUowB from the f oUowing more g^eral f ormnla for any fanction of the 
matrix ^, given by Sylvester in the Johns Hopkim University Circulars, Vol. in., 
vis., 

t Oayley, ** Memoir on the Automorphio Linear Transformation of the Bipartite 
Qoadrio Fmiction," Phil. Trans,, 1858. 
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For the case of antomorphic transformation, t.e., when O =s O*, 
Gaylej has given the following expression for ^, vis., 

^ = O-^ (0+Y)(0-Y)-^0, 

in which Y is an arbitrary skew-symmetrio matrix. From this 
expression for ^, it follows that 

^ = n (O-Y)-^ («+Y) 0-* 

= n(0+Y)-*(0-Y)0-*; 

therefore, substituting these expressions in the equation 

^0^ = 0, 
we should have 

o (n+Y)-» (n-Y) n-».n.o-^ (o+y)(o-y)-* = 0. 

But (0-Y) 0-» (0+Y) = 0-Y+Y-YO->Y = (0+Y) O"* (O-Y) ; 

from which follow, successively, 

(0+Y)-» (0-Y) n-» (0+Y)(0-Y)-^ = Q'\ 
O (0+Y)-» (0-Y) 0-» . 0.0-1 (0+Y)(0-Y)-i O = O .• 

Equating the reciprocals of either side of the last equation but 

one g^ves 

(O-Y)(O+Y)-^O.(0-Y)-» (0+Y) = 0; 

but, if V^ = (0-Y)-» (O+Y), 

then ^= (0+Y)(S-Y)-i 

= (0-Y)(0+Y)-^ 

therefore this expression for <f> is also a solution of the equation 

^O ^ = O. 



kii •ipression is, however, identically equal to Cayley*s expression ; 
iKtr flNMA it we derive 

^-' = (0+Y)(0-Y)-i; 

fe t^Mi ^ equation ^O^ = 



• Gayley, ibid. 
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it follows that ^=:0-^^-*0; 

tiierefore (O-Y)"* (0+Y) = O"^ (0+Y)(0-Y)-^0.* 

As the expression (O— Y)~^(il+Y) is somewhat simpler than its 
equivalent, I shall employ it in what follows. 

Gay ley's solution fails if it is required that ^ shall hare —1 as a 
latent root, but not otherwise. For, if ^ is any solution of the 
equation 

provided —1 is not a latent root of ^, we may put 
whence we obtain Y = — Y, 



Bmce 


^ = o^-'o-',t 


And also 


f = (O-Y)- (O+Y) ; 


but, since 


0-Y = 0[l-(^-l)(^+l)-»] 




= O(^ + l-^-l)(0+l)-» 




= 20(0 +!)->, 



* The identity between the two expressionB may also be shown as follows : — 

n-i(n+T)(n-T)-»n = n->.n»(i+n-*Tn-»)n».n-*(i-n-*Tn-*)-^n-*.n 

-n-*(i+n-iTn-*)(i-n-»Tn-i)->n* 
= n-*(i-n-*Tn-»)-i(i+n-»Tn-»)n» 
- n-* (i-n-»Tn-i)-i n-* . n* (1 +n-*T n-*) a* 
= (n-T)-Ma+T). 



t Pop, if 
we have 
therefore, if 



^ A ^ » A, 
^. A^-*A-*; 
T-A«»-.l)«» + l) 



-1 



T- 



«»+l)-i(^-l)A 

- (A^-> A-J + 1)-1 (A^-i A-l-1) A 

« [A(^-» + l)A-i]-l.A(^-»-l)A-J.A 

- A (^-1 + l)-i A-» . A (^-^-1) A-^ A 

-A[<»-1 (!+<»)]-'. 4>-l(l-^) 

-A(l+4»)-i4>.4>-»(l-4>) 
--A(4>+l)->(4>-l). 
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it is evident that O— Y has a reciprocal, and consequently the alMiva 

expression for ^ in terms of the skew-symmetric matrix Y is possible. 

If, however, —1 is a latent root of ^, then*^+l has no reciproGal» 

and we cannot pnt 

Y = 0(^-l)(^+l)->, 

which is required by Cayley's expression for ^ in terms of Y.* 

If —1 is a latent root of ^, bat not +1, then +1 will be a latent 
root of — ^, but not —1 ; for, if 

I f +1 I = 0, I ^-1 I gfc 0, 

then I (-0)-! 1=0, I (-^)+l I gfc 0. 

Therefore — ^ can be represented as above, giving 

^ = -(0-Y)-*(O+Y). 

Thus the expression ± (O- Y) ' ^ (O + Y) 

gives every solution of the equation 

^0 =n, 

except those for which both ^ 1 are latent roots. 

3. DetermincUion of the linear transformations of one quadrio into 
another. 

Cayley's solution of the equation 

gives at once the means of solving the more general equation 

where O and O' are known symmetric matrices. For this equation 
may be written 



• Moreover, if <» = (n-T)-i (n + T), 

and if —1 is a latent root of <», then 
2" 



|n-T| 

- |(n-T)-»(n+T) + i| = |4>+i|-o, 

which is impossible, since, by supposition, | a | ^ 0. 
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and, if O* and O'"* denote symmetric square roots of O and 0'~\ 
respeotivel 7, and , ^, . ^x 

the equation becomes }f/Q'}f/^= Oi\ 

of which the general solution is 

^ = ±(0'-Y)-^(n'+Y), 

where Y is an arbitrary skew-symmetric matrix. Therefore, the 
general expression for the matrix ^, satisfying the equation 

^0^ = 0" 

(i.0., the general expression for the Unear substitution that wHl transform 

a given quadric whose matrix is O into another given quadric whose 

matrix is Q^), is 

±0-*ir»(0'-Y)-» (O'+Y), 

where Y is an arbitrary skew-symmetric matrix, and 0~* and Ch'^ are 
symmetric square roots of 0~^ and O' respectively. Expressions for 
O** and it^ may be obtained by means of Sylvester's formula. 

This solution fails if the condition is imposed that 

shall have as latent roots both ±1. If | | is a latent root of yj/y 

but not ] , 1 f » tt© ] 1 C ^^^ ^® ^ ^® taken. 

Another form of the general solution is 

^ = ± (0-Y)-» (0+Y) 0-» O'*, 

where Y is an arbitrary skew-symmetric matrix. This solution may 
be verified by substituting for ^ in ^ O 0, giving 

o'*o-* (o-Y)(o-HY)-'o (o-Y)-^ (n+Y)o-*n'* 

=:n'*o-*.o.o-*o'» = o'. 

It may be obtained by writing the equation 
as ^-'0>-^ = O, 
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and proceeding as in the deriyation of the first form ; or, it may be 
derived from that by substitating in it for Y the skew-Bymmalric 
matrix 0'*0-*Y0-»0'», as follows :— 

o-*o'* (n'-o'*o-* Y0-*0'*)-^ (0'+0'»0-*Y0-*0'*) 

= 0-* (1 -o-*Yn-*)"' «■*• o* (i+o-*YO-*) o*.o-*o'» 
= (n-Y)-* («+Y) n-* Q\ 

The expression ±0"* (l-Y)"* (1+Y) O'* 

is another form of the general solution ; it may be derived &om the 
first form by substituting in that for Y the skew-symmetric matrix 

lyiYO'*. 

4. Determination of the real linear traneformations of one quadrie 
into another. 

The expressions for ^ given in the last section will, in general, be 
imaginary. If, however, O and Q' are real and have the same nmn- 
ber of positive latent roots,* there are real values of ^ satisfying the 

These can be obtained through the representation of O and Q^ in 
what may be termed their canonical or standard forms. 

Let O be a real symmetric matrix, and let g^^ ^„ ... g^ denote its 
positive latent roots, and —gm-^u —^m^si ••• 9% its negative latent 
roots ;• moreover, let 

denote a matrix whose constituents are all zero, except those in the 
principal diagonal, which are severally equal to Cj, c^, &c. Then, by 
a well-known theorem, a real orthogonal matrix tiri can always be 
found snch that ^ ^ 

li S= QTi V], 

where = {^j, gr„ ... g^, — gr^+i, ... — S'n}. 

The right-hand member of the preceding equation I term the 
canonical form of O. Similarly, if CV is a real symmetric matrix 



* It is aBSumed that | A | , the determinant of the qoadric, is not zero ; thia is 
equivalent to the assnmption that none of the latent roots of A are zero. Since A 
is real and symmetrio, ito latent roots are all real. 
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whose positive latent roots are ^, i^, ... h^^ and whose negative 
latent roots are — ^^i, — ^m+s, ... — A», a real orthogonal matrix «r, 
can always be fonnd such that 

where ri = [h^, A,, ... h^, —hm^u — —**•}• 

Substituting these expressions for O and O' in the equation 

00^ = 0', 
we have ^ nrj dnr}^ = vr^Tivff, 



%,e.. 



10*1 ^ 10*1 & 10*1 ^10*1 = tf. 



Denoting ori^tiri by i//, this becomes 

of which the general solution, by the preceding section, is 

i/^ = ±fl-V(i?-Y)-H„+Y), 
Trhere Y is an arbitrary akew-symmetrio matrix, and 'we may take 

consequently, 

•-"•={^/^^/^••■V^•Vfe.•••^/^} 

is real. 

We have 

^ = ± 6-*j|*ty,.tBr, (jy— Y)-*iir,.tBr, (j?+Y) tBTj.tcr, 

= ±6~*iy*«r, (tBTjiytBT,— fB-jY*,)"' (fB-jjytBTj+flrjYflr,) «r, 



where 



= ± e-W^, (O'-Y,)-^ (0'+ Y,) nr,, 



is an arbitrary skew-symmetric matrix. Therefore, the general ex^ 
jpressionfor the real linear substitutions that will transform a given real 
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quadric, tohose matrix is O, into another given real qvadne^ whoee 
matrix is Q' (O and O' having the same number ofporitive latetU rooU)f ie 

^i«-*«?*^.(0'-Y)-»(0'+Y), 

where O'^ri^^ a real matrix, and vr^ and vr^ alsoreaU have the meaningB 
assigned to them above, and Y is an arbitrary real akew-symmetiio 
matrix. 

Another form in which this expression may appear is 
= tTj (a— Y)-* tTi.^i (*+Y) tri.tria-»i|*tr, 

where Yj = triYwi 

is an arbitrary real skew-symmetric matrix. The method of obtain- 
ing this form from the first is evident from the last section. 

5. BeducHon of a quadric to a sum of squares. 

In this case O' is of the form [ci, C], ... c.}. Thns, if it is required 
to transform by a real linear substitution the real quadric 2a^flv^«9 

whose matrix is O, into the sum of squares S =k 69^rC'9 then, by the 

principle of inertia of quadratic forms, just so many of the CTb must 
be positive as there are positive latent roots of O. As before, let 
9ii 9tf' 9m be the positive latent roots of O, and ^gm-t^u — fl^»+f» ••• — ^i* 
the negative latent roots of O. Since it is immaterial what subscripts 
appertain to the Ts and their coefficients, it may be assumed that the 
first m of these coefficients are positive, the remainder being nega- 
tive. If 

Q = vr {gfi, gTt, ... gmi — fl^m+i ... — fl^»} «'l 

«r being a real orthogonal matrix, the equation determining the 
transformation ^ is 

♦ ^{fl^lt 9V ••. 9mi "-fl^m^lj ... ^9n] ^1> 

Therefore, the general egression for the real linear substitution thai 
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will transform a given real quadric into a sum of squares, the coefficients 
being real, is 

±w[^^. J^, ... ^1=} ({(?„G'„...(?«.-0«^,....-G.}-y)'' 

X ({G„ Gt, ... G», -G»+i, ... -(?,}+yV 

where Y is an arbitrary real skew-STmmetrio matrix. 
Another form of the general expression is 

-here Y i> ■!« Brbitrary r«J .kewsjinmelric nalrii. 

6. Dependence upon the equation ypif/ = 1 of the equations ^O^ = O 
and ^Q<p = O'. 

The equatioii 9 O ^ = O 

may be written 0-*^n*.0*^0-» = 1, 

since, if ^ satisfies this equation, it satisfies the former, and conyersely. 
This is also tme if fche two sqnare roots 0~* and O* are taken to be 
symmetric ; and then, if 

the equation becomes if/ 1// = 1. 

Therefore ^ = O"* ^^ 0» 

(where 0~* and O^ denote symmetric sqnare roots, and i// is an 

arbitrary orthogonal matrix) is the most general solution of the 

equation ^ 

^0^ = 0. 

I 

Consequently, the problem of the automorphio linear transformation 
of a quadric resolves itself into that of the representation of an 
orthogonal matrix. 

In this ezpression for ^, no generality is lost by regarding the 
square root of Q~\ which appears in this expression, as the reciprocal 
of that square root of Q which also enters into this expression for ^ ; 



302 Mr. Henry Taber on the [May 11, 

for every solniion of the equation 

IB a solution of the equation 

in which the square roots of O that enter are all identical.* 
Similarly, without loss of generality, any square root of O may be 
taken, provided it is symmetric ; and then, by a suitable choice of ^, 
all other solutions of the equation 

may be obtained.f It will be assumed in what follows that the two 
square roots of O entering into the expression for ^ are identical, in 
which case f and ij/ have the same latent roots ; for then 

and therefore | 0— gr | = | ^—g \ 

for all values of g. 

The equation ^ 11 ^ = O , 

may, similarly, be written 

since, if ^ satisfies this equation, it satisfies the former, and con- 

* Moreover, if a|, n| denote diBtinct symmetric square roots of A, and if 

where if> is orthogonal, replacing ^ by ^ n| nj^ which is also orthogonal, since 
njn""* is orthogonal (for the transverse of ri*n"* is fll'^n*, and 

and the product of two orthogonal matrices is orthogonal, the expression for ^ 
becomes n^*' 4^ a}* in which the square roots that enter are reciprocals. 

t Thus, if a| and n| denote two distinct symmetric square roots of A, and if 

where if^ is orthogonal, replacing ^ by a|a~* t^ a| A~^, which is also orthogonal, 
since fl* fl"* and njnj'* are orthogonal, <f> becomes 
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versely. The matrices O'"* and O* may be taken to be symmetric ; 
and then, if , ^i ^/ i 



the equation becomes 
Therefore 






in which 0~* and O'* are any pair of symmetric square roots of 0~^ 
and Q\ respectively, and yjf is an arbitrary orthogonal matrix, is the 
most general solution of the equation » 

In what follows I shall give two expressions for orthogonal 
matrices, and their applications to the equations considered. Of 
these solutions of the equation 

the second is absolutely general, and, therefore, gives rise to 
expressions which contain every solution of the equation 

^0^ = 0, 

and every solution of the equation 

^0^ = 0' (see §7). 

The first representation of an orthogonal matrix which will be 
be considered is Gayley's; it gives rise to the solutions already 
presented in § 2 and § 3. 

Thus, if —1 is not a latent root of the orthogonal matrix yj/, we 
may put ^_^ 

whence follows 



and 



</'=(l-Y)-«(H-V).* 



* This expression for 4^ is possible, for 



|T-1| 



4^+1 



1 



1 



U+i| 



1^-1-4,+ ! I 



- 121 



U+i| 



^0; 



therefore, T-* 1 has a reciprocal. 
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This is Caylej's well-known representation of an orthogonal matrix 
ia terms of a skew-sjmmetric matrix. If, howeyer, — 1 is a latent 
root of ij/, Y cannot be thus expressed in terms of ^. 

If ~1 is a latent root of ^, but not +I9 — ^ will be an orthogonal 
matrix of which +1 is a latent root, bnt not — 1 ;* therefore *^ is 
representable as above, giving 

^ = -(l-Y)-'(l+Y). 

Therefore, the expression ^ 

±(1-Y)-*(H.Y) 

will, for a proper choice of the skew-symmetric matrix Y, give every 
orthogonal matrix, except those of which both zkl are latent roots. 

Substituting, for ^, in the equation 

^ = 0-» 1^ O*, 

Cayley's expression for an orthogonal matrix, we obtain the solution 
of the equation "^0^ = 

given in § 2. Thus 

^ = itn-* (1-Y)-^ (1+Y) O* 

= db «-* (1 -Y)-^ n-* . 0» (1 -h Y) 0» 

= ±(n-YO-^(«-fYO, 

in which Y, = 0»Y0» 

is an arbitrary skew-symmetric matrix. And, since the latent roots 
of ^ and of ^ are identical, this expression for ^ (as stated in § 2) 
contains every solution of this equation, except those which have as 
latent roots both ±1. 

Similarly, substituting (1-Y)-*(1+Y) for ^^ in 0-»^^0'*, we 
obtain the solution given in § 3, viz., 

^ = =fcO-*(l-Y)-^(l-hY)0'» 

= ±0-*0'» . 0'-» (l-Y)-» 0'-» . 0'» (1-hY) 0'» 

= =fcO-» 0'» (O'- Yi)-' (O'+YO, 

in which Yi = 0'*YO'* 

• See p. 296. 
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is an arbitrary skew-sym metric matrix. This expression contains 
every solution of the equation 

except those for which O''*O*0 has both ±1 as latent roots. 



7. Solutions of the equations ^0^ = and ^ O ^ = O', hosed on 
Tait*s representation of an orthogonal matrix. 

Any matrix of non-vanishing determinant is separable into a 
product of a symmetric matrix and an orthogonal matrix. Thus, if 
X is any matrix, 

X = ( X"^= I ^XX = — ^ V^; 
V V XX^ vxx 

but XX ^^ symmetric, therefore v XX ^^7 ^^ taken to be symmetric ; 



and, if 



V^XX 



^ 1^1 1 

then ^^ = _=x-X-7= = — ?= 

VXX VXX VXX 



XXV XX "7^== 1* 
VXX 



The function — ^L^ will, for a proper choice of x> be equal to any 

VXX 
orthogonal matrix. For, if ^ is any orthogonal matrix, and if we put 

X = ^'^^ 

where w is any symmetric matrix whose determinant does not vanish, 
one value of this function of x ^s ^ ; thus, 

VXX V w^ . ^w ^ 

Therefore, substituting for ^ in 0**^0*, the most general solution of 

^^ 
the mairical equation ^O^ ^.Q is 



^ = 0-* 



V^X 



O*, 



* KeHaiid and Tait*B Quatmiumt, Chap. x. 
VOL. XXIV. — KO. 469. X 
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in which O'* and O* are symmetric square roots, and x is mi arbitESxy 
matrix. 

Similarly, the most general solution of the matrical equatUm 
^ O ^ ^ n' is 

VXX 

in which 0~^ and O'* are any pair of symmetric aqnare^roots of Qr^ 
and O', respectively, and x is arbitrary. 

Expressions for — ^= may be obtained by means of SylyeBter's 
formula. v X X 



On a Theorem for Confocal Bicircular Quartics and Oyclides, 
corresponding to Ivory's Theorem for Confocal Oonics and 
Conicoids. By A. L. Dixon, M.A., Fellow of Morton College, 
Oxford. Received and read May 11th, 1893, 



Darboux (Mimoires de VAcad, des Sciences de Bordeaux, t. viii. and 
IX.) and Larmor (^Proc, Lond. Math, Soc, xvi., p. 198) have discussed 

Ivory's theorem and its extension, in which — /^ , where ^ (P) 

^ (P) ^ (Q) 

is a function of the position of P, is unaltered when for P and Q are 

substituted the corresponding pair of points, and have shown that, if 

f (P) is a constant, P and Q lie on confocal conicoids, and that, if 

such a relation hold at all, P and Q lie on confocal cyclides (i.e., 

quartic surfaces having the imaginary circle at infinity as a double 

line), or, if all the points are in one plane, on confocal bicircular 

quartics. 

I propose in this paper to find ^ (P), for bicircular quartics and 
for cyclides. The system of coordinates used has been already 
investigated by Darboux and Casey. 

I have added a proof of the theorem for the particular case 
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Bystem of confocal Cartesian ovals, derived from Greenhill's equation 
to such a system, viz., 



Pabt I. 

1. Let Jr= 0, F= 0, Z= be the equations to three mutually 
orthogonal^oircleB, where 

with the three conditions 

(2, + t^ = 2^2|+2mj|m„ &o., &c. 

Then the equation of the circle (F) which is orthogonal to all three 
is given by 



r* a? y 1 

di li mi 1 

(2| Z| m^ 1 

d^ l^ m^ 1 

If we multiply this determinant by 



= [where r» = ai* +y*] ... (A). 



-2y r» 
—2m J di 



1 -.2» 

1 -2Zi 

1 — 2Z, — 2wij (i, 

1 -2Z3 -2m, (^ 



(B), 



which is only another form of F, we get, as is well known, the 
square of F in the form 






X 


r 


z 


X 


-2r? 








Y 





-2r\ 





Z 








-2r: 



from which we g;et the identity 



2 I* 2 ' 2 • J 

n r, r, r« 
z2 



= 0. 
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Bat, if we ¥n*ite a'y for xy in (B), and then multiply, we sliall gelt, 
putting p' for x—x -i-y—y , 



X' 
T 
Z' 



X 

-2r; 





r 






z 



-2r: 



from which we get the expression for the distance between two points 



-v= 



ZX' . YT . ZZ' . W 



2 



+ 



^3 n 



It will be oonvenient to alter the notation, and write X instead of 



— , &c., &o.f so that the identical relation is now written 



X^+T^-^Z*+V^=:0 

and the formula for the distance between two points 

-2p» = XT+ YT-^ZZ'+ Vr ... 



(C), 



(D)- 



2. The equation to any bicircular quartic can be written in the 

where X, Y, Z are defined as above, the number of independent con- 
stants being eight, and the terms of the third and fourth degrees of 
the right form, and further, from the identical relation (G), we see 
that this can be done in four ways. 

Let us now consider what relations hold between the parameters 
in order that 

(1) 



f+?=^ 



may represent a system of confocal curves. 
The curve is the envelope of 

ZX-hmr= Z.... 

where -4P+5m' = 1 .... 



(2), 
(3). 



* Casey, Tranaactiont of the Roy allrish Academy, Vol. xxiv., 1869. 
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The conditioQ that (2) should reduce to a point circle, and therefore 
represent a focus, is 



^ n ^t n A n »"i n ' 



= (ill. ^m^ ^^yUnh ^m^ ^r^)\ 



which reduces at once to 

Z«+m» + l = (4), 

since X, F, Z are mutually orthogonal. 

Therefore, being given one curve of the system, we may determine 
P and 7n* from (3) and (4), and, in order that any other curve 

should have the same foci, it is necessary and sufficient that 

A^-i-BW = 1, 
where P and m^ are constants independent of A' and B\ or otherwise 

J5 = Ap-hq, 

where p and g are constant, or again that 

B'-B 



A'-A 



= const. 



3. Ik is easily seen from this that, as is well known, these con- 
focals cut at right angles, for, if 

be the circles touching 

respectively, at their common point (x\ y'), 

Aili-hB^m\ = 1, J,Zj+jB|mJ = I ; 
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from which we derive 

-^iZ^Zj-f ^im|m, = 1, - 

^j^Z,H-5,mim, = 1 ; 
and therefore, by the help of any of the relations of the last article, 

^Z,+m|m,-fl =0, 

which is seen to be the condition that the two tangent circles cut 
orthogonally, being deduced in exactly the same way as (4). 

4. Also the four foci given by (3) and (4) all lie on the circle V^ 
as may be shown by expressing the condition (4) in terms of the 
coordinates of the point circle given by (2), when it reduces to 7"=0, 
or otherwise, since V cuts orthogonally any circle of the form (2). 

5. Returning to the equation 

A B ' 

with the condition B = Ap -h g, 

we get, to determine the parameters of the two curves of the series 
through any given point, 

X''(Ap+q)-hT'A-^Z''A(Ap-hq)=zO, 
and, if A' A" be the roots of this, 

Therefore, defining corresponding points on two curves (1) and (2) as 
the intersections with them of a third curve of the system which cuts 
them both orthogonally, we get, for corresponding points P and Q, 



Zpy/A^ Zq^A^' 

Similarly, for another pair (P', Q') of corresponding points, we shall 
^®* X X 



Zp.y/Ai Zof^A^' 
and therefore ^^^' = ^"^ ^"^ 



£Jp Zq* Zq Zpt 

and of course the same relations in Y and F. 
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6. Therefore, nsing the formxila already fonnd, 

-2p» = XX' + YT+ZZ'-^ W\ 
we see that the ratios 

are equal to the ratios 

Jr i^ I ^p* -^^^ • •* P' -^Q • ^p* ^Q • 'P* ' Q, > 

or that the ratio of the distance of any two points to the product of 
lengths of the tangents drawn from them to any one of the four 
focal circles of the system is the same as for the pair of correspond- 
ing points. 

7. Exactly in the same way as for circles, we shall get, if X, F, Z, 
F, W represent five mutually orthogonal spheres, an identity which 

we write as Zi+r+Z'+r+TT = 0, 

and further a formula for the distance between two points. 

The equation of any cyclide, t.e., a surface with the imaginary circle 
at infinity as a double line, can be written 

f+l+f=^ (!)•• 

since there are thirteen independent constants. 
This surface is the envelope of 

lX+mT+nZ=z V (2), 

with the condition AV-^Bm*+On* = 1 (3), 

and, when the equation reduces to a point circle and represents a 

focus, we have ^ • • , /> rA\ 

' P+m'+n« + l = (4), 

which gives the focal curve as the intersection of two surfaces (3) 
and (4) [the surface represented by (4) being the sphere TT]. 

* Cf, Darhonz, *' Snr nne Glasse remarquable de Gonrbes et de Surfaces Alg6- 
briques," Metnoirea de VAead, dea Scieneet de Bordeaux, t. ix., and Oaaey, << Oydides 
and 8pheroquartic8," Phil. Tram,, Vol. clxi., 1871. 
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8. If ^ + ^+^= yi 

A' B' a 

is a confocal, i«-|-,^«-l-n* + l = 0, 

must have a common curve of intersection ; and therefore the four 
determinants 



A' 


A 


1 


S 


B 


1 


0' 





1 


1 


1 


-1 



mnst vanish ; and therefore, if we choose p and q so that 

l=p-q, 

A=:Bp-^q, 

we most have also A' = B'p-\-qj 

the same relation as for the parameters of confocal carves, and we 
shall get, JQst as for them, that 



X' 



'// 



FV^' rv-4' 



, <&c., &c. 



for corresponding points, and finally that the ratio of the distance 
between any two points to the product of the lengths of the tangents 
drawn from them to any one of the five focal spheres is the same as 
for the pair of corresponding points. 

9. It is worth noticing* that it follows at once that if two surfaces 
have one spherical focal curve common they have all five. For, if 
the same surface be written 

A^'B^ ' ' 

and ^ + ^ + ^=17', 

a b c 



[* Casey Boems to have been in error on this point. Cf, loe. <?»/., § 117.] 
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the identity (G) gives us 



A a 



-1. 



and therefore, if 
where 

we have 



a 



-^-h|=-l, &o.; 
h 



= rTTl>-9'i 



a-hl 6 + 1 



ab + a = (a6H-6) j9— g (at -|- a -f 6-1-1), 

or «(l-3) = 6(p-^)-g. 

with the relation 1— ^ = 1>^3— ?> 

which establishes the proposition. 

10. In the particular case of a symmetrical cyclide or biciroular 
quartic, in which one of the focal spheres or circles becomes a plane 
or line, the power of the sphere or circle becomes twice the perpen- 
dicular distance from the plane or line, and for such surfaces and 
curves we have that" 

where y is the perpendicular distance from such plane or line. 

In the case of binodal cyclides, &c., the focal spheres reduce to 
points, the formula being obtained at once by inversion from Ivory's 
heorem. 

Part II. Connexion of the Theorem with Elliptic Integrals. 
1. If a; + yc = sn' I (u -h cv) 

(Greenhill, EIL Functions^ Chap, viii.), 

u = const, and v = const. 

give a system of mutually orthogonal Cartesian ovals. 

Take the two pairs of corresponding points given by (tt^, vj, (t*,, Vj) 
and (ui, r,), (m„ v^). 

Let r be the distance between the two points Pj, P, given by 

«! ± yi£ = sn* J (til ± '^'i), 
^8 =t Utt = sn' ^ (t/j ± cr,). 
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Let rj, r, be the distances of P^ and P, from a foons (saj tibe se^ 
focus (X). 

Let *i = sn J (tti + iVj), f [ = sn | (1*1— «t7i)> 

«, = sn ^ (u, + It?,), «J = sn J («*i"~**'i)- 

Then PiPj = r* = «i— ajj+yi-yj 

= lsn*J(i«i + «t;i)-sn4(t*,+it;,)}{sn* J(t*i-it;,)-sn*| (u,— iv,)} 
= sn| {th + w, + *(»i+t;,)}snj {t*i-t*, + * («!-»,)} 

sn| {tti-tt,— t (vi— Vj)} 8Jaj{tti-i-Mj— *(vi+v,)} 

x{l-ic»«JsJ}x{l-rV«?} 
= ^DD', say, 

where A is unaltered by the interchange of u^ and u,, i.e., by trans- 
ference to corresponding points. 



Also 



D=l-icV5! 



12 



= l-K^ (xi-\'yiO(x^-¥yii) 



= l-K'rir, {co8(^i-f(^, + csin0i + e^,j, 
iy= 1— if'rir, {cosST+S^— «sin(Vt^} ; 



therefore DD' = 1 — 2ic« Ti r, cos <^i + «, + *c*7^ r^ 

where / is the distance between P, and the image of P, in the focal' 
axis, i.e., between the points (wi, rj and (t*,, — Vj) ; and therefore 

(l-ic«r;)(l~ic'i^J + ic'r^ _ 1 

and is unaltered when t^ and t^ are interchanged. 
Further, we shall have that 



is unaltered, by considering that (wi, t^i), (t*f, — »,) and (t*,, — v,), 
(ui, Vj) are corresponding points. 
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2. Writing B for (l-ic«rj)(l— c*rj), we have then, that 



^+icV^ and •^"*"'^^ 



are unchanged ; and therefore also their sam, difference, and product^ 



%.e.. 



B^ + Bk^ (r+O + rVr^ 
or, adding 2i^ to the sam and snhtracting k* from the product, that 



are unchanged ; and therefore the ratios 



7^4- 



and 



r»-i 



or 



5 



or, finally, that ~, .. (j:^)^!.^^) » 

is the same as for the pair of corresponding points. 

3. Since r^—r* = — 4yjy, = («!— 0(«2-"*j )» 

we get at once 



r'-r" 



1 '2 2 'i 



= sn Ui sn iVi sn i«| sn tt;, ; 

and therefore, since 4 = (^.^.^^^i^^^)^^^, . 

t^ . 1 — y* sn Ui sn iv^ sn tf, sn it?^ 

(l_^r;)(l-ic«rj)" 1-ic'^ 

where, as before, 

A = sn| {th+«»+t(vi+t;,)} sn | {t^i + t*,— « (Vj+v,)} 

X sn { (th-t*j) + < (t^i— t?i) } an { (th-t*,) - 1 (t;i 



-O}. 
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4. The direct verification of this is interesting ; ire have fr(na § 1, 

Introdnoe the factor 

(i-a;.;')(i-^^0-<'('!-'.'")(4-'3 

= (l-:<-^4)(l-A,-.,')-.^«-^)(.,--.,'), 



and ve get 



1-AX' l-<c's7ii 
— jc* sn u, sn It 



l-r-sni {(«,+«.) + , (i.,+«.)|ani {(»,+«,)-. (o,+o.)} 
xsni )(«,-«.) +«{f.-''.)l8'.HK-«.)-'K-«.)} 
The identity bere foond may 1m written in tlie form 

l-r-en' (n + t) .n' (c + d). l-i^ nn' (g-t) en' (t-d) 
l-«".n' (0 + 6) en' (o-i.) .1-.- in' (»+d) en' (c-d) 

_ l-i^»n'(<! + t).n'(a + d).l-i.'.n'(i;-i.)an'(<i-d) 
l-^m'(«+i).n'(._l,).l-^,n'(a + d).n'(a-d)' 



Or, again, putting tlie eymbol 



(l + 2)(3 + *) for l-<'sn'(<i + 6)»n'(c+d), 
ve shall get 

(l + 2)(3 + J,).(l-2)(3-4) _ (l+2)(l-2). (8 + 4)0^:1) 

(a+a)(i +4) . C3-2)(r-4) (3+2„ii-'2).(j+47(i;^ 
_ (i-2)(a"+¥) . a+i)(S=T) 

(3-2Kl+4)-(a + 2)a-*)' 

5. So far, then, we have the result that the ratios 
r' : ,,y, : (1— ■,;)(l-,:'r,') 

fkre unaltered for pairs of corresponding points, and yre may notice 
farther that, since 

, "'. . = an M| Bu (o,, 
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the ratio ^ ^^ is the same for any two corresponding pointa 

on the ovals u^ and u,. 

Bat, since en (ku^ ~\ = sn (Z— Wi ic) 

(Greenhill, Ell. Func., p. 269, § 240), and 

dn liKu, — j = sn (K—u, r), 
we see that these resnlts mnst be also tme for the other fod^ 

iK 1 

changing the value of ic to -7- and -7- respectively, and in fact we 
have ' " 



+ i^r^ / 



±^_ 



l-^'f^ ' l-«»rj 



= dn t^ dn iv^ dn 11, dn it;), 



and also 



Y__^l • i_ «J - = * cn ttj en «t7i en w, en «t;,. 



. 6. The result may also be stated thns : The ratios 

are unaltered for pairs of corresponding points, where a is the radius 
of the degenerate circle of the system which has the chosen focus 
as centre, or cf is the product of the distances of the other two foci 
from the one chosen. 



In this last form. 



I^ 



(F,F,.F,F,-F,PlXF,F,.F,F,-F,li)' 

it is best adapted for inversion, and we get that for a system of 
bicircular quartics with a common set of concyclic foci Oi, 0„ 0,, 0^ 

is unchanged for a transition to a corresponding pair of points. 
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Thursday, June 8fh, 1893. 
A. B. BASSET, Esq., F.R.S., Vice-President, in the Chair. 

The following gentlemen were elected members: — T. S. £*UkBp 
Ph.D., Colnmbia College, New York, U.S.A., Secretary to the New 
York Mathematical Society ; O. Brace Halsted, Ph.D., Professor of 
Mathematics, Austin, Texas, U.S.A. ; H. M. Macdonald, M.A., Fellow 
of Clare College, Cambridge; D. B. Mair, B.A., late Scholar of 
Christ's College, Cambridge. 

The Chairman annoanced that the Coancil had unanimonsly made 
the foarth award of the De Morgan Medal to Professor F. Ellein, of 
Oottingen, on the ground of his many contributions to the advance 
of mathematical science. 

The following papers were read : — 

Complex Integers derived from 6^—2 = 0, and on the Algebraical 

Integers derived from an Irreducible Cubic Equation : Prof. 

Gr. B. Mathews. 
Pseudo-Elliptic Integrals, and their Dynamical Applications : 

Prof. Greenhill. 
On the Expansion of some Infinite Products : Prof. L. J. Rogers. 
Note on some Properties of Grauche Cubics: Mr. T. B. Lee. 
Note on the Centres of Similitude of a Triangle of Constant 

Form circumscribed to a given Triangle : Mr. J. Griffiths. 

The following presents were made to the Library : — 

" Proceedings of the Royal Society,'* Vol. liii., No. 321. 

Blake, E. M. — *' * Method of Indeterminate Coefficients and Exponents ' applied 
to Differential Equations," 8vo ; New York, 1893. 

'< Proceedings of the Physical Society of London," Vol. xu., Pt. 1; April, 
1893. 

'^Jahrbuch iiber die Fortschritte der Mathematik," Band xui., Heft 2, 
Jahrgang, 1890 ; Berlin, 1893. 

Steiner, P. — ** Pasilingua, Die Sprache von Pan-Amerika und die Uniyeraal- 
Sprache, auf Grund einer Neuenglischen Grammatik,'* Heft 1 ; Neuwied. 

** Proceedings of the Cambridge Philosophical Society," Vol. thi., Pt. 1 ; 
Mich. Term, 1892. 

<* Journal of the Institute of Actuaries," Vol. xxx., Pt. 5 ; April, 1893, London. 

'* Elektrotechnische Bibliographic," Band i.. Heft 1 ; Leipzig, 1893. 
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<<Balletmd6la Soci§t4 Fhysico-Math^matique de Easan," 2« Series, Tome 1, 
No. 3 ; 1891. 

« Wiskondige Opgaven met de Oploeaingen," 7® Deel, 7*^^ Stiik ; Amsterdam, 
1893. 

<< Bolletin of the New York Kathematical Society," Vol. n., No. 8 ; Kay, 1893. 

'•BaUetin dee Sciences Math^matiqaes," 2« S^rie, Tome xti., Tables das 
Mati^res et Noma d'Autears, 1892. 

** Berichte iiber die Yerhandlungen der Eonigl. Sachs. Oesellschaft der WiBsen- 
schaften za Leipzig/' I., 1898. 

<* Joumal of the College of Science — Japan University," Vol. vi., Ft. 1 ; Tokyo, 
Japan. 

''Atti della Beale Accademia dei Lincei, 5° Serie — Bendioonti," Vol. n.» 
Fasc. 7, 1** Sem. ; Boma, 1893. 

<* Bendiconto dell' Accademia delle Sdenze Fisiche e Matematiche," Serie 2% 
Vol. vn., Fasc. 4; Napoli, 1893. 

« Educational Times," June, 1893. 

** Indian Engineering," Vol. xni., Nos. 16-19. 



On the Complex Integers connected with the Equation 6F—2 = 0. 
By Gr. B. Mathews. Received May 29th, 1893. Read 
June 8tb, 1893. 

Professor Dedekind's theory of ideals, as expounded in the third 
edition of Dirichlet's Vorlesungen iiher Zahlentheorie, or in Darbonx's 
BuUetin (1876, 1877) is of so general and abstract a character that it 
can hardly be appreciated as it deserves nntil after the application of 
it to particular cases. Its connexion with the theory of qnadratio 
forms, or, which is the same thing, with the theory of algebraical 
integers defined by an irreducible quadratic equation, is discussed in 
some detail in the memoirs above referred to ; in the present note 1 
propose to illustrate the theory by applying it to the system of 
algebraical integers defined by the equation ^—2 = 0. The reader 
will see that many of the results are equally true when the defining 
equation is 6^—n = 0, where n is a positive integer different from 2 ; 
I have, however, thought it best to confine myself to the more special 
case, in order to make the discussion as simple and concrete as 
possible. References to the Vorlesungen will be expressed by D., 
followed by the number of the section. 
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1. Let $ denote a root of the irredaciblo equation 

fl»-2 = 0, 

and, to fix the ideas, suppose = 1/2, Then, in connexion therewith, 
we have a corpus O ($) comprising all the qnantities snch as 

where Xj y, z are rational nnmbers. It is easily proved that, if m is an 
algebraical integer, x, y, z must be integral ; the converse is obvionsly 
tme, so that the finite modalos 

= [1. e, «•] 

(cf. D. 166) contains all the integers of the corpus, and only these. 
The discriminant A (1, 0, 9) = V . 3». 
There is only one fundamental unit besides rb 1, namely, 

(c/. D. 177). 

2. The first thing to be done is to discover a system of prima 
ideals. Let p be any real prime ; then it follows from D. 165 that, if 
p is an ideal factor of 2?, and N (p) = 2?, we may write 

p= [p, a + d, 6 + ^], 

where a and h are integers. 

In order that the modulus [p, a-j-d, 6 + ^] may be an ideal, it is 
necessary and sufficient that the six products 

belong to the modulus. 

Now pO =- p (a'\'0)—apf 

p0'=p(h + 0')-hp, 
(a+fl) e = (6-h^)-ha (a + ^)-(6+a'), 
(a-f ^)^= 2-ha^ = a (5 + ^)-(a6-2), 
(6+^) e = 2 + M = b (a + d)-(a6-2), 

(6+fl»)^=2d+6^ = ft(fe + ^) + 2(a+fl)-(fe« + 2a). 
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Hence the required conditions are 



6H-a« =0,1 
ah-2 =0, 
6'+2a=0j 



• (mod p). 



These are equivalent to 



a»+2 = 0,l 



which admit of solution if 2 is a cubic residue of p, but not other- 
wise. Hence the theorem : 

If p is a real prime of which 2 is a cubic residue^ then p is divisible 
by the ideal p = [j9, a+O, 5 + ^], where a, 5 are obtained by solving 
the congruences a*+2 = 0, 5+a' = 0, (modp). 

When p is of the form 6n— 1, 2 is always a cubic residue oip; the 
primes 6n+l, below 1000, of which 2 is a cubic residue, are, according 
to the Canon Arithmeticus, 

31, 43, 109, 127, 167, 223, 229, 277, 283, 307, 

397, 433, 439, 457, 499, 601, 643, 691, 727, 733, 

739, 811, 919, 997; 

every one of these will therefore have an ideal factor of the kind 
considered. 

In some cases p reduces to a principal ideal o/lc, and then p is the 
norm of the real number /lc. For instance, j9 = 5 gives 

p= [6, 2+^,1-1-^] 
= [1 + 2^-^,^,1] (1 + ^)= [^,fl,l](l + ^)=ii(l+^), 



and hence 



5 = JV(1+^). 



On the other hand, if |) = 11, 

p=[ll, 4+d, 6+^], 

which is not a principal ideal. 

VOL. XXIV. — NO. 470. T 
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It may bo proved in exactly the same way that — 

Ifp is a real prime of which 2 is a ouhtc residue, then p ia divisible &y 
the ideal p' = [p, pfl, — &— afl+fl*], where a,b,at before, are found 
from the congruence* o'+2 = 0, b+a* = 0, (modp) ; and N(p') = j^. 

Since N{pp-) = Nip)N(p-)=^ = N(p), 

it follows that op — pp'; 

or, as we shall generally write it, 

p = pp'. 

It is easy, and rather interesting, to verify a posteriori tl&t pp' is 
actnally divisible by p ; that the qaoiient is equivalent to 0, is 
evident from consideration of the norms. 

For completeness' sake, it is necesaary to prove that p' is distinot 
from p'. We have 

(a+tf)' = a*+2a0+ff 

= (-b-ae+S')+ia'+b) + 3ae, 

and this cannot be contained in p' except when 3a = 0, (mod p), 
which only occurs whenp ^ 3. It is easily fonnd that 

3 = N(l+e), p = a (1+9), p' = (i-e+ft") = -«p*. 

3. We will now consider a prime of the second class, say p = 31. 
Th. congruence .-+8 s 0, (»«1 31), 

has three solutions, namely 

o*ll, 24, 27, (mod 31), 
and the corresponding valnes of b are 

6^3, 13, 15. 
Hence we have the three ideals 

p, = [31, 11 + tf, 3+0"], 

p,= [31, 24+tf, IS+tf*], 

p. = [31, 27+0, IS+fl*]. 

These ar« obvioaaly all distinct, and it therefore follows that 

81 = 9i9»9*- 
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Associated with these we have three other ideals deduced by the 
second theorem of last article ; namely, 

p;= [31, 316, - 3-116+0'], 

pi= [31, 316, -13-246+6'], 

pj= [31, 316, -16-276+6«]. 

Bnt these are not prime, as in the other case ; in fact 

Pi' = Pip8» pi = p8pi. P« = PiPi- 

It will be safficient to verify the last of these relations ; the others 
may be proved in a similar way. Forming the nine products of pairs 
of elements of p| and p„ these are 

3P = 81 . 31, 

31 (11+6) = 11.31 + 1.316, 

31 (24+6) = 24.31 + 1.316, 
(ll+6)(24+6) = (-16-276+6«) + 2. 316+9. 31, 
(ll+6)(13+6«) = 11 (-15-276+6') + 10. 316+10. 31, 

31(3+6«) = 31(-15-276 + 6')+27.316+18.31, 

31(13 + 6«) = 31(-15-276 + 6«) + 27.316+28.31, 
(24+6)(3+6«) = 24 (-16-276+6') +21. 316+14. 31, 
(3+6«)(13+6») =16 (-15-276 + 6*) + 14. 316+9. 31. 

Hence every number contained in p,p, is contained in fi ; that is, 
p,p) is divisible by ps ; and then, by a comparison of norms, we infer 
that Ps = PiP,. 

There is no difficulty in proving that these results are general. 
Thus, suppose |) is any prime of the form 6n+l, of which 2 is a 
cubic residue : then the congruence 

a'+2 = 0, (mod^), 

has three incongruent roots, say 

a ^ Oi, a,, a,, (mod p). 

Let 6], 5„ &, be the corresponding values of 6, found from 

fe + a' = 0, (mod^) ; 

and write pi = J^p, ai+d, ^+6*], 

V'i = [i>, l>e, -^-a*0+6»], (i = 1, 2, 3) ; 
Y 2 
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then the nine prodncts formed from pip, are 

P P 

p p 

i)(6, + 6>)=2?(-fe3-a,d+e»)+a,.pa+(6, + 50.p. 
p(6j + 0«)=|)(-5,-a,e-hd«)+a,.|)6 + (6,+6O.i), 

I ^(^^-M+2 g, 5.6>+^5«-f5.^ 

In these relations, the quantities which appear in the form of 
fractions are really integral on accoant of the congraences satisfied 
bj a and b. 

Thas we have at once 

ai+a,+a,= 0, (modp), 

and 6,&8+6,6iH-6i 5, = 2 (— + — + — ) =0; 

moreover a, (fej+a,/?,) = 2 -f o^aja, = 0, 

and hence ftj+OiOj ^ ^ ^iH-aiO, ^ &,+a,a, ; 

finally a^ (fej+68) + 2 = Oj (J,+ Jj + fc,) =-ai2a' = 

= a, (6,4-5,) + 2 = a, (61 + 6,) +2. 
Consequently, as in the special case, it follows that 

PJ = Pips, P2 = pjpi, Ps = pipj. 

4. It appears, then, that, leaving oat of account the exceptional 
primes 2 and 3, all real primes may be arranged in three categories, 
namely, primes of the form 6n— 1, primes of the form Gn + 1 of 
which 2 is a cubic residue, and primes of the form 6n + l of which 2 
is not a cubic residue. Primes of the first category may be expressed, 
in the complex theory we are considering, as the product of two 
prime factors (real or ideal) ; those of the second as the product of 



^M 



. ; ^^A'^ M>\^ -^j^i^ '>^/e.^- .^ '-.^ V 
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tliree prime factors ; while those of the third remain primes in the 
complex theory. There does not appear to be any advantage in dis- 
tinguishing the resolution into real factors from that into ideal 
factors ; of course, when any prime ideal which occurs can be reduced 
to the standard form of a principal ideal, there is a practical con- 
venience in doing so ; but this reduction is not essential, and does 
not aJBTect any calculations into which the ideal enters, except in a 
merely formal way. 

The resolution of any integer ta^=.x-\-yO-\-z(F into its prime factors 
is effected by first calculating its norm ; the real prime factors of this 
will correspond to the required factors of &>, and, since, by the methods 
explained, N (w) can be resolved into its prime factors, it only 
remains to find out which of these are contained in oi. This can be 
done, as will now be shown, by a finite number of trials. 

Let p be a prime of the first or second category which divides 
N{(a), Resolve p into its factors pp', so that 

and, with the notation already employed, suppose 

Suppose that (o contains p, but not p', as a factor ; then, if /lc is any 
real number contained in p' but not in p, o/i is divisible by f' but 
not by p, and therefore 0/i*o by pp', that is, by op, but not by p*. Now 



and 



a'--26 = 3a', (mod_p); 



therefore a*— 26 is not a multiple of p, and we may put 



This gives /iw = ( — 6aj+2y— 2az) 

+ (-a«— 6y+2^)6 
+ (x-ay-hz)d\ 
and w is divisible by p if 

hx-2y-\-2az = 0,' 
ax-\-hy—2z ^ 0, 
x—ay-^bz =0,- 



(mod p). 
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On acconnt of the relation connecting a and 6, it will be found that 
these three congraences rednce to the single one 

35— ay — fe« = 0, (mod p). 
If this condition is satisfied, pnt 

= X y 

^ax—hy-^2z , 

;r — ^y* 

p 

x—ay — hz # ^ 

P " 

then fi w/|) = aj' + y 6 + J5 6*, 

and this will again involve the factor p, if 

X — ay' — bz' = 0, (mod p) . 
Now p (ar'-ay -6/) = (-2h + a}) a;4-(2+2ab) y + (-4a+5^)«; 
therefore w is divisible by p' if 

(— 26 + a')aj-h(2 + 2a6)y + (— 4a + 6')z = 0, (modp*); 

and, in the same way, we can express the condition that w is divisible 

by p** in the form 

Z^aj-fm^y-f w^j5 ^ 0, (modp*"). 

In general w involves the factor p r times exactly if the above 
congruence is satisfied, while 

Z^^iaj+m^+iy+n,^.i2? = 0, (modp*'+0» 
is not satisfied. 

In the same way, the number X = a + is contained in p, but not 
in p', and any number w =z x-\-yO-\-d^ will involve p' as a factor if 

Xw =: 0, (mod 2?), 

or, which is the same thing, if 

ax-\-2z = 0A 
a;-fay=0, j- (mod^). 
y-hoj5 = 0, J 

Only two of these congruences are independent. 

The repeated occurrence of p' may be detected by finding the 
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highest valne of r for which the congruence k'io = 0, (mod j?*'), is 

satisfied. 

When j7 is a prime of the second category, so that p = PiPsPs, the 

criteria for the divisibility of aj + yO + afl* by Pd Pn Ps* respectively, 

may be written 

x—a^y — biZ = 0, ' 

x—a^y — \z ^ 0, 

x—a^y—h^z = 0, J 



(mod p), 



and as a verification it may be observed that if all these conditions 
are satisfied, it follows that 

05 = y = « = 0, (mod p\ 

that is, aj-f y^+5f6* is divisible by p. 

Finally, if 2? is a prime of the third category, x-^-yQ-^-z^ la divisible 

by p only if ^ , , v 

aj = y = z = 0, (mod p). 

These congrnential relations are analogous to those employed by 
Kammer in his papers on ideal primes. 



On the Algebraical Integers derived from an Irreducible Cubic 
Equation. By G. B. Mathews. Received May 29th, 1893. 
Bead June 8th, 1893. 



1. Let tf, ff^ ff' be the roots of the irreducible cubic 

where a, /3, y are ordinary integers. Then there will be associated 
with it three conjugate corpora O (^), 12 (^'), O (^')» *to corpus 12 {6) 
being made up of the aggregate of all quantities such as 

x^yO-¥z€^ 

x^y^z^thQing ordinary integers; and similarly for O (d^, 12 (^'). 
(The conjugate corpora may or may not be distinct.) 
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In order that ta may be an algebraical iDteger it is necessary and 
sufficient that, (o\ J' being conjugate to a>, the qnantities 

shall be rational integers ; and this leads to three congraences which 
mnst be satisfied by x, y, z, namely, 

3aj-ay + (a'-2/3) z = 0, (mod (l)f 

3«*+/3y* + (/3'-2ya);j'-(a/3-3y)t/;?4-2(a^-2/3)aB-2acy = 0, (modO 

(2), 

«'+ry'+yV-o.«V + (o'-2i3)aj*z+/3j;2^«+(/3»-2ya) ara"-(a/J-3y) xyz 

^ayy^+Pryz' = 0, (mod ^) (3). 

2. It will be supposed, in the first instance, that t is prime to 3. 
Then the second and third congraences are not affected if they are 
multiplied by 3 and 27 respectively, and the moduli left unaltered ; 
may then be eliminated by putting 

Sx = it-\-ay-(a^ -2ft) z. 

In order to express the results in the most convenient form, the 
following abbreviations will be used : — 

u = y—az 
A = 3/3-a«, B = 9y-a/3, G = Say-zS* 

P = 2a»-9a/3-h27y, Q = a'/3 +90^-6/3' ^ (4). 

B = 6aV - a/3^ - 9i3y , 8 = 9a/3y - 2/3» - 27y* 
D = ^(^^-4^0) = 27y^ + 4/3»-h4a»y-a'/3^-18ai3y j 

JD may be called the discriminant of/(0), and it will be observed 

that {A, B,0\d, \y is the Hessian, and (P, Q, R, S^O, !)• the 
cubicovariant of /(O), each with its coefficients absolutely deter- 
mined. 

The congruence (1) may now be written 

Sx-au—2pz = 0, (mod • (5)f 

and if we substitute au-\-2l3s-\-^t for Sx in (2), after multiplying by 
3, it will be found that the tenii in t on the left hand vanishes 
identically, and that (2) is replaced by the equivalent congruence 

Au*i-Buzi-Oz' = 0, (modO W- 



.K-iik' v:i*t-*^ >^.,r ^i ,^^..; 
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When the same sabstitation is made in (3), after maltiplying by 
27, the coefficient of ^ vanishes identically ; the coefficient of t may 
be rednced to the form S^t (Au^-)rBuz-\-Cs^)f which, on' account of 
the congruence last written, is a multiple of ^, and may therefore be 
omitted ; and finally, after some algebraical reductions, it is found 
that (3) may be replaced by 

Ptt»-f 3Gu»ij+3Eu2*+/Sf2» = 0, (mod <») (7). 

3. It is now necessary to discuss the simultaneous congruences (6) 
and (7). Unfortunately, this is a matter of considerable difficulty, 
because the algebraical theory of elimination cannot be applied 
except under certain limitations. By following the analogy of 
Sylvester's dialytic method of elimination, we may establish the 
theorem that, if i2 is the algebraical resultant of two binary quantica 
^ (^y y)i («, y), then, in order that the simultaneous congruences 

F(ar,y)=0, O(x,y)^0, (mod m), 

may admit of solutions such that no common factor of x and y may 
divide w, it is necessary that JB ^ 0, (mod m). 

Now in the congruences (6) and (7), we may suppose that u and g 
have no common factor which divides t ; for, if they had, it would 
follow from (5) and (4) that x, y, z, t would all have a common 
factor, and hence (x-\-y6-\-z6f^)/t would not be in its lowest terms. 
Therefore supposing, as we may do, that oi is in its lowest terms, and 

observing that the resultant of (A, B^ G^u, zY and (P, Q JB, /S>][tt, z)* 
is 27I)*, we infer from (6) and (7) that ^ 

27i)» = 0, (modO (8). 

If t is not prime to 3, we must write instead of (6) and (7), 

Au^+Buz-hOz'^O, (mod30 (9), 

Pt*« + SQuh + SBuz" + Sz"^ = 0, (mod 27^) (10) , 

and consequently, instead of (8), 

271>» = 0, (mod 3^'). 
Both cases are incladed in 

9D» = 0, (modO (11)> 

and the conclusion is that the investigation may be confined to those 
integers t the squares of which divide 91}*. 
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4. There are so many different cases to consider, according to the 
distribution of the prime factors of A^ B^ 0, P^ Q^ B^ 8^ and D, that 
it seems best not to attempt a complete enumeration. The con- 
gruences (6) and (7) or (9) and (10) must, of course, be fully dis- 
cussed in any particular case that may arise ; there is no difficulty 
in doing this when the f nncfcion / (0) has once been chosen. 

There are one or two specially interesting cases which deserve 
attention, and will serve to ill a strata the theory. 

The first of these is when the congruences (6) and (7) are satisfied 
identically ; that is to say, when 

A = B=G = 0, (mod O (12). 

P=Q = E = i8f = 0, (mod 0. 

These are equivalent to two distinct conditions, which may be 
•expressed by 

-4 = 0, (modO> 



P = 0, (modi*) 



(13) ; 



and it will be found that D is divisible by ^. The integers u and z 
m&y be chosen at pleasure, and then ^ = u+cu?, and x^ y, z are con- 
nected by the single relation 



or, say. 



Sx—ay -f (a'-2/3) z = 0, (mod t) ; 

X = Xy-h/i5, (mod t) (14), 



where X, /li are determinate to mod alas t. Suppose they have their 
leaRt positive values, then the general form of to for this value of t is 



1M> 



V 



"Where A, k are rational integers. 

introduced are 

X4-6 



Wi = 



The essentially new integers thus 



w, = 



t 



and it may be observed that, since 



= tw^ — X, 6 = ttit^ — fi, 

the modulus [1, a^i, a;,] includes all the elements of the modulus 
[1, 6, 0'], and besides these a portion of the remaining integers 
in Q (0). 
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In order to constmct a case of this kind, suppose a = 1, ^ = 5 ; 
then the congmences -4 = 0, (mod 25), P= 0, (mod 125), give 

3)3-1 = 0, (mod 25), 

27y-9/3 + 2 = 0, (mod 125). 

If we take )3 = 17, the first congruence is satisfied, and the second 
leads to y = 38, (mod 125). It will be found that y = 38 leads to a 
reducible equation in ; but if we take y = 163, we have the 
irreducible equation ^^^^^y.^igg ^ q, 

for which ^ = 2.5«, JB=58.5«, 0=:8.5*, 

P=:34.5», = -2.5», JE=:-194.5», flf = - 6618 . 5», 

2} = 11.2«.5«. 

The congruence (5) reduces to 

X ^ 2y-f 2, (mod 5), 



so that 



5 



is an integer when y, z are rational integers ; and, as a verification, 
it will be found that if we put 



«i = 



2+e 



, w, = 



_l+i' 

5 ' 



these quantities satisfy the equations 



«i— wi-|-«i + l = 0, 
«I-|-6w5-4w3-.212 = 0. 

It is noticeable that <i»| is an algebraical unit ; and also that ta^ is 
an integral function of a»j, because 



and hence 



5ai,-l = (5«i-2)«, 
w, = 5a»| — 4wi + 1. 



5. The latter circumstance is not accidental ; for if, as above, we 
put 



<^i = 



t 



w. 



^z^+e* 



t 



832 

we have 

and 
now 



and therefore 



Mr. G. B. Mathews on 
(i«i— X)' = ^,-/i, 

3X ^ a, (mod t)y 
3/ii = -a' + 2/3; 
9(X«+/i) = (6/3-2a«) 

= 2^ = 0, (mod ; 
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that is, (X'+ft)/^ is an integer, and a;, is an integral function of itt^. 
Hence it may be inferred that the corpora O (6) and O (vj) are 
identical in content ; bat the discriminant of O (cuj is D/^ instead 
ofD. 



Thns, for the equation 



6»-0« + + l = O 



(15) 



(where has been written instead of Wi), 

u4 = 2, 5=10, (7 = -4, 

D = 44. 

Since D is divisible by the square of 2, we might expect to find 
integers of the form (x-{-yO-Ji-zO^)/2; however, such integers do not 
exist, for the auxiliary congruences (6), (7) in this case are, on re- 
duction, _ 

t**+ti2 ^ 0, (mod 2), 

!*•— 1*'« -I- ux;* -f a;* = b, (mod 4), 

and these can only be satisfied simultaneously if ii^ z = 0, (mod 2), 
leading to x^y^z'=0, (mod 2). 

It may be proved without difficulty that there are no integers of 
the form (aj + y^-f 2^)/ll, and hence that the equation (15) defines 
what may be called a primitive corpus il (^), that is, one which con- 
tains no integers except those of the form aj + y^-|-«^ with a, y, z 
integral. 

It may be worth while to observe that, since 
4 (^a;H5aJ+C)'+(Pa;»-f 3Q»«-f 3Ea? + /Sf)» 

= 272) (aj»+aa5«+iac-hy)' (16) 



;;5i*n^' -»';^i=aT?**.^--.*' 
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identically, it follows that, whenever A, jB, are divisible by ^, and 
JD is divisible by ^, 

P«»+3Qa5*+3i2a;+S = 0, (mod ^), 

identically ; so that it is unnecessary to calculate the valaes of P, Q* 
2E, 8, 

6. Another interesting case is when the congruence (6) is satisfied 
identically, but not (7). It follows from the identities 

P = -2o^ + 3P, Q = -2)3^ + aP, 

E = -)5P+2aO, iS = -3yP+2/3a, 

that Py Q, By 8 are all divisible by ^, bat not by ^. Now multiply 
(7) by F*y and change the modulus to f ; then the new congruence, 
equivalent to the old one, is 

(Ptt+ 0«)*-3 (Q«-Pii5)(Pt« + Op) «* 

+ (P»iS-3PQE+2Q») «» = 0, (mod f). 

But Q'— P£ is a multiple of DAy and therefore of fi ; hence the 
second term is divisible by fi. Also P*iSf— 3PQB+2Q» is divisible by 
D*, and therefore by f, so that the congraence reduces to 

(Ptt+Q2?)» = 0, (modf), 

(P \* 
^tt+-^«j =0, (mod^); 

and, if t is* not divisible by any cube, this leads to 

Ptt + Q« = 0, (mod^. 

[If t is divisible by a cube, some modification is necessary ; but, as 
already said, it seems best to omit these disctissions of detail.] 

The solution of this congruence will be of the form 

ti = ^, (mod t)y 

where h is determinate to modulus t ; and therefore it will follow that 

y = qzy x = pz, (mod t), 

where p, q may be taken to be determinate numbers between and t ; 
80 that, instead of obtaining, as in the last case, two integers <i»| and ta^ 
(or Ui and <i»i), of which the form is fractional, we shall have only 
one, namely. p+ne + 0> 

">= « • 
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Of the oonditions A = 3/3— a' = 0, (mod ^), 

B=:9y-o^ =0, 
Cf = 3ay-/J»=0, 

onlj two are independent, because 

identicallj, so that if ^ = and ^ = 0, it follows that (7 = 0, 
always supposing that t is prime to 3. 

If t and a are assigned, suitable valnes of j3 and y maj be found 

^^ 3/3 = a\ (modO, 27y = a», (mod ^). 

For instance, if o = 1, ^ = 5, it will be found that /3 = 17, y = 13, 
(mod 25) ; and, if we take to be a root of 

e»-fe»+17^+13=0, 
which is irreducible, 

^ = 60, JB = 100, O = -250, I> = 32.5*i 

P = 8.25, Q = -64.25, E = -88.25, /8f = -496.25; 

and the congruence (7) is 

8 (tt»-24tt«i5-33ti^-62«») = 0, (mod 5), 

that is, 8 (u-SzY = 0, (mod 5) ; 

therefore t* = 3;», y = 4^, a? = 4?, (mod 6), 

and all the integers of the set here considered are rational multiples 
°^ 4+4^+^ 

It will be found that ci>j satisfies the equation 

(i>i + 5<i»i + 15ftf| — 5 = 0. 

The relation between and u>i may be expressed in the forms 
cui = -3— 4^, ^ ^=:wJ+5«i-7, 



, J 4^ = -«I-3. ) 



6wi=4+4tf+^ 

For the equation satisfied by <iii, we have 

^ = 20, JB = -120, (7 = -300, D = 2*.6*; 
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and, since A, j5, are divisible by 2', and D by 2*, we shall bave- 
integers of the form 

^ 2 

Proceeding as already explained, it will be found tbat 

are integers ; tbat 172= 2i7i— 217^ + 1 ; 

and that i|| is a root of the equation 

iy»+i?'+2iy-2=0, 
for which ^ = 5, B = - 20, = — 10, 

2} = 200 = 2».5»; 

P=-.70, Q=:-40, E = 20, i8f = -160. 

On examining the auxiliary congruences (6) and (7) for ^ = 2, 3, 5,. 
respectively, it will be found that they do not admit of solutions dis- 
tinct from u = 2; = ; hence O (17) is a primitive corpus. 

It will be found that, writing 17 for i^^, 

«i = 2i|— 1, 

« = -i?'+i?-l; 

and these may be regarded as Tchimhausen transformations by 
which the equations in la^ and $ may be derived from the equation 
in Tj. It may, I think, be inferred that every corpus that is not 
primitive may be derived from a primitive corpus by a transforma- 
tion of this kind. 



7. There is one other special case of the general theory which is 
of some practical importance. It may happen that D is divisible by 
f, while A and P are prime to t. In this case the congruences (6) 
and (7) are satisfied by putting 

2Au-\-Bz = 0, (mod t), 

Ptt+Qj5 = 0, (modO> 

which are consistent, because 

2ilQ-jBP=-91>=0, (mod?). 
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(It is supposed that t is odd and prime to 3.) 
As an example of this case, take 

which occurs in connexion with complex multiplication of elliptic 
functions for A = 53 (Proc. Lond. Math, Soc, Vol. xxi., p. 217). 

Here u4 =-8.363, JB = -8.374, = 8.1027, 

D = 2".5*.63, 

while P is prime to 5. Hence, putting t = 25, we find, after some 
reductions, that the auxiliary congruences give 

X = ISZf y ^ Si, (mod 25), 



13+^+e» 
'' = ■"25— 



and the quantity 

satisfies the equation i|'— 115ij'-f 107i?— 26 = 0. 

For this equation 

il = -8.1613, JB = 8.1510, = -8.353, 

D = 2'^ 53. 

Now Ay By C are all divisible by 2', and D is divisible by 2* ; 

hence we find that 

x-^yn-^-zfi* 
ta = — • * — i- 

2 



is integral if 




aj = y+j5, (mod 2). 


Putting, then, 




^-" 2 ' 


we find that 




f*-59i'+85C-31 = 0, 


an equation with 






^ = - 


2. 


.1613, 5 = 4.1184, a = 
D = 2*.53. 



-2.869, 



It will be found on trial that the corpus CI (() is primitive, and that 

„ = 2^-1, 
e = 4^-234f +169. 



^'VfT^ 
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On tlie Expansion of some Infinite Products. By Prof. L. J. 
RooEEbs. Received June 5th, 1893. Read Jane Sth^ 1893. 



1. It is a well-known theorem that, ii q <1^ then 



l/(l_X)(l-X3)(l-X3') ... = l+-±- + 



X? 



1-g (i-9)(i-3') 



"l ••• .••llj» 



It will bo foniid oonvenient to use the symbol (X)' for the infinite 
product (1—A)(l—Xg)( I — Xg^')..., and to write the abovo eqaation 
in the form 



1/(X) = 1-|-S — - — , 



whei*o r is to receive all positive integral values, and where (l—jO* 
denotes the product (1 — 5)(1— </') ... (1— f/*")* 

The following abbreviations will also be used in the following 
pages : — 

Hr (Xp X„ X„ ...) will denote the coefficient of x^ in 

l/(A.x)(X,T)(V) (2), 

while hr (Xj, Xj, ...) will bo used for //r (X^ X^, ...)(1— g*")! Moreover 
Vt (a<i» f*j> •••/^i» ^» •••) ^^^^ ^® written for the coefficient of aj' in 

while /ir(/li, Hi'fK \^ •••) will=: (1— /)• -^rC^i, /^j, — /\i K •••)• 
Thus l + SarZr^(X, f4) = l/(Xa;)(/iaj) 

XV 



= 'n---; 



3 ■'■(1 -<?)(! 



whence 
/<,(X, ^) = \"+ I^"x-V+ ^^=5^^=2^>X-V' + .../." ...(3), 

a scries having a certain resemblance to the ordinary binomial 
expansion. 

The S} mbols of operation ^, ly with respect to any quantity X will 
be defined by the equations 

2/(X)^.tIM:^m2} (4), 

A 
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Thus oX'=X'-»(l-gO, 

i«X*- = X'-» (I -gO(l -/■'). *o- 

The symbols d«, 17^ will be nsed in the above sense with refevenoe io 
the quantity X^, so that 

^ifiK) =f(Kq)^ Ac- 
It is easy to see then that the symbol ^^ , i.e. 

(^1) 



1 + 



operating on Xi, gives 



X% 



i~(7 (i~g)(i-g') 



^'+ fEf ^^"+ ^-jS^^^^^ = ^^(^' ^)' ^3^ (3). 



Hence 



M> • (A.^ ~ ^"^^''^' ^^' "'^ - (^,W,) 



(5) 



We may now establish certain lemmata whioh will be osefal 
hereafter for reference. 

Lemma I. — If TTq, Z"i ... are independent of X,, then 

1 



(A50 



{K,-\-K,\, + K,K-^...) = Ko-^K,h,{\,\,)'\-K,h,(\,\)-^.... 



This follows obviously from what has gone before. 
Lemma II. — The operation (X^O will be equivalent to 



I.e. 



For 



^1 
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Now it is well IcDowa that 



X 



£!i. 



(*)-^ l-<?'^(l-?)(l-3*) 



a*q* 



therefore 

Bat it is a known theorem that 



(1-2) (1-3') (1-3") 



(■;,-l)C|,-g) 
Cl-«)(l-2') ■•• 



4- 



^^> = 1+ |-i£.+ (_lz:£ia:z^,«4. (6) ; 



therefore 






if we remember that i|i is not to operate on the coefficients involving 
— , I.e. ( — ) » *"^ ^^® powers of ( t- ) always precede the opcra- 
tious tjiy riij ... in the expansion. 



Lemma III. -Vr (A|-X) ij, (A^ will = A^ ,-^^ i^ (Aj). 



(X^i) 



(M^i) 



For 



(A^,)Aj/(A,) 



(by Lemma II.) 
= (X,-X)(A-/5,)/(^.) (by Lcinina II.). 
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/(M = 



*iK), 






(Xi,) 



(V.) 



Similarlj 7^ (X,-X)(X,-X2) i/- (X,) = X, 7^ (X.-Xg) .^ (X,) 



(X^) 



iXqS,) 

-V 1 

' (Xj'S,) 



«^(X,), &0. 



Xremma IV. 



•1 J.fX,)_ 1 



where ju is independent of X,. 



«^(X.), 



Since 



therefore 



(X./4) 



— *T -ij A* -r -7:5 777" i\ r T^*" > 



1 4'(\) 

(xa.) • (x,^) 



= _i_ f _i_ + AiL _ 1 _ + ^^!^^!__ _J_ + ],t 

(V) ^ M) 1-3 ■ (Xsa.) ^ (1 -3)(i-9') ■ (x?'^,) ^••" ) "^ 

(by Lemma III.) 

_ 1 f, ■ x,Ma-x3,) , x;^'( i-xg,)(i-xga,) ^ i . 

-(X^)r"^ l-q ^ -(i_5)(l_5') ^-icXi,)"^ 



(X^) (X,A») 

1 1 



(X,^) • (X^,,) • (X^.) 



(X5,) 

^ (^i)j (^y Lemma II.)- 



2. Let UB now 6nd the valao of 



1 1 

(\c\)-(X,A,)(XA)" 



-ijLj 



*-«*V*., .i)^t>*^,ld>l|fi4t.l*Vt 
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which, whcu expanded as a serieSi gives 



= 1 +Sir,. (Xu X,) hr (X, Xi), (by Lemma I.). 



Now, by Lemma IV., 



(Af.) (A, A,) (A. A,) 
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(A,A,)',(AX,,,)"(Aij'(A,A,) 



(A,A,)'(AA,,,)-(AA,)(A,A,) 



[by § 1, (5)] 



CAA,)CA 






(U.A,X.> 



(,AA,)(AA,XA,AJ(A.A,) 



[by §1,(6)]. 



Ifence 



rAA,A,X,) 



(AA,K^.)(\A,;(^,A,) 



= 1 + 77, (A,, A.) A, (A, A ,) + ff, ( A„ A,) 7,, (A, X,) + . . . 

(1). 



If in this identity we write 

X = are**, X, = ice""*, X, = e*', X, = e"**, 
we easily obtain 2 (1), on p. 176 of this volume. 

3. Let ns consider now the result of evaluating 



• 1 



(X^x)*(X,X,)(X,X,)(XjXj' 



which, by Lemma I., 



= i+SF,(x„x,,xori,Q.,KV ^R«^\^^' 
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By Lemma IV., we get 



1 



(\^\) ' (AX,„0 " iKK) ' (XX,.;,) ' (A«,) ' (A,XJ 



\/ \ \/\\ \ ^ ^ ^° *^® preceding section, 



(A,\,) • (AX,,,) • (\,A,)(A.\)(^.) 

1 /li ^^« n I 1 fXX,X.X«) 

(AA.)(\X,) I ^ 1- 5 "' -^ ••• / (\X.)(X,\) 

^ fxx.x.x,') / 1 . (1 -x,x.)a-XiX, ) , •» 

(XX.)(A,X,)(A,X,)(X,X«) \ ■^(l-g)(l-XX,A,X,) '^^"}' 

This lasfc series is usually called a.Heinean series, and has been 
very f ally discussed in Heine*s KugelfunctiOnen^ nnder the symbol 

Ueine there shows that 

[a, 6, c, q, x] = ^^^^C ^ { p ^' ^^' 5^» ^ } » 

and, by transforming the latter series by continual application of the 
same formula, he obtains a large series of equivalent expressions. 

They may all be easily proved by considerinjjf the symmetry 
existing among A«, X,, X^ in the above expression, and by the symmetry 
in X and X^, but ho docs not establish the connection between 



and 



<p [XjX,, XjX^, XXjXjX^, 9, XX,} 



By writing X = e**, \ = e"*', we may write the above relation in 
the form 

^ (Xje-", \»-", X.X„ q, X,e"] (X,e")(X.X,) 



{ 1 +^, (e)E,(x„ X,, X.) +^,(e)H,(x, x,,x.) +...}, 



P(X,)P(X,)P(X,) 



a result first obtained on p. 175 of this volume, where a definition of 
^,.(6) is al^^o given. 

By putting X^ = 0, we, of course, return to the formulae in the 
last section. 
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4. If in the formala § 2 (1), we pat A, = /lc, X, =: f, X = e*S 
X, = e"**, we get 



where 



l+2fc'fir (/!,!') = 



(k,iKky) 



, This leads to an eqnation connecting the product of any two of tho 
^'s with a linear function of the ^'s. 



Fur we have, since 



= 1 + 



^1 (») + .... 



-P(/') "1-? 

Equating coefficients of /iV, where, say, «>r, we see that 
.^^At^tA^= ^...W{coeff.of,iVinff„.0',O} 

+ JZ^^— « W {coeff.of ^'->^-'infl,,.., (^, ,>)] 



+ ... 



+ (T^ ^-'(^^ ^'^*- °^ '^"' '" ^-' ^' "^i • 



From this we see that no absolate term occars nnless r = «, in which 
case the absolute term in A,(B^ is (1— 9O • (1). 

These results lead to a very interesting formula expressing the 
quotient of any series K^'\-K^A^{^)-\-K^A^[fi)'\- ,.. by the product 
P(A). 

Let this quotient, i,e. the product of the JET-series with 



be denoted by 



(1-9')!' 
£o+L,i4, («) + .... 



In maltiplying these series, we get a series of terms oontainiog 
products of the form A, (tf) A, (0). 
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By (1),. however, we easily see that the absolute term 

Lo= A'o + -?^i^+^j^'+ 



(2), 



which may be called the generating function of the K series, and it 
is obvious that the generating function in X of the .K'4 series. for 
1/P (Xj) P (X,) ... P(:K) is symmetrical in X, X,, X^ ... X^, since it is the 
absolute term in the expansion of 1/P (X) P (X^) P (X,) ... P (X^). 

The following coefficient may be expressed in a very simple sym- 
bolical form involving the operation ^. 

Now, supposing the K*b not to contain X, wo see that 



Bnt 



= (2coB«-X> {£,+£, J, («) + ...}.< 



Equating coefficients of A„ we get 



Thus 



(l-g)L, = (X+5)i., 



(3). 



(l_y)(l_5»)i,= XL,-(l-3)L„+(l-3)5L, 

= (\' + XS) L,-(l-q)L,+L,-qnL,+ S'L, 
= (X'+XJ) L, + qL,-q {L,-XBL,) +^1^ 

= x%+(i+3)xaz:,„+a«jDo. 

That is, L„ Lj are easily seen to be the if, (X, S) It, and JT, (X, i) L, 
where U has the meaning assigned to it at the beginning of this 
paper. It must be noticed, however, that X and i are not inter- 



o> 



• For 



v^w=^+^f;^^ 



therefore 1 /P (Ay) - ( 1 - 2A cos + A^) / P (\) - 1 + 2 ^^^J-duM, 

EquaiiDg coeiRciQut of A**+*, wo get the rolaUon roq^uircd. 



r^-^ I iii^u^-^ 
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cliaugcable^ since ^ operatda on X, bat that'X mast precede i in all the 

terms. 

Wc may now establish the general term L^ by indaction. Assame 

■ • • • * • 

Lf, = Mr (X, ^) Lq, for all values of r up to r (4). 

Then (l-g-*0 ^r.i = (X + ^) H, (X, S) L.Sr.i (X, ^) Lo- 
The coefficient of X^a* in Hr (X, 5) is 



where 



(l-2»)!(l-5">!' 



m + n = r. 



Now ax-ay (X) = x—^jy (X)-x-^'g-'ij37 (x) 

= X— **•/ (X) -g- {X— *a7 (X) - x-8"+7 (X) } 

= (l-g'")X-*a7(\)+g'!'X"'o-7(X). 

The first of these terms obviously cancels with the terms containing 
X"*"*^ in H^^i (X, 6), so that we get 



X'^^^'Lr 



= (l-g'*»)fl;,,(X,J)i,. 

But we have established the trath of (4) for r =s 1, r == 2. It is 
therefore true universally. 

Wo may conveniently state the result thus : — 
{7^+£:i^,(^) + AVi,W + ...}-^(l-2Xcostf + X')(l-2Xgcostf+XV)... 



^ (^n 



{K,^K,\^K,\'+.„] 



= [i-hir,(x,a)j,(d)+ir,(x,a)^,(tf) + ...}(^,+ir,x+...)...(5). 

The generating function of 
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expressed in powers of k^ is found by writing If for Af {$) in the 

righi-hand side of (5). 

This is [i-^kH, (X, i)+VH, (X, 3)+...} (Jr,+ir,x+...) 

If, then, the generating fanction of a series in A ($) be known, we 
have a convenient symbol for the generating fanction of the series 
divided by P (X). 

5. Now we have seen that ^ \ p ^~\ ^*^ * generating fanction 
(say in ascending powers of XJ, 

Hence the generating function in X of 1 /P (X,) P (A,) P (A,) 

_ 1 _1 1 

(XX,)-(X5.)(X.X,)(\,A.){A,A.)' 

which, by § 2, reduces to 

(XX,X,X,)/(U,)(XX,KXX,)(X,X,)(X,X,)(\X.), 

a symmetric fanction in X, Xj, X,, X,, as, by § 4 (2), we should expect 
to have, since the generating fanction in X is the term independent 
of the ^'s in 1 /P (X) P (X,) P (X,) P (X,). 

This result may be stated thus : — 

j^xyp'(^)P(^!) = i+sH.(x.wx„ A,A)^,(«). 

6. Similarly, we may find simple expressions in series for the 
generating functions in X of 1/P (Xj) P (X,) P (X,) P (X^) and of 

1/P(X,)P(X,)P(X.)P(\)P(X,). 

Calling these functions 0^ (X) and ^5 (X) respectively, we get, by 
■§ 4 (6), 

,. (x)(XA)(XA.)(X.x.) = ^^ . ±-^ . (,,^^;^^^, 

= (-^-(-j^{l + SH,(X,X.X./X,.X.,X.)X:} [see §1(2)] 
= ?TrN U + 5 ^' ( V.XJX,, X,, X,) K {K K) ] , by Lemma I. 



H^.-^. 
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We may, howerer, also write these expressions in the form 

(U.) • (X.A,) • (XA,,.) • (Xi.) • (XA)(AA) ^ ^ ^^ 



Now, the effect of operating with 



tained bj consideration of the coefficient of x^ iu 

1 ^_JxXX^ 



on h^ (X, Xi) is easily ob- 



which is 
Hence 



(AA,,,) • (a;\)(a!A,) (a:A)(«A,)(AA,) ' 
1 



(AA,) 



fc,(AAA/A,X,). 



(AAO(A.A,)( V) . ( V,)( V«)(^«A,) 

X {l+Sir,(A,AA/A,.X,) A,(AX,A,/A,X.)}. 



By 4, § 2, wo have seen that ^4 (X) is symmetrical in X, X,, X,, X,, \, 
so that, by an interchange of snffixes, we geC a rather more con- 
venient form, 

(u,)(xx,)(xx,)(xx.)(x.x,)(XA) ti+S^r(xxAA., *,) fc, (xxa/a,. K)}, 

in which X is brought more into prominence. 

Equating together these nosjm metrical expressions for tho 
symmetrical ^4, we get a series of identities connecting series bailt 
up of pairs of expressions such as H^(XXjX,/X|, X,). 

Again, *.W(AA)(V.)(^A) 

^ (W ■ (VO ■ (XAO ^ ^ "*" ^ ^^ ^^*^* ' ^' ^' ^*^ *' ^^ ^'^ ^ 

{ 1 + 2 Jf, (XAXJ^. X,, XJ A, (X, X.) } 
(by Lemma IV.) 



(X,X.)(AA,) • (AX.,,) • (X,i,) 

1 1^ 

(V.)(AA,) • (XA.,.) 



{ 1 + 2ir,(XAx./x„ x„x.) K {K K \)} 



(X.X,)(AX,)(U,) 



[ 1 + 2 ZT, (XAAJA,, A., X,) A, (XX,X,/X, Xv» A^\ v 
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by the same principle as in the previoos sec^bion, 

*5 W = ^ 



(A^)(X^,)(X,X,).(XX,)(\A,)(V) 

X {l+2fi;(A^JA^X„X^i,(AX,X,/XAA)}. 

Here again we get an only partially symmetric series for the entirely 
symmetrical fnnction ^5, so that, by interchanging suffixes, we get a 
set of transformation- formulae connecting Buch series in general. 
These transformations bear a kind of analogy to Heine's. 

7. Difierence equations for generating functions. 

It has been shown that the generating function of l/P{\)P{^r) 
and l/P(Xi)P(X,)P(X,) may be coaveniently expressed as infinite 
products. It is not, however, possible so to express the generating 
functions of 1/P (Xj) P (X,) P (X,) P (X^), Ac., but by a simple process 
we may obtain successively functional equations which such generating 
functions satisfy. 

The giBnerating function, ^, (X) say, in X, for l/P(Xi)P(X,)P(X,), 
found above, in § 5, evidently satisfies the functional equation , 

^.(X)(l-AA,)(l-XX,)(l-AX,) = ^(XjXl-XXjX^) (1). 

Now, 0, {Xq) can be made to depend on ^^, (X), while the latter may 
be made to depend on the coefficient of k in the ^-genenikting function 
for 1 /P (X) P (X,) P (X,) P (X.), by § 4. 

If we call this latter generating function 

1— g 

the relation (1) can be transformed into an equation connecting K^^ 
and Ki^ which will be symmetrical in X, Xj, X,, Xg. 

We get from (1), 

= (l-XX,X^)a^,(X). 
Now, by § 4 (3), 08 W = ^0, and (X+a) 0, (X) = K, ; 

whence iPi''Pi)^o = (l-pJ-^i (2), 

where p^^ p^, p^ arc the coefficients in the equation whose roots are 
^f ^11 ^9 ^y 
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From (2) we shall easily derive a connection between the first thre'o 
coefficients of the generating function for 

1/P(\)P(X,)P(A,)P(X.)P(X.), 
which may be reduced, by § 4 (5), to a functional equation in ^^ (X), 

Now, by § 4 (6), we have seen that, if 

be the X-generating function of 1 / P (Xj) P (X,) P (Xj), then the k- 
generating function of 1/P (X) P (X^) P (X,) P (X,) is 



(itX)(W) 



and that 
Now 



9 



Lo = Z^,-f-iii-X+... = 



'• 1-9 '(^OM)"" 



(3). 



(xxixar)^^= (lu^ ^^^-^^'^ ^- ^y § ^ (^)' 

= (xx^xx^^O ^«+ (uo(X5^o ^''^ (xxjcxao ^^^^ 

(by Lemma III.) 

-— X^ jr- i\T J_ 1- X0| ^ _j 1 1?- 

(XA,)(X25,) '^ '-' A • (XX.)(XS,) "'•'^ X (U,)(X«,) -^' 

= (Ax^xx^) ^•- x(xx,)(X2;.) ^"^ T^''+ T ^» 
= ~ xlx^xxgao ^. + ^^. + X ^» 

= (X+i)L.=:L,. 

Similarly, if we assame 



(U,)(X^.) 



K = Lr 



(4), 



wc can prove inductively by precisely similar steps ; and, remember- 
ing that, by § 4 (3), 
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sinoe we have replaced K^hj Kr/{l-'q'')U ^aid ihal a similar equa- 
tion in the L^a holds good, we get 

Hence (4) holds good for all valaos of r. 



Again, 



(^i)M) 



\Kr = 



K 



{XX,) (Xq^,) 



= XL,-f 



\ 



1-XXj 



Kr-^-XLr (bj Lemma III.) 



riLr 



_ (X-hX.)L,~XX, {L.,t -h(l-gOi^.- i} 
■" 1-XA, 



...(5). 



We are now in a position to derive an eqaation connecting L^, L„ L^. 

1 



Operating with 



(AX,)(H) 



on the equation 



{Pi-Pz)K.-{l-p,)K, = 0, 



where now /?„ p„ p^, K^ K, refer to Xj, Xj, X,, X^ instead of to X, X„ 
Aj, X,, we see, by the help of (4) and (5) and § 4 (6), that 

(1- V«-XA4-x,x,) {(x+x,)Lo-^iA} 

+ Xo(l-XX,)(X,+X,+X,-X^,)-(l-XXj)L. 

-fX^X,[(X + X,)L,-X,X,L,-\,X,(l-g)Lo} =0, 
which easily reduces to 

(Pi-Ps+/'59)^o-(l-i>4)-^i-l>5^8 = (6), 

where now j9„ /?„ ^4, 2^5 are coefficients in the equation whose roots 
aro A, Aj, X,, X,, X4, so that /?i = X-|-Xj-f-Aj-|-Aj-f X4, &c. 

Replacing Xo ^J 04(X), A by (X-h^) 0^ (X), Ac, by § 4 (5), we get 
(l«XX,)(l-XX,)(l-XX,)(l-XX,)^,(X) 

- {l-hXiX^X,g-»-X (X,X,X5-hAiX,A, + A,A,X,-fX,A,A,) 

+ X'(H-<?)X,X,X,X,}0,(A(7) 

-fx,x,x,x,9->,(Xa^)=o (7), 
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a fanctional eqaation determining the generating fnnetion of 
1/P(X,)P(A,)P(X,)P(X4), and identical with the expression given 

in §6. 

Again, if we increase by nnity all the suffixes of the X's involved 

in (6), and operate on the eqaation with , we shall get a 



relation connecting Ifg, lf|, lf„ lf„ where 



(AA.)(Xa,) 



1-3 



is tbe generating fnnetion of 



1 /P (X) P (X,) P (X,) P (X,) P (X.) P (X,). 
This is found to be 

(l'i-i'5+l>69)^o-{l-l'4 + ? (1 + 9)^0} -afi--M,P5+-^«P(i=0...(8), 
where . |?i = X + Xi+Xj-hAj + X^+Xj, &c. 

This can be reduced to a functional equation connecting ^^ (X), 0, (X^), 
^5 (Xr/). and ^ (X9»). 

It will be easily seen, moreover, that, since the ^'s only contain \ 
to the first degree, we can always derive new equations of the type of 
(6) and (8) by help of (4) and (5), and will obtain linear relations 
between a finite number of coefficients of the generating functions, 
there being r—1 coefficients in the case of l/P(X)P(Xi) ... P (X,). 
These will be multiplied by linear functions of the symmetrical 
functions of X, X^, ... X,,. 



[8. 3 J employing an operative symbol i defined by the equation 

a/(x)=/W::/l^), 

A 



SO that 
and 



l\r^krir^^) = \-i^c-» (1-g-), 



^ (1-5')! t l-fz (l-5)(l-2«) » 3 

= coof. of a;*" in (— X5a:)(— X^gaj), 
we Kce that (•— X(y^j)(— X,Xj<7) = (—XX^ /][)(— X^X^^q^ ,,..,. 






^^^ 
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Moreover, corresponding to Lemmata II., Ill , and lY., in § 1, we get 

(2), 






(-V,)(X,-x)^(x,) = ^.(-W.)^(M (3). 

and (-X3«,)(-X,;iff)^(X,) = (_A,iU9)(-^) (-Xg^O^CM ... (4). 

By the help of these results we deduce that, if B^ {0) be defined by 
the equation 

then P(-a;<z, e4-0)P(-a!9, 0-^)/(»'g) 

_ 1 . AWJ^i (^) q'' . B, (6 ) B, (» ) 3 . 



and that ^M^zMLPf-X.l) PXttM) 



= H.2F,(x,7, x,7, Kq/K\Kq)r'''''''i^rie), 



corresponding to § 5. ] 



Note on some Properties of Gauche G nines. By T. R. Lee. 
Received June 1st, 1893. Read June 8th, 1893. Received 
in revised form October 7th, 1893. 



1. If a system of quadrics pass through seven points taken 
arbitrarily in space, they have also one other point common 
(Salmon's Geometry of Three Bimcr.sions^ p. 91, first edition, pp. 97, 
98, third edition). 

This eighth point might bo called the eighth point homologous to 
the seven given points, while the system of eight points might be 
called eight homologous pomin. 



— 1 -■ -,' tr 
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It is the object of this note to prove, by purely geometrical 
methods, 

(1) the existence of the eighth homologous point, in a certain 
class of cases, 

(2) certain properties belonging to snch a system of eight 
points, and 

(3) two properties of ganche cubics — one of them analogous 
to Desargnes' theorem, that *' a chord of a conic is cut in invo- 
lation by the opposite sides of an inscribed qnadrilateral '* ; the 
other property being the converse of the first, and affording ns 
a test by which we may determine whether a given line is a 
chord of a given cubic or not. 

It will be found that the theory of eight homologous points is 
closely connected with the theory of gauche cubics. 

2. As the demonstrations in this paper are to be purely geometrical^ 
we are not at liberty to d|some the theorem stated above relating to 
a system of quadrics passing through seven points. We are obliged, 
therefore, to put the definition of an eighth homologous point into a 
hypothetical form. We shall use the following definition :»* 

Def. I. — If three quadrics pass through seven given points in 
space, and if they have one, and only one, other point common, this 
eighth point is called the eighth homologous point with respect to 
the seven given points and the three given surfaces. 

It is convenient, also, to use the following definitions:— 

Def. 2. — When a system of six points in space is given, if we draw 
a plane through any three of them, and then draw a second plane 
through the three remaining points, these two planes are called a 
pair of opposite planes of the system. 

Thus, if the points be 1, 2, 3, 4, 5, 6 ; then 235 and 461 are oppo- 
site planes, and 345, 612 are opposite planes, &c. 

Def. 3. — Given a system of points, the line joining any two of 
them is called a line of the system. 

Def. 4. — The plane determined by two successive sides of a gauche 
polygon is called a face of the polygon. 

The polygon, therefore, has as many faces as it has sides or 
comers. 

VOL. jxiv.^NO, 472. 2 k 
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DifiF. 5.^-- A dii^nat plane of a poljliedroii is any pla^e. deter- 
mined by three of the corners which are not in the same face. 

4 • 

3. Thus, in a gauche hexagon 123456, the faces are the planes 
123, 234, 345, 456, 561, 612. The opposite faces are 123, 456 ; 234, 
661 ; 345, 612. 

There are two triplets of alter- 
nate faces : 123, 345, 561, which 
intersect inp; and 234, 456, 612, 
'which intersect in p\ The whole 
^gnre forms a hexahedron, whose 
opposite faces are the same as the 
opposite faces of the hexagon. 
The points p, p' might be called 
the poles of the hexagon. 

If we take the pair of opposite 
planes 135, 246 (Def. 2), deter- 
mined by the two sets of alternate 
corners of the hexagon, we have 

a system of eight planes forming an octahedron ; the foar pairs of 
opposite faces being 123, 456 ; 234, 561 ; 345, 612 ; and 135, 246. A 
plane such as 124, which is not a face of the octahedron, bat which 
parses through three of its comers, is one of its diagonal planes ; and 
ibe opposite diagonal plane is 356. 

' It is easy to see that there are altogether ten pairs of opposite 
planes determined by a system of six points, and therefore an octa- 
hedron has four pairs of opposite faces, and six pairs of opposite 
diagonal planes. 

4. Whenever the term " hyperboloid '* is used in this paper, what 
is meant is " hyperboloid of one sheet." This will include a ** hyper- 
bolic paraboloid,*' which is nothing but a hyperboloid of one sheet 
having one generator at in6nity. 

A hyperboloid is the locus of lines which intersect three fixed 
lines. From this definition is easily deduced the anhannonic 
property thi\t " A hyperboloid is generated by the intersections of 
two homographic systems of planes, which turn round two fixed 
lines " (Chasles, Oeometrie Superieure^ Chap, xx., No. 411, 1" Edition ; 
No. 420, 2'»* edition). 

If the two fixed lines intersect each other, the hyperboloid becomes 
a cone ; and a cone is, theteiore, genero^ted by the intersections of 
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two homograpbic systems of planes, which tnrn round two fixed in* 
tersectiug lines. This property of a cone of the second degree maj 
be regarded as a consequence of the anharmonic property of a conic, 
namely, that ** A conic is the locas of the intersection of two homo- 
graphic systems of lines, which turn in one plane round two fixed 
points." Now the anharmonic property of a conic can be expressed 
in this way : '* The anharmonic ratio of the lines joining a point on 
a conic to four fixed points on the carve, is constant.'* 'And, in- the 
same way, the anharmonic property of a cone of the second degree 
may be expressed thas : *' The anharmonic ratios of the planes 
determined by a generator of a cone of tbe second degree and four 
fixed generators of the surface, is constant." 

5. If 1, 2, 3, 4 are four points in a line, then (1234) denotes their 
anharmonic ratio. If I, 2, 3^ 4 are any foar points in space, and L 
is any line, then L (1234) denotes the anharmonic ratio of the four 
planes LI, L2, X3, L4. 

§1. 

6. Lemma A, — The intersection of two quadrics is a qu^tic curve. 
A quadric is a surface which is met by any straight line in two 

points ; and, consequently, its intersection with a plane is a isonic. 
Draw any plane intersecting the two given quadrics in two conies. 
These two conies interse.ct in four points (Gh'asles, Traite deSiSMions^ 
Coniques, Chap, xiii., Nos. 328, 335) ; these fou.r pojnts are pommon 
to the two quadrics, and, therefore, lie on their curve of intersection. 
Therefore every plane meets the curve of intersection of two quadrics 
in four points, i.e., the curve of intersection is a quartic. 

7. The intersection of two quadrics is not in all oases a proper 
curve of the fourth degree. It may break up into four lines. Thus 
two hyperboloids may pass through a gauche quadrilateral. Again, 
if the two quadrics are ruled surfaces, and have a common generator, 
their intersection consists of this generator and a gauche cubic. 

It is worth noticing here that every gauche cubic may be con- 
sidered as the partial intersection of two quadrics having a common 
generator. For the cone containing a gauche cubic and having its 
vertex on the curve is easily seen to be a quadric, and the intersec- 
tion of two such cones is the cubic itself and the common generator 
joininof their vertices.* 

* Hence we infer that only one gauche cubic can be described through six given 
points ; or, six points determine a gauche cubic (Salmon, Oeomtir^ of Thre4 JJimen' 
«ion«. No. 302, first edition ; No. 366, third edition). . 

2 1.1 
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Henoe, with the help of the anhannonio pn^)ertie0 of oonea and 
hyperboloids, it is easy to show that a hjperboloid can be onnstrooted 
which will pass throogh the gaache cubio and bare any two gixen 
chords of the curve as generators of the same sjatem ; from which it 
follows that a gaache cabic may be considered aa the partial inl e r e eo 
tion of two hyperboloids, or of a hyperboloid and a cone. 

8. Lemma P.— Through seven points in space it is, in general, 
possible to describe an infiuite number of hyperboloids. 

If the seven given points are 1. 2, 8, 4, 5, 6, 7, and if we take *any 
two lines of the system 12, 34 as fixed axes, and draw two variable 
planes ir, ir passing, respectively, through 12 and 34^ in such a 
manner that the anharmonic ratio of the four planes 125, 126, 127, 
and IT is equal to the anharmonic ratio of the four planes 345, 346, 
347, and v\ the locns of the intersection of ir and v will be a^hyper- 
boloid passing through the seven given points (No. 4). 

Next, let L be any line drawn through one of the points 1, and let 
us examine if it be possible to draw a line M through 2, so that the 
system of planes LS, £4, Lb, L6, L7 may be homographic with the 
system 3f3, 3f4, Mb, M6, 3i7. Using the notation of No. 5, we are 

^^""^ L (3456)= If (3456), 

and also L (3457) = M (3457). 

The first equality shows, since L (3456) is given, that M (3456) is 
given, and, therefore, 3f is a generator of a known cone of the second 
degree, having also 23, 24, 25, 26 for generators (No. 4). The second 
equality shows that 3f is a generator of a known cone having 23, 
24, 25, 27 for generators. Now two cones having a common vertex 
have four generators common, because their sections by any plane 
have four points common ; and these two cones have three generators 
common ; therefore M is their fourth common generator. And it is 
easy to determine (by a construction with the ruler alone) the fourth 
point of intersection of the two conies which are the sections of 
these two cones by the plane 345. We can thus determine M with- 
out difficulty ; and it is evident (by No. 4) that the hyperboloid 
having L and If as generators, and passing through 3, 4, 5, will also 
pass through 6 and 7. In what follows we denote by (ab,a'h'){Ci c', x) 
the hyperboloid having the lines ab, ah' for generators of one system, 
and passing through the points c, c', x, 

9. JLemma C, — If a tranaveraal intersect a system of qnadrica 
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having a common tmrv6 of interaecfcion, the pairs of points in which 
it meets those surfaces are in involntion. 

For, draw anj plane through the transversal. This plane will 
meet the common carve of intersection in fonr points (Lemma A), 
and it will intersect the qnadrics in a system of conies passiufif 
through those foar points. Therefore, by Sturm's extension of 
Desargues* theorem (Chasles, TraiU des Sections ConiqueSy Chap, xii., 
No. 302), the pairs of points in which the transversal meets the 
conies are in involution. Bat these points are the points in which 
the transversal meets the qnadrics. Therefore the lemma is proved. 

Cor. 1. — If a transversal intersect a hyperboloid, the three pairs of 
points, in which it cats the surface and the opposite faces of any 
quadrilateral formed by four generators, are in involution. 

For we may consider each pair of opposite faces as a quadric ; and 
these two qnadrics and the hyperboloid have a common intersection, 
namely, the four sides of tho qaadrilateral. 

We may also prove this dinctly, 
as we proved the lemma, 1 y draw- 
ing a plane ir throagh the trans- 
versal. Thus, if L, M, L\ M' be 
the four generators forming the 
quadrilateral, and if ir meet those 
generators in a^h^c^d respectively, 
and the hyperboloid in a conic G 
which passes through a, &, c, (2 ; 
by Desargues* theorem, the three 
pairs of points, in which the 

transversal meets the conic C and the opposite sides of the plane 
quadrilateral ahcd^ are in involution. Now the points in which the 
transversal meets G are the points in which it meets the hyperboloid ; 
and the points in which it meets the opposite sides of the plane 
quadrilateral ahcd are the points in which it meets the opposite faces 
of the gauche quadrilateral LMLM* ; which proves the theorem. 

We may also deduce this corollary dii^ectly from the anhar- 
monic property of a hyperboloid (No. 4), just as Chasles deduces 
Desargnes* theorem from the anharmonic property of conies {Traits 
des Sections Coniques^ Chap, ii.. No. 20). If we conceive two planes 
turning round L and Z', in such a manner as to always intersect in a 
second generator of the surface, they will form on the transversal 
two homographic systems of points, wlioa^ d.Q\xyA<^ '^\xi\»'^ e> ^ V^^s^ ^"^ 
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iinaginary) will be the points of the liyperboloid sitaated on tlie 
transversal. Now, if the transversal 
cnt the two pairs of opposite faces of 
the quadrilateral in 2, V; m, in re- 
spectively, I, m and m% V are two 
pairs of corresponding points of the 
two bomographic systems on the 
transversal. Therefore, the three pairs 
l<,t \ m, m\ and e,/are in involution 
{OeomStrie Superieure, 259, 1" Edition, 
267, 2~ Edition). 

Cor. 2. — Conversely, if a transversal meet a liyperboloid in a point 
e, and the opposite faces of a quadrilateral formed by fonr generators 
in Z, r and m, rn ; and if we take / the conjugate of e in the involu- 
tion determined by It and mm\ then/ also lies on tbe byperboloid. 

Cor. 3. — Given a gauche 
bexagon ahcab'c\ and a trans- 
versal xy (meeting its faces, not 
its sides, as in a plane polygon), 

if ah (ccxy) = ab' {ccxy\ 

then the points a;, y and the 
two pairs of points in which 
the transversal meets the oppo- 
site faces cah^ cab' and abc, 
ah'oy are in involution. 

Let xy meet the planes abc^ 
a'Vc\ abc, ah'c in /8, p>\ a, a', respectively. Then 

{fiaxy) = {afi'xy). 

Now an anharmonic ratio is not altered by interchanging two of the 
four points, lines, or planes, which determine it, provided the two 
other points, lines, or planes are also interchanged ; and therefore ' 




Consequently 



{(iaxy) = (a/3t/a?). 



and therefore the three pairs of points «, y; a^ a \ /J, /J' are in in- 
volution. 

Otherwise^ thus : — Draw If, M* &to\v^ c, i x^^^^^vr^ly^ to meet 
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ah and ab\ Then (Lemma 6) a hyperboloid can be described, having • 
a&, ab' as generators, and passing throagh e, c , and x ; and, si^ice 

ab{ccxy)=i aV {ccxy)i " 

it will also pass through y. Therefore, by Cor. 1, the pair of points 
X, y, and the two pairs of points in which xy meets the opposite faces 
of the (^nadrilateral formed by ah, My a'h\ IT, are in involution. Bat 
the two last pairs of points are the points in which o^y meets the, 
opposite faces cab, cab' and ahc, ab'c of the hexagon. The corollary 
is, therefore, proved. 

Gw. 4. — Conversely, if xy and the two pairs of points, in which xy 
is cat by the opposite faces cah^ cab' and ahc^ ab'c of the hexagon 
ahca'Vc\ are in involution, then 

ah {cdxy) = a'b' {cc'xy). 

This is seen to be trae by reversing the steps of the first proof of 
Cor. 3 ; or it may be deduced from Cor. 2, as Cor. 3 was deduced 
from Cor. 1. 

10. Lemma D, — Given a gauche hexagon abcaVc\ and a transversal. 
xy meeting its opposite faces in a, a' ; /3, /3' ; y, y' ; if 

ah {cc'xy) = a'6' (cc^xy)^ and be {aaxy) = Vc (jaa'xy) ; 

then ca' (bb'xy) = c'a {bh'xy). 

By Lemma C, Cor. 3, aa , /8/3', acy are three seg- 
ments in involution ; and /3j3', yy', xy are three 
segments in involation ; therefore yy', aa\ xy are 
three segments in involution ; and therefore, by 
Lemma C, Cor. 4, 

ca' (bh'xy) = c'a {bh'xy). 

Cor. 1. — Conversely, being given two of the three involutions just 
mentioned, the three equalities of anharmonic ratios hold good. For, 
from two of these involutions the third follows ; and, consequently, 
by Lemma C, Cor. 4, the three equalities of anharmonic ratios. 

Cor. 2. — Using the notation indicated at the end of No. 8, the three 
hyperboloids (afe, ah') (c, c', «), (fcc, h'c) (o, a, x), {ca', c'a) (6, &', x) 
all pass through the seven points a, 6, c, a', h', e', x ; and, if y be any 
point on the intersection of two of them 

{ah, a'b') (c, c', x) and (5c, h'c) (a, a', x)^ 




360 Mr. T. R. Lee on [Jiine 8, 

we have the two equalities 

ah {ecxy) = ah' (ccxy) and he {aaxy) = h'c (cMxy) ; 

therefore, by the lemma, we have also 

ca' (hh'xy) = ca (hh'xy)^ 

and, consequently, y lies also on the third hjperboloid (ca', ca){hf h\ x). 
The three hjperboloids have, then, a common intersection, which 
(Lemma A) is a qaartic curve. 

11. Lemma E, — If two quadrics have a common generator, their 
intersection consists of this generator and a cubic curve, and the 
common generator is a chord of the cubic (No. 7). 

It is a known theorem that a cubic lying on a hyperboloid meets 
the generators of one system once, and those of the other system 
twice (Salmon, Geometry of Three Dim4tnston8, No. 303, pp. 242, 243, 
first edition ; No. 366, p. 305, second edition). The present lemma 
follows easily, as a limiting case, from that theorem. As, however, 
the lemma is important, a proof is here given in fall. 

Let Z be a generator common to two h jperboloids Hi, H^ ; Z,, Z, 
generators of the same system as Z in H„ H^ respectively. Draw 
any plane t through Z, and let tt,, it, be the planes through Zj and Z, 
corresponding to w in the homographic systems which determine 
Hi, H^ respectively ; so that M^, the intersection of tt and ir„ is a 
second generator of Hi ; and Jf,, the intersection of ir and ir,, is a 
second generator of H^. Let Mi, 1/, meet Z in 2|, Zj, respectively. 

Then Mi and Af,, being both in one plane ir, intersect each other 
in a point p. Now the section of H, by ir consists of the two lines Z 
and 3f„ and the section of H^ by ir consists of the two lines Z and AT,. 
The point p and the points of the line Z are, therefore, the only 
points common to £f, and i/, in that plane. And p does not, in 
general, lie on Z ; therefore p lies on the cubic which forms part of 
the intersection of Hi and JJ,. Bat ir must meet the cubic in 
three points (one of those points being p), and those three points 
must be all common to Hi and H^. Hence the two other points in 
which w meets the cubic must lie on Z. The positions of those 
points can be found in this way : The planes ir and itj correspond 
homographically, and the same is true of the pUnes tt and tt, (No. 4) ; 
therefore the planes tr^ and r, correspond homographicully, and 
the points li and l^ form two homographic divisions on the line Z. 
The points Zi and Z, coincide at the double points of these two diyi- 
siona; and when they coincide pa\ao co\Tic\d^«> ^\Uv them. Thus the 
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CDbic cnts Z at the doable poiuts of the two homog^phic diviBions 
2i and l^. 

12. Lemma F, — Given seven points in space, 1, 2, 3, 4, 5, 6, 7, the 
three hjperboloids (12, 34)(5, 6, 7), (34, 56) (1, 2, 7), (56, 12)(3, 4, 7) 
have one, and only one, other point common (see end of No. 8 for 
explanation of the notation). 

The enunciation assames that the three hyperboloids can be con- 
stracted, that they have not a common cnrve of intersection, and 
that they do not all coincide. In general, the given points being 
taken arbitrarily, these conditions are falfilled. The conditions 
-would not be satisGed if live or more of the points lay in a plane. 
If five of the points are co^planar, every qaadric throngh the seven 
points passes through the conic determined by the five points ; and if 
six or seven points lie in a plane it may not be possible t.o describe a 
qaadric throagh them. These partic alar cases are ezcladed, and also 
those cases in which three of the points lie in a straight line. If 
foar of the points are co-planar, the hyperboloids may resolve into 
cones, or into pairs of planes. Thas, if 1, 2, 3, 4 are in a plane, the 
hyperboloid (12, 34) (5, 6, 7) becomes a cone, while the two other 
hyperboloids (34, 56) (1, 2, 7) and (56, 12) (3, 4, 7) both coincide 
with the two planes 1234 and 567. It does not follow, however, 
that three hyperboloids cannot be described throagh the seven 
points, which will also pass throagh one eighth homologous 
point (Def. 1). Thus, if 1, 3, 5, 7 are in one plane, the construction 
given below can be performed, and the eighth homologous point 
exists. We now proceed to prove the lemma. 

Let 7 A be the generator through 7 of the first system in the hyper- 
boloid (34, 56) (1, 2, 7) ; and 73, 70 be generators of the first system 
in the hyperboloids (56, 12) (3, 4, 7) and (12, 34) (5, 6, 7), respec- 
tively. 

If 8 be a point common to the three hyperboloids, and if we draw 
through 8 the generators of the second system in the three surfaces, 
these second generators will meet the first generators already drawn 
through 7. Let A, B, G be the points of meeting. Then 8P, 8(7, 
being second generators in (12, 56)(3, 4, 7) and (12, 34)(5, 6, 7) respec- 
tively, mast meet 12, which is a first generatorin both hyperboloids, 
and thus 12 lies in the plane (8B,8(7), and, consequently, B(7 intersects 
12 in a point a. Similarly, OA intersects 34 in a point B^ and AB 
intersects 56 in a point c. Hence a, 6, c are the points wl 
known planes (75, 7(7), (7(7, 7A\ (7 A, 7B^ «to c;u\»\»5 «m^ 'if ^ 
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12, 34, 56; and Ofb^e are points on the sides of the triangle ABO; 

C 




therefore A, B, G are the points where the plane of the known 
triangle ahc cnts the known lines 7^1, 7B, 7G, It follows that 8 is 
the intersection of three known planes (12, BO), (34, OA), and 
(56, AB). This is a perfectly definite constrnction, and the above 
reasoning shows that the three hyperboloids have only one other 
point common besides the seven given points. 

This construction was given by Th. Reye, in 1887, in the Journal 
fur die Mathemalik, Vol. c, p. 489 ; see also Jahrhuch iiber die Fori- 
schritte der Mathematik, Band xix., p. 637 (1887). 

13. The point 8 is, by Def. 1, the eighth homologons point with 
respect to the seven given points and the three hyperboloids 
(12,34)(5,6,7), (34,56)(1,2,7), (56, 12)(3, 4, 7). It has not been 
proved that the other quadrics, which pass through the seven given 
points, pass also throngh 8. The existence of the eighth homo- 
logons point has only been proved for the three hyperboloids just 
mentioned. 



§n. 

14. Theorem I. — The ten pairs of points in which a chord of a 
cubic meets the opposite planes of a system of six points lying on tKe 
curve, and the pair of points in which the chord meets the curvey 
all belong to one involution. 
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Let nn be a chord of tlie xnibic which passes through 1, 2, 3, 4, 
5, 6. Complete the hexahedron 123456p/>' as in the figure of No. 3, 
supra. Consider the hyperboloid through the lines pp\ 23, 56. The 
lines pi, 4y are generators of the second system, and the four lines 
23, Ip, 56, 4p' are four generators which form a gauche quadrilateral. 
Therefore, by Lemma C, Cor. 1, the points where nn! meets the 
hyperboloid, the points where it meets the planes 123, 456, and the 
points where it meets the planes 234, 561, are three pairs of points 
in involution. Similarly, the points where nn* meets the hyperboloid 
through the lines pp\ 34, 61, the points where it meets the planes 
234, 561, and the points where it meets the planes 345, 612, are three 
pairs of points in involution. 

Now, the two hyperboloids have a common generator pp'\ there- 
fore the rest of their intersection is a gauche cubic (No. 7). This 
cubic passes through the six points 1, 2, 3, 4, 5, 6, ' because they are 
common to both hyperboloids, and thus coincides with the given 
cubic, since only one cubic can be drawn through six points (foot- 
note. No. 7). Consequently, the points n, n', which lie on the cubic 
(123456), also lie on both hyperboloids, and the two involutions just 
mentioned have a common segment nW. They have, besides, another 
common segment, namely, the segment between the points where nn 
cuts the opposite faces 234, 561. Having, then, two common seg- 
ments, the two involutions are one and the same. 

Therefore, the points n, n^ where the chord meets the cubic, and 
the three pairs of points in which it meets the opposite faces of the 
hexahedron 123456^^2/, are in involution. Or, we may state the 
result thus : 123456 is a hexagon inscribed in a cubic ; if nn* be a 
chord of the cubic, then the points n, n', and the three pairs of points 
in which nW meets the opposite faces of the hexagon, belong to one 
involution. 

Every hexagon that can be formed by taking 1, 2, 3, 4, 5, 6 in 
different orders, gives rise to an involution. Now, the nine hexagons, 
distinguished by Roman numerals in the table given below, have one 
pair of opposite faces common, namely, the pair 123, 456 ; therefore 
the invol a tions determined by those hexagons have one segment com- 
mon. The segment nn' is also common to all those involutions. The 
nine involutions have, then, two common segments ; and, consequently, 
are one and the same. Now there are ten different pairs of opposite 
planes in the table, and only ten pairs of opposite planes can be 
formed from six points. The table thus indadee all Ifaa, 
opposite planes that can be formed froia ticie fax '^QRiait'*^' 
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fore, it is proved that the points n, n\ and the ten pairs of points in 
which the chord nn' meets the opposite planes of the system 1, 2, 3, 
4, 5, 6, belong to one aod the same involntion. 

This is the theorem, analogous to that of Desanraes, which we 
undertook to prove. The converse of this is given below (Theorem 
IV., No. 18). 



Hexagon. 



Pain of opposite faces, or planes, distinqruished from each 
other by numbers in brackets. 



I. 123456 


(1) 123,456; 


(2) 234, 561 ; 


(3) 345, 612 


II. 231456 


(1) 231,456, 


; (4) 314, 562 ; 


, (5) 145, 623 


III. 312456 


(1) 312,456; 


(6) 124, 563 ; 


; (7) 245, 631 


IV. 123564 


(1) 123,564; 


(8) 235, 641 


; (u) 356, 412 


V. 231564 


(1) 231,564; 


(9) 315,642; 


(2) 156, 423 


VI. 312564 


(1) 312, 564 


; (10) 125,643; 


; (4) 256, 431 


VII. 123645 


( 1 ) 123, 645 ; 


; (5) 23 J, 451; 


(10) 364, 512 


VIII. 231645 


(1) 231. 645 


; (7) 316, 452 


; (8) 164, 523 


IX. 312645 


(1) 312, 645 


; (3) 126,453 


; (9) 264, 531 



15. If we refer to the constraction of an octahedron in No. 3, we 
see that the above theorem can be stated thus : 

If the comers of an octahedron rest on a cubic, the four pairs of 
opposite faces of the octahedron, and its six pairs of opposite diagonal 
planes, determine on any chord of the curve ten pairs of points 
belonging to the same involution ; and to this involution also belong 
the points in which the chord meets the curve. 

16. llieorem IL — If the points 7, 8 belong to the involntion deter- 
mined on a chord of the cubic through the points 1, 2. 3, 4, 5, 6, every 
line of the system of eight points (Def. 3) is a chord of the cabic deter- 
mined by the six remaining points ; and the points of the system 
which lie on every such line belong to the involution determined on 
it by the opposite planes with respect to those six remaining points. 
And if we take two lines of the system of eight points, the anhar- 
monic ratio of the four planes passing through one of the lines and 
the four remaining points is equal to the anharmonic ratio of the 

four planea passing through the olYier Voi^ Wi^ Vko^^ four remaining^ 
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poiDts. The first part of the theorem may be stated more simply bj 
means of symbols, thus : 

If we express the fact, that 7, 8 belong to the involation determined 
on a chord of the cubic through 1, 2, 3, 4, 5, 6 by the opposite planes 
with respect to those points, by the symbolic equation 

(123456) = (78), 

then the numbers may be transposed in all possible ways ; so that 
we may write, for example, 

(712456) = (38). 

First, any side 12 of any one of 
the hexagons determined by 1, 2, 
3, 4, 5, 6, is a chord of the cubic 
(345678), drawn through 7, 8 and 
the remaiuing points of the 
hexagon. For 7, 8, the points 

where the line 78 cuts 126, 345, and the points where 78 cuts 312, 
456, are three pairs of points in involution. Therefore, by Lemma G, 

^®^* ^' 12 (3678) = 45 (3678). 

Similarly, 12 (4578) = 36 (4578). 

We can, consequently, describe a hyperboloid having 12, 45 as 
generators, and passing through 3, 6, 7, 8 ; and another hyperboloid 
having 12, 36 as generators, and passing through 4, 5, 7, 8. These 
two hyperboloids have a common generator 12, and the remainder of 
their intersection is the cubic (345678) ; therefore by Lemma E, 12 
s a chord of this cubic. 

Secondly, the points 1, 2 belong 
to the involution determined on 
the line 12 by the opposite planes 
with respect to 3, 4, 5, 6, 7, 8. 

For 7, 8, the points where the 
line 78 cuts 342, 156, and the 

points where 78 cuts 134, 256, are three pairs of points in inyolntion. 
Therefore, by Lemma C, Cor. 4, 

34(1278) = 56 (1278), 
which may also be written 

34 (7812) = 56 (7812). 
Therefore, by Lemma C, Cor. 3, the points l^ ^ \M\oTi%\A^3Br 
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tioD determined on tlie line 12 by the two pairs of planes 348, 567* 
and 347, 568, t.e., to the inyolation determined on 12 by the opposite 
planes with respect to the six points 3, 4, 5, 6, 7, 8. 

Thus, from the symbolic equation 

(123456) = (78), 

we dednce (345678) = (12), 

where the numbers which appear on the right-hand side of the 
second equation are both taken from among the six numbers which 
appear on the left-hand side of the first equation. Similarly, from, 
the second equation, we deduce 

(124568) = (37). 

Here one number on the right-hand side (7) originally stood on the 
same side in the first equation ; while the other number (3) originally 
stood on the left-hand side. 

Hence it is clear that we may transpose the num- 
bers in all possible ways. This proves the first 
part of the theorem. To prove the second part : 
Take any two lines of the system, 34 and 56. Then, 
by what has been just shown, 1, 8 belong to the 
involution determined on the line 18 by the two 
pairs of planes 347, 256 and 234, 567. Therefore, by Lemma C, 

^^^' ^' 34 (2718) = 56 (2718). 

Similarly, the theorem can be proved for any other two lines of the 
system. 

17. Theorem III. — If 8 be the eighth homologous point (Def. 1) 
with respect to the three hyperboloids (12,34)(5,6, 7), (34, 56)(1, 2, 7), 
(56, 12) (3, 4, 7) (see Lemma F), then 78 is a chord of the cubic 
(123456), and the points 7, 8 belong to the involution determined on 
the line 78 by the opposite planes with respect to 1, 2, 3, 4, 5, 6. 

iFor, by supposition, 12 is a generator common to 
two of the hyperboloids. Therefore, by Lemma E, 
12 is a chord of the cubic which forms part of the 
intersection of those two hyperboloids. Now, both 
hyperboloids pass through 3, 4, 5, 6, 7, 8 ; therefore 
the cubic passes through those points ; and thus 12 
28 a chord ot the cubic (345678). 
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Again, bj the anbarmonio property of byperboloids, 

34 (7812) = 56 (7812) ; 

therefore, by Lemma G, Cor. 3, the points 1, 2 belong to the involu- 
tion determined on the line 12 by the pairs of planes 348, 756 and 
347, 568, i.e., by the opposite planes with respect to the system of 
points 3, 4, 5, 6, 7, 8 (Theorem!.). 
Thus we have the symbolic equation 

(345678) = (12) (see No. 16) ; 

and therefore (123456) = (78), 

or the line 78 is a chord of the cubic (123456), and the points 7, 8 
belong to the involution determined on the line 78 by the opposite 
planes with respect to 1, 2, 3, 4, 5, 6. 

Oor, — ^If 7 lie on one of the planes determined by three of the points 
1, 2, 3, 4, 5, 6, then 8 lies on the opposite plane. 

18. Hieorem IV. — If a transversal cut the opposite faces of an 
octahedron in four pairs of points belonging to one involution, then 
the transversal is a chord of the cubic detei*mined by the six comers 
of the octahedron. 

This is the converse of Theorem I., and is the Becond property of 
gauche cubics which we undertook to prove (see No. 1). 

Let the transversal meet the planes 612, 345 ; 
123, 456 ; 234, 561 ; 135, 246 (see figure No. 3), in 
the points a, a; h, 6'; c, c'; d, d\ respectively. 
Then, because cZeT, lh\ cc are in involution, we have, 
by Lemma C, Cor. 4, 

23 {UddT) = 56 (liddy 

Similarly, because dd\ cc\ aa are in involution, 

34 {25dd') = 61 {2bdd') ; 
and, because dd^, ad, hV are in involution, we have 

45 (36(W') = 12 (36cW'). 

Hence, using the notation given at the end of No. 8, the three* byper- 
boloids (23, 56)(1, 4, d\ (34, 61)(2, 5, d\ (45, 12)(3, 6, d\ which all pasa 
through the seven points 1, 2, 3, 4, 5, 6, and d, and have a commoai 
intersection (Lemma D, Cor. 2), all pass through cT. New thit 
common intersection is a quartic curve, which ui« 
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the plane 246 in fonr, and onlj fonr, points. The foar points are, 
clearly, 2, 4, 6, and cT, and there cannot be anj other point in the 
plane 246 common to the three hyperboloids. 

Again, if 7 be any point in space, and if we describe the three 
hyperboloids (12, 34) (5, 6, 7), (34, 66) (I, 2, 7), (56, 12) (3, 4, 7) as in 
Lemma F, and determine 8, the eighth homologous point with respect 
to these three hyperboloids ; then, by Theorem III., 78 is a chord of 
i!he cabic (123456), and the points 7, 8 belong to the involntion 
determined on the line 78 by the pairs of opposite planes with respect 
to 1, 2, 3, 4, 5, 6. Consequently, by Theorem XL, we have 

23 (1478) = 56 (1478), 34 (2578) = 61 (2578), 45 (3678) = 12 (3678). 

This is still true if 7 lie in the plane 135. It follows, if 7 coincide 
with (/, that the point 8 lies on the three hyperboloids (23,56)(1, 4, (2), 
(34, 61)(2, 5, d), (45, 12)(3, 6, d). But in that case, by the Corollary 
to Theorem III., 8 lies in the plane 246, and must, by what was 
shown above, be one of the four points 2, 4, 6, or d\ Hence, as 8 
is, in general, distinct from 2, 4, or 6, it will coincide with cT. 

It follows, by Theorem III., that dd^ is a chord of the cubic 
(123456). • 



* [6M Oeioher^ 1893. If we assume the proposition stated at the beginnini^ of 
this paper (No. 1), we can giye another proof of Theorem IV. Using the notation 
of No. 18, we haye the inyolution cui', blr, et^, dijt. Let 7 be 
any point on the transversal and 8 its conjugate in this in- 
yolution. Then from the inyolution 78, dd\ aa\ we deduce 

35(1478) <- 26(1478). 

We get, similarly, 13 (2578) = 64 (2578), 

and 51 (3678) « 42(3678). 

Hence the three hyperboloids (35, 26)( 1, 4, 7), (13, 64)(2, 6,7), 
and (51, 42)(3, 6, 7), which pass through 1, 2, 3, 4, 5, 6, 7, 
will all pass through 8. These surfaces, in general, do not pass through a common 
curye of intersection ; therefore they haye no other points common, since three 
quadrics haye, in general, eight points common, and no more. But, by the pro- 
position assumed, a system of quadrics passing through seyen points will pass also 
through an eighth point. Therefore the tiiree hyperboloids (12, 34) (5, 6, 7), 
(34, 56)(1, 2, 7), (56, 12)(3, 4, 7), which pass through I, 2, 3, 4, 5, 6, 7, pass also 
through 8. Therefore, by Def. I, and Lemma F, 8 is the eighth homologous point 
with respect to the three last hyperboloids. It follows, by Theori^m III., that the 
line 78 is a chord of the cubic through I, 2, 3, 4, 5, 6.] 




Oil the CentreB of Similitude, ^c. 



Note on the Centreg of Similitude of a Triangle of Constant Form 
Cirettmseribed to a Oiven Triangle. By John Gbiffiths, 
M.A. Received Jane 7tb, 1893. Bead Jane 8tli, 1893. 



If DMF denote a triangle of given species having its vertices D, E, 
f respectively on the sides BO, OA, AB of a given triangle ABC, or 
on these sides prodnoed, it is known that DEF will belong to one or 
other of a pair of s^tems of similar in-triangles, and that each of 




these BfstemB will have a common centre of similitude of its own. 
(See a "Note on Secondary Tucker-Circles," by the present writer, 
Proo. Lond. Math. Soc., Vol. xxiv., Nos. 457, 458.) 

Now, if we suppose DEF to he fixed, and the angles of the circum- 
scribed triangle ABC to be given, the question arises : What is the 
centre of similitude of ABO ? 

It is easily seen, by referrinff to the figure, that if we suppose DEF 
to be fixed, and the angles of the circam-triangle to be given, the 
circles OBE, AEF, BFD will be fixed, and their common point of 
intersection S will bo a fixed point. 

It is also seen without difficulty that the ratios SA : SB : 30 will 
be fixed. For we have from the triangles SBO, SOA, SAB the 
following equivalents for the ratios in question, viz., 

8B 



SB SO 
Bin SOB ain SBO' 


SO SA 
sin S-40 BinSOi' 


SA 
•in SB A 


VOL. XXIT.— KO. 473. 


2> 
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or 

SB SG 80 SA 8A 8B 



sin 8 ED sin 8FD' Bin 8 FE ain 8 DE' Bin8DF sin SEF' 

where the several angles 8ED, SFD, &c. are given, sinoe DEF is 
fixed and iS is a fixed point. 

Again, from the figure, wherein 8 is supposed to fall inside DEF, it 
appears at once that the angles subtended at 8 by the sides EF, FD^ 
BE are ir— ^, ir—B^ tt— (7, respectively, and consequently the 
isogonal coordinates of 8 with reference to the fixed triangle BEF tLve 

sin A sin B sin 



sin(A-hD)' ^ 8in(i?-h^)' sinCC+JP')' 

In a similar manner, when 8 falls outside DEF^ then the isogonal 
coordinates of 8 with reference to BEF are 

sin A sin B sin 

* = r^-7-:i — ?^» y — z^—TB — if^» ^ = 



sin(^-D)* ^ sin (5-^)' sin(O-JP')' 

These results follow at once from the theorem given on p. 130 of 
the note quoted supra, and may be compared with the corresponding 
expressions for the isogonal coordinates of 8 with reference to ABO^ 

VIZ 

'' 8in(D + ^) _BinJJEj-B) _ sin (F-^ G) 

sinD ' ^ sin^ ' ^ sinJ^^ ' 

The relation of 8 to either of the triangles BEF, ABG may thns bo 
determined for given equations connecting the angles of the two tri- 
angles. For example, let D = JB, ^ = (7, and F = A; then tho 
coordinates of S relatively to BEF, ABG are, respectively, when 3 
falls inside BEF, 

— si^-^ _ sin J^ __ sin B ___ sin E 

^""sin(i^4-i>)'"8inJE;' ^ " sin ^'' ^""sin^' 

1 sin G sin A sin B 

and X = , t/ = . « := : 

sm ^ sm sin -4 

or 5» is the centre of similitude of the two triangles, being in fact 
their common positive Brocard point. 

1. It appears from the foregoing propositions that a triangle ABC 
oi given species circumscribed to a fixed triangle BEF belongs to one 
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or other of two systems of similar circnm-triaDgles, whose centres of 
similitude are respectively 

i_ sin(J4-D) i_ 8in(B-h^) ,-i_ sin(g+JP) 

sin -4 "^ sin 5 sinC7 

and «-' = "° (^7^) , &c., 

Sin J. 

where D^JF^ is supposed to be the triaugle of reference. 

2. The isogonal, with regard to BEF^ of the centre of similitude of 
a triangle ABO circumscribing BEF, and having a constant Brocard 
angle, lies on one or other of two given circles whose equations are 

X cosec -D + y cosec F-\-z cosec F = cot w' d= cot w, 
if 2 cot D = cot ia and 2 cot A = cot ai. 

These circles are inverse to each other with respect to the circnm- 
circle of the triangle of reference DEF. 

The results in question follow immediately from the fact th^rt if 
(Xj y, z) be the centre of similitude Of the circnm-triangle ABO^ then 

2a5"' cosec D = 2 (cot D ± cot J), 

and that the equation of either circle can be transformed into that of 
the other by writing therein 2cosD — ic, 2cos-&— y> 2cos^— « for 

», y, ^• 

The reader will see from the above that theorems similar to those 

recently obtained by me for the centres of similitude of an in-triangle 

of constant form will be also true for a circum-triangle of constant 

form, if for the centre of similitude in the first case we substitute the 

isogonal point with regard to DEF in the second case. (See Proc, 

Lond, Math. See,, Vol. xxrv.) 

3. Some additional results with regard to a circnm-triangle ABO^ 
of constant form, may be given here, viz. : — 

(i.)* As ABG moves, the centre of the circumcircle ABG describes 
a circle. 

This is, in fact, true for any point pernianently connected with 
ABO. 



* An exceptional case may be noticed, viz., when A ^s D, B ^ S, C ^Fm 
centre of the circumcircle ABC then coincides with the orthooentre ol tlii 
triangle DBF in any position of the moyeable triangle ABO, 

2b2 
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(ii.) The envelope of the oircnmcirole ABO is a Limafon hxTiog B 
for a doable point. 

OtHerwise, the circnmcircle ABC cnts a given cirole / orthogonalljy 
and its centre moves on the circomference of another given isiidle 
touching /• -^ ^ 

4. The envelope of the radical axis of the circamcircles DBF WBul 
ABO is a conic of which the centre of the orthogonal cirole tT is a 
focus. In other words, this focus of the conic is also a focus of the 
Limafon. 

The conic meets the Iiima9on in eight points which lie on the cirole 
BEF and another given circle. 



On the narmonies of a Ring. By W. D, Niven. Bead February 
9th, 1893. Received, in revised form, December lltb, 
1893. 

1. This paper may be regarded as an extension of the work oon- 
tained in the first memoir on ** Toroidal Functions " in the PhUo^ 
sophical Transactions^ bj Professor W. M. Hicks, an attempt beings 
here made to show how the problems solved by Mr. Hicks for a 
single anchor ring may be dealt with when there are two rings havin^^ 
the same rectilineal axes. 

It is obvious that with two such rings, in order to satisfy the 
surface conditions for each ring, it is necessary that the harmonics of 
either should be capable of being expressed in terms of those of the 
other. This is accomplished as follows :— 

It is first shown that the harmonics of any degree, referred to a 
circle A in dipolar coordinates, may be derived from their prede- 
cessors, one degree lower, by certain differentiations with regard to 
the radius of the circle and the distance of its plane from a • fixed 
point.^ 

The potential at any point due to a coaxal circle B of uniform line 
density is next found in terms of ^'s harmonics. 

Finally, the zonal harmonics of B can all be deduced from this 
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potential by tlie system of differentiations jast referred to, and there* 
fore they can all be expressed in terms of the harmonics of A. 

The present communication is confined to a discussion of the 
quantities arising in the process indicated, and deals, for the most 
part, only with zonal harmonics, although the methods employed will 
also apply to the general tesseral and sectorial system. 

2. I begin with the potential at any point due to a circle loaded 
with matter of line density cos 90' at the point whose longitude along 
the circumference is <f>\ If the circle, of radius a, be in the plane of 
Xffy with its centre at the origin of coordinates, the potential at x^ i/, z 
or p cos 0, p sin 0, z is seen at once to be 



V. 



' J x' 



cos 90 d(fi 



a f" 

V"^^ cos (0-0) 



or, putting 0'— = 0, adopting dipolar coordinates u, v, and discard* 
ing the term with sin 90 as a factor, as being zero, we have 



cos 



<^^J. 



cos <r6 



2p Jo v^coth t*— cos 6 



de, 



which is the same as 



cos(r< 



v^2 (cosh t*— cos v) I 

Jo 



cos 90 



\/cosh tt— sinh u cos 



de. 



3. Let now the origin be shifted to a point on the rectilineal axis 
at a distance h from its old position ; then the relations between the 
rectangular and dipolar coordinates are g^ven by 



p±t(*""^)~"^ 



tr 



or, if 



a + 1& = jp, a—ib = y, 

'— — : — — e , . ' e 

p-^-xz—p p—tz-^q 



If we suppose p, z to be fixed, wliilo a, b «t^ "^vi^^^^^ 
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Uf V mnst be regarded as functions of p, g, and it is easy to find the 
following results :— 

9w 1 _,, . , 

-H = I (e'*' coshtt— 1), 
dp 2a 

|=-^t(a"co8h«-l), 

and thence 

g -I 

;r- V cosh M— cos V =— (c"*' cosh u + 1) v^cosh tt— cos t;, 
Op 4a ' 

- -v/cosh t*— cos v = -- (e** cosh t* -h 1) v^cosh u— cost;. 
Oq 4a 



Also, if J (n, er) denote the integral, 

cosord 



f 



(cosh t* — sinh u cos 6) 



n + 4 » 



2a 



^J(n,(r) = -(n-|-J)^e-"'[coshtiIO*,cr)-I(n + l,cr)] 



4. Let X (??, <t) denote 



a""* e"***' \/2 (cosh m— cos r) I (n, ff) cos <^^ ; 

# 

then, remembering that 2a =p + gf, wo shall have 



_ - X (n, tr) = AX (n, tr) -f BX (n4- 1, cr), 

where -4 = — (ii — D + tt- ^ (^'''cosh 26— 1) + — - (e^'coshw + l) 
2a 2a 4a 



and 



— — (n + l) e~*'^cosh tt = 0, 
^a 
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Similarlj it ma; be ahowa that ii T (n, a) deoote the Game thing as 
X(n, a), escept that a"" takes the place of e""'*, we shall find 

i r („,,) = (»+ J) iT(„+i,.). 

Noit, let Z («, .) = o-' {i7(n, •)-iYi», o)], 

T(«,.) = a-'{[r(»,,) + ir(»,.)}, 
and note that 

9o 36 3p 3a St 3y 

then the two following relations may be dedaoed, viz., 

(»+«»••! !r(« + l,.)=«'{|-.-'!7(»,,r)-|.-lI'(»,o-)], 

(»+i),.--lF(n+l,<r) =a-|^a--lP(n,.) + £G--'I'(», .)|. 
Here V (n, tr) stands for the harmonic 



cOBnvV2 (cosh «— COS o) I[n, a)coBa^, 
and V(n, «) for the Bame thing, with ain nv instead of cos no. 

When it is necessary to express u, v, f explicitly, the notation 
P^ («»*). K (vvf) will also be nsed. 

5. These results show that the successive harmonics are derivable 
from their predecessors by displacements similar, with some modifi- 
cations, to those nsnally employed in the case of the sphere. There 
ie this difi'erenoe, however, that, whereas the masses of the compound 
sphere are each zero, those of the componnd circles, and therefore also 
of the distributions on the anchor ring which they represent, may not 
be zero. They will be zero if the expressions for the corresponding 
potentials contain the longitudinal factor cos tr^ or sin af, for in that 
case the undisplaced circle from which they all take their origin is of 
zero mass. If, however, o- = 0, the potential (" + i) «""' U (n- 
arises, as we fonnd in § 4, f rom displacemeuts of two circles whJ 
prodnoe respectively the potentials a"*U(n,0) and a''~^V& 
the former by an enlargement of its radins, the latter by a tnpj 
of its centre along its axis. The second disptacomeat la t 
the same character as sphere points, and no resaltiajN 
thereby obtained. Bnt, in tho first, Kno» tita 
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IH J 

times the former value when its radins is increased from a to a+^Ch 
it follows that b j the superposition of ring negative a and positive 

a+^a, there will be a residue of mass (n+|) — times the mass of 

a 

the circle a, viz., 2ira . a""*. This residue corresponds, by the pre- 
vious article, to potential 

(n+i)o-»[7-(n+l,0)?^. 

a 

Hence, the masses of the compound circles which produce the 
potentials [7(n, 0) and [7'(n + l, 0) are equal to one another, and 
when we pursue the argument down to the value n = 0, are each 
equal to 2ira, the line density of the original circle being taken as 
unity. 

6. The result just arrived at throws some light upon the conver- 
gence which may be expected from a series expressed in terms of 
harmonics of the anchor ring, and, on account of its importance, as 
well as for the purpose of introducing the working quantities of the 
subject, I shall prove it by finding the charge on the anchor ring 
which will produce the external harmonic U(n, 0). It is first to be 
observed that the integral which was denoted in § 3 by I(^n, 0) is in 
point of fact irP„.j (coshu), i.e. the zonal spherical harmonic of frac- 
tional degree n— |. The printing of the fractional suffix being incon- 
venient, I shall at this stage follow Mr. Hicks in representing the 
integral referred to by irP„. We may therefore write 



U (n, 0) or Un = ir cos nv \/2 (cosh w — cost;) P» 

as the type of a zonal harmonic, with a similar specification for V^f in 
which sin nv takes the place of cos nv. 

The harmonic Un is suitable to the exterior of the ring, the oorre* 
spending inside form being given by 

Z7^ = w- cos nv \/2 (cosh w— cos v) Qn* ( -pr) » 

where Q. = P.f _^, 

fx = cosh u and /io = cosb ti^, 
fig being the parameter of the ring. 
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We find readily tlie expression for the density, viz., 

<^n = — i COS nv \/2 (cosh u^-co8 v) -^-^j— . — - — - — ^(7^) . 

smhwo Q!» (cosh t#o) \9s /tH) 

Now it is easy to show that 

^ou _ov _ cosh tip —cos V 



18 



ds' 



a 



ds, ds being elements of lines normal to the sarfaces t«, 9. Also^ 
element of surface 



Hence 



fH='"»d^i; 



(cosh Uq— cos v) 
cosnv 



Qn{^o) Jo V2 (cosh Wq— cost;) 
= 2Ta (§14). 



dv 



7. The potential dne to a circle of nnit line-density with its centre 
on the rectilineal axis of the ring and its plane normal to that axis^ 
may be found as follows : — Let r be the distance of a point t^iV^^i on 
the circle referred to from any point uv^ on the ring ; then 

^ = 22 ^: U; (uvip) + 22 K V: (uvi,). 

T 

The expression for the circle, since tii, Vi are the same for every point 
of it, may be deduced from this by multiplying by 2Tp, and sup* 
pressing all the terms in cos tt^ and sin a^ from a = 1 upwards. 

The coefficients to be determined in the expansion of — are there* 
fore only the following 

Multiply both sides by 0-^(25, and integrate over the sur&oe, observing- 
that 



and that, by § 6, 



Hence 



f f <y» t7;(2/8f = ir»a ( ^] r cos* nv dv. 
^. = ;^Z7. («,..) (fO. 



* 
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except when n = 0, and thea 

r 

If Qn be sabstituted for P^ in the expressions for IT. and F«, the 
resnlting harmonic is finite in the neighbonrhood of the dipolar circle 
of reference. We shall denote these forms of the harmonic by 
I7« and F» respectively. The expansion for the potential at uv^ due 
to the circle of the last article will then be written as follows : — 

7f 0, 1 

Problems with Two Rings, 

8. The last resnlt, taken in conjunction with the results of § 4, 
enables us to express the harmonics of one anchor ring in terms of 
those of another which is coaxal with it. For it was shown in § 4 
that all the harmonics of an anchor ring could be deduced from, the 
potential of a circle by certain rules of differentiation. We have 
therefore only to apply those rules to the expansion just found in 
order to obtain similar expansions, in terms of the harmonics of the 
circle a, for the series of compound circles of radius p, that is to say, 
for the complete system of harmonics pertaining to the system of 
anchor rings the radius of whose dipolar circle is p, 

' In order to produce a symmetrical arrangement, we may suppose 
the positive directions of the rectilineal axes of the two rings to be 
towards one another, so that, if ui and B be the two rings, the dis- 
placements of A are towards B^ and those of B towards A, When 
this arrangement is turned round, so that A and B interchange planes, 
the relative arrangement of harmonics will then be the same as 
before. 

9, Let TFo, TFi2£^i, TT,?^,, Ac. represent the harmonics of ^, referred 
to its dipolar circle and expressed in terms of its own dipolar system, 
then, § 9, 

TTo = -?- { U,{u,v,) JJ, {uv) +2U, (u,v^) U, (uv) H-&C.} 
= A(o«o^o+o«i^i + AFi + ...), say, 

V 
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"where 



ooo = — ^0 («l«^l)» 

a 

o«i = — ^1 K^'i). 
a 

^, = ?P F, (tt»r.). 



a 



•and Un IB put, for brevity, instead of Un (uv), &c. All the coeffioients 
whicli have zero for the first snffix can be readily expressed in terms 
of the radii p and a and the distance z between the planes of the 
circles. It may, in fact, be shown that 



where 

r 

For, since 

we have 
where 

tbnd 
therefore 



■■Jo(P* 



H-^'+a'— 2opcose)"+** 



^uTiv _ p:fctg-fa 



ptfcijs — a> 
p'4"^— «* — i 2a;!? ' 



sinh tt ^ 



__ 2ap 



TTi 



and cosnt; — 2 

Hence 



_ 1 (p«.fg«-.a«4. {2ag)"-f (p»+g*-a»-t2ag)" 



<-(»-)- =7^ ^'l^ 



(20 



+2*+o'-2apco8tf)*** 

= a {(p*H-«'-a*+»2a5f)-+0>'H-«*-a'-t2a«)"} j; ; 
similarly, 

^•(tht^i) = *a {(p'+«'-a»-t2a«)*-(p*+«»-a'+*2a«)»} /,, 

10. The next step is to determine the expansions of Wi and Wi> 
If we put 

rr*Wi = ,0, Ui, 4- laj U^ + A F^ + ifcc., 
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then, by § 4 and § 9, ,Oj, jOi, ,j3, will be respeotirely 
and 170, jy^, jJ^, &c. respectively 

11. To show, however, how the coefficieats are formed in the 
general case, it should he noticed that the equations of § 4 may he 
thrown into the form 

If the harmonics he those at the point p, z, 0, referred to the oirdle A^ 

it is clear that we may write — 5- for ^- in this relation. Next, 

oz ob 

putting O for the operator 2a ~ — t2a~-, and Q' for the same 

da Oz 

operator with the sign of i changed, we shall have 

= /, (0)20/0, suppose. 
Next, as regards the harmonics W, as the displacements of JB are 
towards A^ the sign of — in § 4 mnst he changed, and, since b may 
then he put eqnal to z, we have in like manner 

f) 3 

where nr is put for 2p - — i2p~^ and m' may he taken to represent 

Op oz 

the same operator with the sign of i changed. 

If now Wn:=SnarUr + inPrVry 



we shall have 



»Or + 1 n7r = fn («") =^ Ur (Ui^i), 

a 

a 
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except when r = Oy when the 2 on the rigHt-liand side mnst be 
omitted. 

12. The equations jast written down determine tlie coefficients 
completely. As a matter of conyenience, However, it may happen 
that it is easier to find, for instance, ^s^ from ^a^^ than from ^a^. 

The coefficient ^a^ is itself to be found from 

i{/»(«)+/»(*')}f ^«. 



t.0. 



{/.W+Z-K^p/,. 



Now /o is a symmetrical function of p and a, and the operation to be 
performed is precisely the same as that for finding Qa^, except that 
f> and a are everywhere interchanged. Hence, if for a minute we 
denote the expression for oa„, found above, by F (a, p, z)^ that for 
nCio will be JP(p, a, «)• Now 

.«, = {/. («) +/. («' ) } -^ TJr («.«,) 

= {/. («) +/. W)} ■£- {/, (o) +/, (o')} oJo 

=~{/r(0)+/r (00} a {/.(«)+/.(»')}?/, 

= ^{/r(0)+/r(0') }«.«.- 



13. The integral J,,, which constantly appears in the coefficients, is 
only a modification of P», and both F^ and Qn, or their first differential 
coefficients, occur in the equations expressing the boundary conditions 
in any physical problem, connected with the ring, to which potential 
functions are applicable. It is therefore important to be able to 
evaluate these integrals. Mr. Hicks has shown how to express them 
in terms of elliptic integrals ; in what follows it is shown how they 
may be expressed in series, a form which seems to possess advantages 
when the section of the ring is small. 



Evaluation of the Integrals P„, Q^. • * 

The integral I{n, a), which appeared in § 3, is one factor of 
tesseral hairmonic, but it will be sufficient at present to confine 
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attention to lonal forms. We liad 

JoCcoshu-sinhttOostf)"** ^^* 

which is readily thrown into the form 

Jo {l-(l-e-'-)Bin«tf}-+» ^ ^ 

14. The corresponding form for Q« will now be fonnd. It is to be 
observed that we have already defined Q^) § 6, bat another form can 
be fonnd for it from the external zonal harmonic of a prolate ellipsoid, 
and we shall, in fact, show afterwards that the two are connected 
by the relation 

where fi = cosh u. 

From the second of these we at once pass to 

1.3.6... (2n-l)J.i ^2 (jM^v) ' 

and then to [' ^^^ dd (4). 

Jo v2 (cosh u— cos $) 

From (3) we also get 

2—* r ^^^ dd (5) 

Jo (coshu-cose)*-^* ^^^' 

and a still more nsefal expression for Q« may be obtained by employ* 
ing a transformation similar to Landen*s, viz., 

sin (yp—B) = e"*sin^. 
We thns find, on redaction, 

Q.= e-'-«-f'-^=^^t=rf,^ (6). 

Jo vl— **sin'^ 

This corresponds to the expression (2), § 13, for P„, and famishes a 
convenient expansion in powers of e'**. 

♦16. I shall now find the expansion of P^ in powers of e" and e""". 

* Since this was written, Mr. A. B. Basset, in a paper on <' Toroidal Fimctions,'* 
in the Ameriean Journal of Mathematxci, has given the expansion of Pn. The work 
in the text is, however, retained, as the method is somewhat different. 
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If y be put for QJv, which may be written 

where a„, a„^2i <fcc. are known coefficients, then y satisfies the differ- 
ential equation ^ 

g+Coth«£-(„«-J)y = 0, 

and, after Cayley {Elliptic Functions, § 77), there exists another 
solution of the form 

where z satisfies the differential equation 

^""'"'"^ S ■^^**"'^*""^ £ -(n'-i) («--«-") « 

= -2(e"-e-)^-(e"+e-)y (1) 

= -e-«« (6,-,e-<'-"«+6„,e-(»*»-+...) suppose, 
where 6„.i, 6,+i, Ac. are known coefficients. 

Let a = e-»-[^,e~+^,.,e"-»)"+...+^„_^et"-'"-+... 

If n be even, there will be a term A^, or B^ which means the same 
tbing; if n be odd, there will be a term Aie" and a term Bie'\ The 

values of r may range from -^ (n even) or ^^ (n odd) to 0, and 8 
from 1 to 00 . 

Entering the value of z in the differential equation, we find 

A -A 4>r(n^r) .^. 

and ^__3 = ^n-. (^^^g-^_,^ (3). 

One or other of these equations holds from the top of the series ^» 
down to -ff„.4 inclusive. After that we begin to take account of the 
second side of equation (1). It will be found that 

^- = -^=2^- <*>' 

but after this point we shall have equations of the form 

(2ff— l)(2n + 25— 1) ^«+iu-a-4« (n+«) B^^u = K+u^-i (5), 

which it will be impossible to solve unless we can assume the value 
of one B of the system to be known. To get over this difficulty, I 
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Buppose B^ temporarily withdrawn, and all the coefficients after it 
determined by the equations (5). We may then restore JB» in the 
form of a term B^y in the expression for s, where y is the solution 
referred to at the beginning of this article. All the coefficients in m 
are now found from the equations (5) solved successivelyy with the 
exception of B«, and this may be determined by taking A^ = X^ = •)>, 
calculating independently the corresponding Values of P^ Q. for this 
yalue of V^ and entering these values in the equation 

•^Pn = (2?.H-log4+t*) Qn^-wz, 

where z does not now include B». The term B^ may, however, be 
easily found in the cases n=l, 2, by differentiation of F{Jk) with 
regard to W. 

Wh^A.n JB even, (2) gives 

" ^ (2n)!* 

, 7, 7, 2"-Hn-l)! _ 2^n!n! 1 

and ^o = ^n.«^ 3^^2n-3)-^;K2^'*""";r' 

therefore ' ^ ^. = 2»-*2lf|=i)l. 

The same expression holds when n is odd, the transition from the ^'s 
to the B^B being effected by the equation 

except when n = 1. 

16. When n is large, the first term is the most important in the 
expansion ; the series will therefore conveniently proceed from that 
term. 

If we put e"" = hi and A;' = I—Aji, then, § 14, 

. irP„ = 2C*l^nW, 

Pn (Xi being written for 

■** dJd 



i 



(l-ysin*0)"*»' 

and J'.(fc) = 2'--«tLll|=lllfc-(l+J^^^*J 
^■■■- (2»)! C 4.1(n— 1) * 

where B^ is to bo determined by the method of § 15. 
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17. /.. being =jn2f[' (i_y3t.,)..> . 



where 



A;J = l-A:« = r'/rJ, 



is also foand by this expansion. A few terms of the earlier values 
of /ni in which B^ appears at an early stage of the series, may be 
obtained by the method of differentiation previously referred to. 
The series are arranged in powers of r/ri, supposed small : — 

18. The expansion for P. enables us to justify the assumption 
made in § 14. For let 






^g.(«H)« 



p sin^i_^^ 
Jo-Zl-e-^sinV 



where ^ is a constant to be determined. If we suppose u to be so 
large that the first term of P„ need only be considered, and also that 
2 sinh u may be put equal to e**, then we shall have 

^ = 1, 

ing the equality of the two expressions for Qn assumed 



thus proving 
in § 14. 



Sphere and Ring. 



» 
19. A similar process of solution may be applied when, instead of 

the ring B, we substitute a sphere with its centre on the rectilineal 

axis of the ring A . 

Referring to the figure, we suppose 0, D to be the inverted posi- 
tions of -4, B, the extremities of the diameter of the dipolar axis of 
the ring. Let the angle subtended by this diameter at the centre 
be denoted by 2a, and let Q be any point inside the spheres^ o^ vi«. 

VOL. XXIV. — ifo. 474. % C 
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inyerted position. Then, by similar triangles, 

Oq AG' Oq BO' 




therefore 



Dq BQ' 



Hence, if u\ v be the dipolar coordinates of q referred to CD, while 
those of Q are u, v referred to AB^ we have 



u = tt. 



Also, from the geometry of the fignre, we readily find that, if q is 
below CA 



and, if above, 



V = I?— 2a, 
u' = 2a-v. 



xx ^ nni J I / J. \s c' cosh t* — COS (v — 2a) 
Moreover, OQ; = p' + (c cot a — zy -= -t-t ; ^ ^ . 

sin' a cosh t*— cos V 
Hence any harmonic, say 

r cos mv \/2 (cosh w— cos v) P„ (cosh m), 
becomes, by the rule of inversion, if q is below GD, 
TT cos m(vi-h2a) V 2 [cosh Mj— cos (t;i + 2a)] P„ (cosh w,) 



c J cosh til— -cos Vi 

iSsina V cosht*i— cos (i;i + 2a)' 



VIZ., 



U sin a 



COS m (v'-f 2a) >/2 (cosh 1*1— cos vi) P„ (coshi*,) ; 



and, if q is above CD, the same expression with 2a— Vi written instead 
of V -h 2a. 

This result will greatly simplify the electrostatic problem for a 
sphere and rinpr. 
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XXXI., Pt. 1, October, 1893. 

" Proceedings of the Royal Society," Vol. liii.. No. 322-326 ; Vol. liv., No. 326. 

'* Beiblatter zu den Annalen der Physik und Ghemie," Band xvii., Sttlcke 5-8 ; 
Leipzig, 1893. 

*«Nyt Tidsskrift for Mathematik," A. Fjerde Aargang, No. 3; B. Fjerde 
Aargang, No. 2 ; Copenhagen, 1893. 

** Berichte iiber die Verhandlungen der Edniglich Sachsischen GeseUschaft der 
Wissenschaften zu Leipzig," Mathematisch-Physische Classe, 1893, 2 and 3. 

« M^moires de la Soci^te des Sciences Physiques et Naturelles de Bordeaux," 
4"<* Serie, Tomes i. and iii., l*'** cahior. 

<< Memoirs and Proceedings of the Manchester Literary and Philosophical 
Society," Vol. vii., Nos. 2 and 3 ; 1892-3. 

'* Nieuw Archief voor Wiskunde," Deel xx., Stuk 2 ; Amsterdam, 1893. 

*' Archives N^rlandaises des Sciences Exactes et Naturelles," Tome xxtii., 
Livraisons 1 and 2; Harlem, 1893. 

<< Jomal de Sciencias Mathcmaticas e Astronomicas, " Vol. xi.. No. 4 ; Coimbra, 
1893. 

** Bulletin de la Societe Mathcmatique de France," Tome xxi., Nos. 4, 6, 6. 

"Bulletin of the New York Mathematical Society," Vol. ii., Nos. 9 and 10 ; 
1893. 

'' Bulletin des Sciences Math^matiques," Tome xvii., Avril, Mai, Juin, et Juillet ; 
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** Mathematical Questions, with their Solutions,'' edited by W. J. G. Miller, Vol. 
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** Treatise on the Kinetic Theory of Ghwes," by H. W. Watson, 2nd edition, 8vo ; 
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" Ueber die Addition und Subtraction der Argumentebei BessePschen Functionen, 
nebst einer Anwendung," von Dr. J. H. Graf. (Offprint from ** Math. Annalen," 
Vol. XLiii., pp. 136-44.) 

** Wiskundige Opgaven met de Oplossingen," Zesde Deel, Stuk 1 ; Amsterdam, 
1893. 

'* Revue Semestrielle des Publications Math^matiques," Tome i., 2*'°* partie ; 
Amsterdam, 1893. 

<< Observations Plnviom^triques et Thermom^triques dans le D^partement de la 
Grronde, de Juin, 1891, ik Mai, 1892," par Mons. G. Rayet ; Bordeaux, 1892. 

*'Prace Matematyczno-Fizyczne," Tom. iv. ; Warsaw, 1893. 
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" Sphariflohe Trigonometrie, oithogoiuJe Snbrtitaiticpen, vnd eDiptiBche Fano- 
tionen," von E. Stndy ; Leipzig, 1893. 
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« Annals of Mathematics," Vol. Tn., No. 4 ; May, 1893 ; XJniyerrity of Virginia. 

« Annales de la Faculty des Sciences de Tonlonse," Tome Tn., Anode 1893, 

" Annali di Matematica," Tomo zxi., Fuc. 2, 3 ; Milano, 1893. 

** Educational Times," July to October, 1893. 

"Indian Engineering,*' Vol. xni., Nos. 20-25, and Vol. xit., Nos. 1-12. 

" Rendiconti dell' Accademia delle Scienze Fisiche e Matematiche di Napoli," 
Serie 2, Vol. vn., Fasc. 5-7 ; Napoli. 
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NOTES. 



Mr. Basset's paper on ''Toroidal Functions" (p. 180) appears, in 
substance, in the American Journal of MathematicSj Vol. xv., No. 4 
(pp. 287-302). 

Mr. Larmor sends tlie following corrections : — 

In the account of magnetic optical rotation {Proceedings, 1893, 
p. 280, seq.) there are some points tliat require correction. Prof. 
Willard Gibbs (Joe. dt, p. 114) does not appear to contemplate the 
extension of his equation, between electric flux and force, to express 
the influence of a magnetic field. The statements on p. 285, as to the 
final agreement of different theories, are put more correctly in a paper 
on " The Theory of Magnetic Action on Light, . . .'* in the B^wi of 
the British Association for 1893. 

On p. 284, line 17, for k^ -r-j , read r, -— ; and on line 26, for 

cbr dtr 

" kinetic energy," read " force per unit volume." 

I am indebted to Mr. Heaviside for pointing out that on p. 278, 
line 6 from the foot, the index should be +| instead of — | ; also 
that ambiguity would be avoided, on line 2 from the foot, by an 
explicit statement that the Fresnel surface mentioned has ^i/i2fs> 
Kifi^fi'i, Kifi'ifii for the squares of its principal velocities. 

Dr. P. Zeeman informs me that the result of an extended series of 
experiments, recently conducted by him, is to show that the circum- 
stances of magnetic reflexion cannot be represented by one optical 
constant, as in Drude's theory ; but that they can be represented very 
well by aid of two such constants, after the manner of Goldhammer. 
Dr. Zeeman holds that in his experiments the influence of surface 
layers could not possibly be so great as to account for the discrepancy. 



Erbata. 

P. 162, line 5 u^tfor LB read L B. 

Vol. xviu., p. 397, lines 2, 3 up, dexter side of equation should be multiplied by 2. 
Vol. XXI., p. 5, line 13 up, readK-\-K' » 1. 
„ p. 447, line 2 up, for R read B^. 
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X. (from November 1878 to November 1879) 18*. 

XI. (from November 1879 to November 1880) ]2«. 6^;. 

XII. (from November 1880 to November 1881) 16*. 

XIII. (from November 1881 to November 1882) 18*. 

XIV. (from November 1882 to November 1883) 20*. 

XV. (from November 1883 to November 1884) 20*. 

XVI. (from November 1884 to November 1885) 20*. 

XVII. (from November 1886 to November 1886) 25*. 

XVIII. (from November 1886 to November 1887) 25*. 

XIX. (from November 1887 to November 1888) 30*. 

XX. (from November 1888 to November 1889) 25*. 

XXI. (from November 1889 to November 1890) 25*. 

XXII. (from November 1890 to November 1891) 27*. 6rf. 

XXIII. (from November 1891 to November 1892) 20*. 

XXIV. (from November 1892 to November 1893) 22*. 



